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Abstract—The problem of sequentially finding an independent
and identically distributed sequence that is drawn from a proba-
bility distribution Q1 by searching over multiple sequences, some
of which are drawn from Q; and the others of which are drawn
from a different distribution Q,, is considered. In the problem
considered, the number of sequences with distribution Q; is as-
sumed to be a random variable whose value is unknown. Within a
Bayesian formulation, a sequential decision rule is derived that op-
timizes a trade-off between the probability of false alarm and the
number of samples needed for the decision. In the case in which
one can observe one sequence at a time, it is shown that the cumu-
lative sum (CUSUM) test, which is well-known to be optimal for a
non-Bayesian statistical change-point detection formulation, is op-
timal for the problem under study. Specifically, the CUSUM test
is run on the first sequence. If a reset event occurs in the CUSUM
test, then the sequence under examination is abandoned and the
rule switches to the next sequence. If the CUSUM test stops, then
the rule declares that the sequence under examination when the
test stops is generated by (Q;. The result is derived by assuming
that there are infinitely many sequences so that a sequence that
has been examined once is not retested. If there are finitely many
sequences, the result is also valid under a memorylessness condi-
tion. Expressions for the performance of the optimal sequential de-
cision rule are also developed. The general case in which multiple
sequences can be examined simultaneously is considered. The op-
timal solution for this general scenario is derived.

Index Terms—Bayesian, CUSUM, optimal stopping, quickest
search, sequential analysis.

I. INTRODUCTION

N THE classical sequential testing problem, one sequen-
I tially observes an independent and identically distributed
(i.i.d.) sequence generated by one of two distributions Qg or
(21, and wishes to test hypothesis H; that the sequence is gen-
erated by ()1 against hypothesis Hj that the sequence is gener-
ated by Qg [2]. The goal is to find a decision rule that uses a
minimal number of samples, on average, while satisfying cer-
tain error probability constraints, or that optimizes some other

Manuscript received February 16, 2010; revised December 23, 2010; ac-
cepted April 22, 2011. Date of current version July 29, 2011. The work of L.
Lai and H. V. Poor was supported by the Qatar National Research Fund under
Grant NPRP-08-522-2-211. The material in this paper was presented in part at
the International Workshop on Applied Probability, Madrid, Spain, July 2010.

L. Lai is with the Department of Systems Engineering, University of
Arkansas, Little Rock, AR 72204 USA (e-mail: Ixlai @ualr.edu).

H. V. Poor is with the Department of Electrical Engineering, Princeton Uni-
versity, Princeton, NJ 08544 USA (e-mail: poor @princeton.edu).

Y. Xin is with the NEC Laboratories America, Inc., Princeton, NJ 08540 USA
(e-mail: yanxin @nec-labs.com).

G. Georgiadis is with the Computer Science Department, University of Cali-
fornia, Los Angeles, CA 90095 USA (e-mail: giorgos@cs.ucla.edu).

Communicated by F. Hlawatsch, Associate Editor for Detection and Estima-
tion.

Color versions of one or more of the figures in this paper are available online
at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TIT.2011.2159038

trade-off between error probabilities and the average number of
samples. Under this model, the sequential probability ratio test
(SPRT) is well-known to be optimal [3]. This basic setting was
extended to the situation in which there are three or more hy-
potheses in [4] and [5]. Motivated by sensor network applica-
tions, decentralized sequential hypothesis testing, in which each
of a set of sensors receives a sequence of samples sequentially,
has also been considered [6]-[12]. In this paper, we consider an-
other generalization of the sequential testing problem: sequen-
tial search over multiple sequences. In particular, we consider
N sequences, each of which is generated by either Q¢ or Q1.
For different value of i, whether the i*" sequence is generated
by Qo or Q1 is independent of all other sequences. Here, we as-
sume that for the ‘" sequence, hypothesis H; occurs with prior
probability 7y and Hy with prior probability 1 —mg. As a result,
the number of sequences that are generated from () is a random
variable, whose value can be any number between 0 and /V and
is unknown a priori.

Assuming that one can observe only one sequence at a time, !
our goal is to find one sequence that is generated by 1 in a way
that minimizes an appropriate measure of error probability and
sampling cost. This model is motivated by many applications.
For example, in the detection of chemical or biological attacks
using a large sensor network with a mobile data collector, the
mobile data collector needs to locate the point of attack quickly
after knowing that an attack has occurred. Due to the limited
transmission range of each wireless sensor, the collector can
observe the signal from a only limited set of sensors at each
time. In this case, we can model the distribution of the obser-
vations from the sensor affected by the attack as ()1, and the
distribution of the observations from the sensors unaffected by
the attack as Q. Hence, finding a sequence generated by 1
quickly means finding the point of attack quickly. This formu-
lation is a suitable model for searching for an affected sensor
with minimal delay. As another example, in cognitive radio sys-
tems [13], wireless communication devices need to find unoccu-
pied frequency bands before transmitting information. Hence, a
wireless device should listen to each possible frequency band
to determine whether it is free or not. In this scenario, the ob-
servations from one frequency band is a sequence of received
signal samples, ¢ corresponds to the distribution of the re-
ceived signal when there are other transmissions in the band, and
(21 corresponds to the distribution of the received signal when
the frequency band is free. The task of finding a free frequency
channel clearly can be modeled as that of finding a sequence
generated by ). It is of interest to do so with minimal delay,
in order to make optimal use of spectral resources. However,
the device can typically examine only one band at a time due to

IThe extension to the case in which one can observe multiple sequences si-
multaneously is considered in Section VI.
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hardware limitations. Thus, this problem fits the above model
very well. Another example is quality monitoring in a factory
with multiple manufacturing machines. The task of finding a
malfunctioning machine sequentially can be formulated as a
sequential testing in multiple sequences problem. Finally, the
problem of sequentially searching multiple databases for a cer-
tain type of data can also be modeled by the above framework.

The problem considered in this paper belongs to the class
of sequential decision problems [14]-[19]. In particular, the
problem considered here is related to a class of scanning prob-
lems considered in [20]-[24]. In the scanning problem, there
are n channels. The observations of channel ¢ are drawn from
either distribution 1 or . Furthermore, it is assumed [20],
[24] that one and only one of these n channels is generated from
Q1. The goal of the scanning problem is to find the channel
generated by (); with the minimal average delay subject to a
constraint that the error probability is below a threshold. Under
this model, the optimal solution is obtained for the Brownian
motion case in [20] and [24]. In addition to the Brownian
motion case, [24] also considered the general discrete time i.i.d.
case. The main differences between our model and the above
mentioned work on the scanning problem are: 1) in the scenario
considered here, the number of channels that are generated
from @) is a random variable, which can take any value from
0 to N, and we do not know this value a priori; 2) our optimal
solution is obtained for general distributions in discrete time,
as will be clear in the sequel; and 3) in the work of [20] and
[24], a finite number of sequences are considered, and switch
back is allowed. Our model assumes that N is infinite. This
assumption allows us to derive an optimal solution with a
particularly simple form. It also serves as a good approximation
for applications in which there are large numbers of sensors
or channels. A problem with a similar flavor has also been
considered in [25]-[27], which assumes that the samples in
each sequence are generated from an on-off process and the
goal is to quickly detect a sequence that makes a transition.
Compared with these works, there is no transition within each
sequence in our model, since we assume that samples from the
same sequence are i.i.d. Under this model, our work establishes
the optimality of the CUSUM for the infinite horizon case
and also provides optimal solutions for the finite horizon case,
which models the situation in which there is a strict deadline.
We also provide performance analysis, which is critical for
providing guidelines for determining the parameters involved
in the algorithm. In addition, we obtain the solution for the
more general case in which one can observe more than one
channel simultaneously. Furthermore, our solution is based
on the framework of optimal stopping theory, while [26] and
[27] rely on the partially observable Markov decision process
(POMDP) framework.

In this paper, we show that the solution to the quickest search
problem is the cumulative sum (CUSUM) test, which was
initially developed for the statistical change-point detection
problem in [28]. In particular, we run the CUSUM test on the
first sequence. If a reset event occurs in the CUSUM test, we
abandon the sequence under examination and switch to the next
sequence. If the CUSUM test stops, we claim that the sequence
under examination is generated by Q1. It is well-known that
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the CUSUM test is optimal [29] for the non-Bayesian quickest
detection problem formulated in [30]. It is interesting to see the
optimality of the CUSUM test for this different problem.

We show the optimality of the CUSUM test in two steps. We
first solve the optimization problem (1) for bounded stopping
times in Section III. Using insights from Section III, we then
solve the general problem in Section I'V. The performance of the
optimal solution is analyzed in Section V. The generalization
to the scenario in which one can observe multiple sequences
simultaneously is considered in Section VI. Finally, we provide
some concluding remarks in Section VIII.

II. MODEL
We consider N sequences {Y;;k =1,2,...},i=1,..., N,
where for each i, {Yi;k = 1,2,...} are i.i.d. observations

taking values in a set {2 endowed with a o-field F of events,
that obey one of the two hypotheses

Hy : YvkZ ~ Q07

versus

Hll

k=1,2,...

Vi~ Q1,

where (g and () are two distinct, but equivalent, distributions
on (2, F). We use ¢o and ¢; to denote densities of Q¢ and @1,
respectively, with respect to some common dominating mea-
sure. The sequences for different values of ¢ are independent.
Moreover, whether the i*" sequence {Y,j; k=1,2,...}is gen-
erated by Qg or Q1 is independent of all other sequences. Here,
we assume that for each ¢, hypothesis H; occurs with prior prob-
ability m¢ and Hy with prior probability 1 — m9. We use P to
denote the probability measure defined as above. In addition,
we will also use the probability measures Py and P; such that,
under P;, all the observations are i.i.d. with marginal distribu-
tion Q;, for 7 = 0, 1. Furthermore, we will also use the prob-
ability measure P, = moP; + (1 — mo)Py. As a result, the
number of sequences that are generated from ()7 is a random
variable, whose value can be any number between 0 and N and
is unknown a priori.

At each time, we select a sequence, say sequence j, and make
an observation from this sequence. After making each observa-
tion, we can take one of the following three actions: 1) stop sam-
pling and claim that the sequence we are currently observing
is generated by ()1; 2) continue to the next observation from
the same sequence to gather more evidence about its statistical
behavior; or 3) abandon the sequence that we are currently ob-
serving and switch to another sequence. Hence if a sequence is
abandoned, we will not come back and test it again. Without loss
of generality, we start taking samples from the first sequence,
and switch to the second sequence if we decide to abandon the
first sequence. Similarly, we will switch to the (i+1)*" sequence
if we decide to abandon the i*? sequence. To ensure that there is
always a sequence to switch to, we consider the case N = oo.
When N is finite, our model is also applicable to the scenario in
which when we switch back to a sequence that has been exam-
ined previously, it is treated as a new sequence with no memory
of the observations that have been taken before. This assumption
is valid for the case in which the controller has limited memory.

k=1,2,...
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We use s; to denote the index of the sequence that we are
observing at time k. Hence, we observe {Y*;k = 1,2,...}
sequentially. The observations generate the filtration {Fy; k =
1,2,...} with

Fro=o(Y, Y52, Y0,

We use ¢y, to denote the Fj-measurable switching function at
time k. Here, ¢r(F) = 1 if we decide to abandon sequence
st and switch to the next sequence, that is, sp41 = 1 + s;. On
the other hand ¢ (F%) = 0 if we decide to continue observing
sequence s, that is, sp+1 = si. Let 7 denote the set of all
stopping times with respect to the filtration F},. Note that the se-
quence si, S2, .. ., and hence the filtration F1, F», . .., depends
on the sequence ¢1, ¢2, . . . of switching functions. A stopping
time 7 € 7 will decide when we should stop sampling and de-
clare that the sequence we are currently observing is generated
by Q1. More specifically, if 7 = k, we should stop sampling at
time &, and declare that sequence sy, is generated by (1. There
are two performance indices: 1) the error probability that se-
quence s, is generated by Qo, that is, P(H®* = Hy), where
HY is the true hypothesis satisfied by sequence j; and 2) the av-
erage number of samples we take to make a decision, that is,
E{r}.

Our goal is to determine the stopping time 7 and the switching

rules ¢ = {¢1,¢2,...} to solve the following optimization
problem:

inf [P(H°™ = H E . 1

Jnf [P = Ho) + cE{r}] m

Here ¢ > 0 is a constant that represents the cost of taking one
sample. We assume ¢ < 1 — 7, as the case ¢ > 1 —my is trivial:
we simply do not take any observations and choose a sequence
at random as being generated by ;.

We note that other than the Bayesian formulation adopted in
(1), one could also use a variational formulation to strike a bal-
ance between the error probability P(H®~ = Hy) and the av-
erage delay E{7}. More specifically, in the variational formula-
tion, one aims to solve the following optimization problem:

inf E 2
inf {7}, 2

st. P(H*" = Hy) < o

That is, we want to minimize the average delay under the con-
straint that the error probability is less than a preset threshold
a. However, following the same line of argument in [31, Sec.
4.3], one can obtain the solution to (2) once the solution of the
Bayesian formulation is found. More specifically, for each «,
there exists a constant ¢(«) such that the solution to (1) with
this constant is the solution to (2).

Another problem formulation in sequential testing is a non-
Bayesian formalism in which one does not assume the prior
probability my. In the single sequence testing, we assume that
the sequence is fixed to be either Qg or Q1. We need to design
a scheme that works well for all these two scenarios. In the cur-
rent setup, the number of possible scenarios is 2%V, which grows
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without bound as V increases. Hence, developing a meaningful
formulation for the non-Bayesian case is challenging.

III. FINITE-HORIZON OPTIMIZATION

Before we solve the optimization problem (1), we study a fi-
nite-horizon version of it in which the stopping time 7 is re-
stricted to a finite interval [0, T']; that is, we must stop by time
T'. This finite-horizon problem has practical significance when
there is a strict delay deadline.

We use m, = P(H®* = Hy|Fy) to denote the posterior
probability that sequence si is generated by ()1 after ob-
serving {Y;*,...,Y;’* }. From the independence assumptions
mentioned in Section I and the fact that ¢y, is Fj measurable
for k = 1,2,..., we have the following recursive formula for
Tk

_ 7F0(11(Y11)
71'0Q1(Y11) + (1 - 7l'O)QO(Yll)

g1 (Vi i')
T (Yesth) + (1= m)go(Yiiih)
N moq1(Yeyt")
moqr (Yiii') 4+ (1 — mo)qo (Vi)

Tk+1 =

3)

in which 1(-) is the indicator function. Note that 7, is not neces-
sarily a sufficient statistic for this problem, unless the Fj-mea-
surable function ¢, depends only on 7. We will show, however,
that this is indeed the case.

At each time k, we need to decide whether to stop sampling
or not based on Fj. The minimal expected cost-to-go at time
k, 0 < k < T, is a function of F}, which we will denote by
JE(Fy). Obviously, we have

j%(fT) =1- mT.

Given JT 4+1(Fr1), we have the first equation at the bottom of
the next page. The interpretation of each term in the equation is
clear. Specifically, 1 —my, is the cost incurred if we stop sampling
at time &, and

c+ infE {jg+1(fk+1)|fk7¢k} y
(o8

is the expected cost that we will incur if we continue sampling,
which is the smaller of two costs: the expected cost that we will
incur if we continue sampling in the same sequence, and the ex-
pected cost that we will incur if we switch to another sequence.

We first have the following lemma that converts this problem
into a Markov optimal stopping problem.

Lemma 1: For each k, the function .J (F}.) can be written as
a function of only 7, say J; (m), and the optimal switching
rules ¢ can be restricted to a class of decision functions that
depend only on 7.
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Proof: Clearly J%(Fr) = 1 — 7p is a function of only
7y, and we write it as JX (7). Forany k, 0 < k < T — 1,
suppose that jl?+1 (Fr+1) is a function of only 741 and we use
Ji1(mr41) to denote this function, then we have the second
equation at the bottom of the page, in which f.( ;_:414 | F) is
the conditional density of ¥,'}7* if we decide to stay in the same
sequence to make more observations, that is

FeVii 1 Fe) = mear (VAT + (L= m) (V7). @)
Similarly, f(Y,}1'|F%) is the conditional density of Y,/{1* if

we decide to switch to another sequence to make observatlons
that is,

fs( ®)

The relationship between 741 and yk is given in (3).
Hence, f. and fs; depend on Fj only through 7. In fact, f
is independent of F}. As a result, we can write fe(Y,{1"|F)

as fe( ,:_1’”_{1|7rk) and write f( :_1’”_{1|.7~'k) as fq ,:_1"_{1|7rk)

Hence, we have

[ £ F
Trq1 (?/Zk:f )

= J, kT 1
/ A\ mea () + (U= ) qo (v )

(mreqr (Y1) + (1= m) g0 (Y ) dypiy
which is a function of 7, and we will use Af’c(ﬂ'k) to denote
this function.

At the same time, we have

/ Ty () Fu (G2 | )y

VoA FR) = o (Yiit!) + (1 —mo)qo (Y4 1h)-

+1

- [ rom (4257)
- k Sk11 1
+ Toq1 (Ypyy ) + (1 — )qo(?/k:i )

(mom (577) + (1= mo)ao (7)) di
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which is a constant independent of 73, and we will use A{S to
denote this constant. 7

Thus, JF (F) = min{l — m,c + min{A] (), AL }}
is a function of 7y, and we write it as J7 (). Contlnulng this
recursive argument, we know that jkT(}'k) depends only on 7,
RO

Furthermore, since ¢ has only two values, the optimal
switching rule ¢y, is the following:

i

which depends only on 7. This means that we should switch
to another sequence, if the expected cost of continuing this se-
quence is larger than the expected cost that will be incurred if we
switch to another sequence, although by doing this we lose all
the evidence we have gathered to this point. Since ¢ depends
only on 7y, from (3), we see that {m; &k = 0,1,...} forms a
Markov process. n

e AT T
1fAk,c(7rk) > Ak,s’
otherwise,

(6)

In summary, we have converted the finite-length version of
problem (1) to a Markov optimal stopping problem. For finite
T, we have the following recursive cost functions:

Ji(mr) =17, ()
and fork = 0,...,7 — 1,
JL (m) = min {1 = 74, c+ min {AZ_’C(W;C%AZ’S}} . (8

Regarding JI (7)) and A{,c(rk), we have the following
result.

Lemma 2: The functions JI (7,) and A{c(wk) are nonneg-
ative concave functions of m, for m, € [0,1]. And JF (1) =
AEC(I) = 0.

Proof: The nonnegative property of these functions can
be easily proved by simple inductive arguments. The fact that

jg(fk) = min {1 — Mg, Cc+ id?flE {jg+1(fk+1)|fk, ¢k}}
= min {1 — Tk, ¢+ min {[E{j,f+1(]-'k+1)|}'k7 ¢r = 0},
E{JE o (Fisn)l Fs = 13} }
JT(F:) = min {1 g, ¢ 4+ min {E{j,f+1(fk+1)|fk,¢k =0},

E{jg+1(fk+1)|fk,¢k = 1}}}
= min {1 — T, ¢ + min {/ Jk+1(7rk+1)fc(yk+l |Fi) dypit,

/J1@T+1(7rk+1)fs(?/1i:.+1l|fk) d?/fo}} )
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JEQ) =
argument.

In the following we show the concavity of these two func-
tions. First, we observe that J%-(7w7) = 1 — 77 is a concave
function of 77. Now, assuming J,?+1 (k1) is concave in mgy 1,
we prove that A () is concave in 7x. Let 7, and 77 be two
arbitrary points belonging to [0, 1]. Consider /\Agc(wi) +(1-
MNAF (72), with 0 < X < 1, we have

Mi () + (1= N AL ()
— [ DI L2 )
+(1 = N (mi ) fe(uay 7] dyityy
= / [T (Thgr) + (1= @) i (T )]
Moy mi) + (1= X) felyy
< /JkT+1(N7r1i+1 + (1= p)miyy)
Moy Imi) + (1= X) felyy

in which

A} (1) = 0 also follows from a simple inductive

Imh)) dyity

©)

Im2)) dyiy'

Melypihy' Imo)
)‘fC(ylsc:rll |7rk) ( )fC(ylsc:rll
and where we have used the concavity of .JI, ; in writing the
inequality.
Now, on defining mj = Ar + (1 — )72, we have (10) at the
bottom of the page, in which we have used (4) for (a).
At the same time, we have

Fe(VE ) = MV Im) + (1= A) fe(Y,

Hence, continuing from (9), we have

p= ,
Im%)

Y Skt1
k+1

Y Skl
k+1

5k+1

i1 1me)- ()

M (1) + (1= N AR (77) < AL (7). (12)
which means that Af () is a concave function of 7. The
concavity of JI' (7rk) then follows from the fact that the min-

imum of concave functions is also concave. [ |

It is also clear that J' (7)) < 1 — . Fig. 1 shows an illus-
tration of the relationships of JI (74) and 1 — 7). With these
supporting lemmas, we have the following solution for the fi-
nite-horizon optimization problem.

5379

v

Tk

Fig. 1. An illustration of J (7).

Theorem 3: For the finite-horizon version of problem (1), the
optimal stopping time is Top¢ = inf{k : m; > a] },in which a}
is given by the following equation:

l—ak = c+n11n{AkC(ak) S}

And at time k, we switch to another sequence if, and only if,
A{’C(ﬂ'k) > AZ,S

IV. INFINITE-HORIZON OPTIMIZATION

Now, we remove the finiteness restriction on the stopping
time 7 by letting T — oo. First, we have
JI N (m) < JE(m), 0<7w <1, (13)
since the set of allowed stopping time is enlarged if we allow
the horizon 7" to increase. Further we have 0 < .J. kT < 1 for any
k and T', and hence the following limit is well-defined:

lim JF () = inf JI(7) = J°(n).

T — oo T>k

(14)

Also, we have Jp°(m) = Jg9,(m), due to the i.i.d. nature of
the observations in each sequence. We will use .J(7) to denote
this common function. It is easy to check that J () is a concave
function in 7.

7r1:3+1 =3 Sk ngql (Y;:r{l) Shol
T (Vi d) + (1 =)o (Y41
_ (A + (1= Nm)a(YehT")
M+ (L= (V) + (L= Arp — (1= Nrd)ao(V4T)
@  Om+ (= Nm)a (V)
)‘fc( Vit md) + (1= N fe(Y mR)

:/nrk+1 +(1 - M)ﬂ'k+17

(10)
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Fig. 2. An illustration of .J().

Lemma 4: The function J(7) is unique.
Proof: The proof of this result follows the argument used
in [17, Proposition 7.4]. [ ]

By the dominated convergence theorem, the limit in (15) at
the bottom of the page is well defined, which is a constant in-
dependent of k.

Similarly, we have

Au(m) = Tli_r)nOO A{,c(ﬂ-) (16)

(i
a1 (i) + (L= m)qo(yp )

(mq1(yih') + (1= m)go(yph)) dulyy'

From the fact that A7 _ is concave for each k and 7', it is easy
to check that A.() is concave in 7.

Hence,
J(m) = min{1 — 7, ¢+ min{Ag, A.(7)}}. (17

Fig. 2 illustrates the relationship between .J () and .
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Now, we have the following lemma regarding the relationship
between Ag and A.(7).

Lemma 5:
> A, ifm < m,
Ac(m) { = A,, ifm=m, (18)
< A;, ifm>m.

Proof: We first show that A.(0) > As. From (17), we have

J(0) = min{1, ¢ + min{A4,, A.(0)}}. (19)

From (16), we have
A0) = [ TOwE) it = 10). @0

Hence (19) becomes
J(0) = min{1, ¢ + min{A,, J(0)}}. 1)

As aresult, J(0) is either 1 or ¢ + Aj.

We consider these two cases separately.

1) If J(0) = ¢ + As, then from (20), we have that A.(0) =
J(0) = c+ As > As.

2) If J(0) = 1, then from the facts that J(1) = 0, J(7) <
1 — mr, and J(r) is a concave function of 7, we know that
J(m) = 1—m. Substituting this function into (15), we have

:/J 7F0Q1(Z/Zf|.+11)
) moq1 (Y ) + (1 —mo)ao (v 1)

(moq1 (w7 ) + (1 = mo)ao(yisy)) dyp
Sk41 )

/ 1_ Toq1 (yk+1
moq1(yph) + (1 —m0)qo(yp'y')
(moq1 (Y ) + (1 = mo)qo(wp')) dye'sy

= / (1 —mo)qo (yi‘ff) dyszf

:1—71'0.

(22)

Hence, in this case, we still have 4.(0) = J(0) = 1 >
1 - o — As.

lim AT
T oo k,s

= lim Jr
T—’OO/ k+1<7rofh(

Yrrn ) + (1= mo)go(yryy)

Toq1 (yZ’iJf) )

(moqu(wp'yy) + (1 — mo)qo () dypy

moq1 (Yr'y1)

= lim JL
/T—)oo k+1

<7roq1(

Yot )+ (1 — ro)Qo(yZTf))

(moqa (yp') + (1 = mo)qo(wpiy)) dypty

B / ; moq (y'yh')
moq1 (v ) + (1= mo)ao (i)

(moqa (yp'h') + (1 — mo)qo(yp'h)) dyptsy

= As:

Sk4+1

15)
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A
Ac(m)
As
T x
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Fig. 4. An illustration of the optimal procedure.

Fig. 3 illustrates the relationship between A.(7) and A,.

Since A () is concave, A.(0) > As; and 0 = A.(1) < A,
we know that there exists a unique 77 such that0 < 77 < 1and
Ac(my) = As. At the same time, from (15) and (16), we know
that A.(mp) = As. Hence the unique point, in which A.(7) and
A; are equal, is m. That is 77 = 7. As a result we know that
Ae(m) > Ag whenm < mg, and A.(7) < A; whenm > 79. W

Lemma 5 implies that we should switch to another sequence
once T, is less than the prior probability 7.

By examining Figs. 2 and 3, and applying [17, Th. 3.7] and
Lemma 5 above, we have the following solution for the infinite-
horizon optimization problem.

Theorem 6: The optimal stopping time for (1) is given by
Topt = inf{k : m > wf;} in which

1 -7 = ¢+ min{A.(n7y), As }.

And at time k, we switch to another sequence if, and only if,
T < To.

Fig. 4 illustrates the operation of the optimal test.

Now we briefly review the CUSUM test, which was devel-
oped for the quickest detection problem [17], before discussing
the connection between this test and our algorithm. In the
quickest detection problem, one observes a random sequence
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Yi;k = 1,2,.... There is a change point ¢ > 1 such that,
given ¢, Y1,...,Y;_1 are drawn i.i.d. from distribution @y,
and Y;,Yiy1,. .. are drawn i.i.d. from distribution ;. In the
non-Bayesian formulation, the change point ¢ is assumed to
be a fixed, nonrandom quantity that can be either oo or any
value in the positive integers. One aims to detect the occurrence
of this change with minimal delay subject to a certain false
alarm constraint. In a formulation initiated by Lorden [30], the
following optimization problem is considered:

(23)
(24)

. _ +
T11€1fT esssupE, {(T —t + 1)7|F_1 }
st. Eo{T} >7,

in which F; denotes the smallest o-field with respect to which
Y1, ..., Y; are measurable, 7 is the set of all stopping times with
respect to the filtration F;;¢ > 0, and E; denotes expectation
assuming that the change time is ¢.

Let L = q1(Y%)/q0(Y%), and mpy1 = max{my,0} +
log(Lgy1) with mg = 0; then the CUSUM stopping time is
Ty, = inf{k > 0|my > h} where h is a threshold. That is one
stops whenever the statistic my, is larger than a given threshold,
and resets the statistic to 0 once it is smaller than 0. It was shown
in [29] that the CUSUM test with A chosen to satisfy (24) with
equality is the optimal solution to the problem (24) for all values
of v > 0.

It is now easy to see the equivalence between the optimal test
in Theorem 6 and the CUSUM test. More specifically, let

_a(y),
qo(Y")’
then under the condition that ¢, = 1 if 7, < 7o and ¢, = 0

if m, > mo, the recursive formula in (3) is the equivalent to the
following recursive formula:

Ly,

Ry = log(L1) (25)

(Ri+log(Li+1)) 1(Ri > 0)+log(Ly41)1(Ry <0)
= max{ Ry, 0} + log(Lgy1).

Ry

In terms of Ry, the optimal solution is to switch to the next
sequence if Rj, < O (this corresponds to a reset event in the
CUSUM test, which is to reset Ry, to zero, if Ry < 0), and to
stop when

Ry, > log (—(1 — ”O)“U> .

mo(l — 7g;)

Hence the test in Theorem 6 is equivalent to a CUSUM test with
parameter (1 — mg)7f;/(mo(1 — 7;)), in which we switch to
another sequence if a reset event occurs in the CUSUM test,
and we stop and claim that the sequence under examination is
generated by (01 when the CUSUM test stops.

V. PERFORMANCE ANALYSIS

From Section 1V, it is clear that the optimal solution can be
parameterized by one threshold 7f;, whose value depends on the
cost per sample c. In this section, we analyze the average delay
E{7opt } and the error probability P(H "+ = Hy) in terms of
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m(;. The analysis will provide further insight into the structure
of the optimal solution and give guidance on how to set the pa-
rameter. Since the optimal test is the same as the CUSUM test,
we can use techniques similar to those used in the performance
analysis of the CUSUM test (see [32] and [33] and references
therein) with proper modifications to take the Bayesian frame-
work into consideration.

It is clear that 7,5 arises from a renewal process [34], with
renewals occurring whenever 7y, is reset to 7 (this occurs when
7y exits from the lower end of [mg, 7};]), and with a termination
when 7, exits from upper end of [mg, 7;;]. It follows that we can
write

(26)

L
Topt = § tl7
=1

where t1,to, . .. are i.i.d. repetitions (under P, = mo Py + (1 —
7o) Py) of the random variable

t = min{k > 1|my ¢ (mo, 7))} (27)

and where L denotes the number of repetitions of ¢ that occur
before the posterior probability results in an exit at the upper
boundary. Hence, the analysis of E{7¢ } and P(H et = Hy)
can be carried out by analyzing this renewal process under P, .

We define Fy and F} to be the events {m; < mo} and {m; >
w;; }, respectively. We also define o« = Py(F4) and 5 = Py (Fp).
It is clear that « is the probability that we will claim that the
sequence is generated by (1, when hypothesis Hj, is true. Sim-
ilarly, (3 is the probability that we will make a switch while hy-
pothesis H; is true. We have the following theorem regarding
the performance of the optimal solution of Theorem 6.

Theorem 7: The average number of samples of the optimal
solution for the sequential testing with multiple sequences is
characterized by

E{t Er{t
E g _Enlll 50 |
I—P,TO(F(]) 1—7(&8—(1—7(0)(1—0[)
(28)
and the error probability is characterized by
1—
Pﬂ'o (HTOPt — HO) — ( 7[_0)0( (29)

(1 —mo)a 4+ mo(1 =)

Proof: Let M; denote the indicator of the event that the /*"
repetition of ¢ exits at the upper boundary. Then L is a stopping
time with respect to the sequence (¢1, M), (t2, Ms), . .., which
is i.i.d. under Py, . From Wald’s identity, we have

Ex, {th} = Exo {L}Ex, {t}.

It is easy to see that, under P, = mo Py + (1 — mo) Py, Lisa
geometric random variable with

(30)

Pry(L=1) = [L = Pry (Fo)|[Pro (F0)]' 7, 1=1,2,..

31)
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where Py, (Fy) = o + (1 — m9)(1 — «). Hence

1

S T

Substituting this into (30), we have (28).
At the same time, we have

Pry(H™* = Hy) = Y Pry(H' = Ho|L =1)Pyr,(L=1)
L=l

=P, (H' = Hy|L =1)
. (1—mo)
_(1—7T0>Oé+7T()(1—/J-'). (32)

The analysis of E,{t}, @ and § in terms of the parameters
(mo, ;) follows from the standard SPRT analysis, which can
be found, for example, in [33].

VI. MULTIPLE SIMULTANEOUS OBSERVATIONS

In this section, we consider the general case in which we can
observe multiple sequences simultaneously. Our goal is still to
find one sequence that is generated by ;. We use M to denote
the number of sequences that we can observe at each time. We
will discuss the case in which M = 2 in detail. (The case in
which M > 2 is similar.) The development of the optimal solu-
tion follows that of the single sequence case closely.

We use s¢ and s? with s¢ # s? to denote the indices of
the two sequences that we are observing at time k. Hence, we
observe {Y,:?Z?Y,: *;k = 1,2,...} sequentially. The observa-
tions generate the ﬁlbtration {F; kb = 1,2,...} with F, =
U(Y1ST , Yf; , Y;g Yo7 Yk,sl‘l' ,Y,’*). Now, at each time k, we
can 1) stop sampling and claim that one of the two sequences
under examination is generated by ()1, or 2) continue to the next
observation from both sequences to gather more evidence about
their statistical behavior, or 3) abandon one or both of the se-
quences under examination and switch to new sequence(s). We
use ¢, to denote the F,-measurable switching function at time k
that will decide whether we should abandon sequence sj. Simi-
larly, we use ¢ to denote the Fy-measurable switching function
at time k that will decide whether we should abandon sequence
st . In the following, we will also use ¢y, = (47, ¢2). Again, let
T denote the set of all stopping times with respect to the filtra-
tion F. A stopping time 7 € 7 will decide when we should
stop sampling and declare that one of the two sequences that
we are currently observing is generated by (0. As before, there
are two performance indices. The first one is the error proba-
bility that the sequence selected is generated by (Qo. Obviously,
when we stop at time k, we will select the sequence that has a
higher probability of being generated by (21, and hence the error
probability is P, = min{P(H** = H,), P(H*- = Hy)}. The
second performance metric is the average number of samples
we take to make a decision, that is, E{7}.

Our goal is to design the stopping time 7 and the switching
rules ¢ = {¢¢, 9%, 9%, ¢4, ...} to solve the following optimiza-
tion problem:

_inf [P+ cE{T}]. (33)
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We use 7§ = P(H® = H;|F) and 7% = P(Hngc =
Hq|Fi) to denote the respective posterior probability that
sequences sj and sz are generated by (); after observing

a b a b
(Y7 v o YR Y ) Similarly to (3), we have the fol-
lowing recursive formula for w1y, = (7§, 7%):

a qul(Yll)
T = (34)
P mon (V) + (1 — mo)qo(Y1)
b= 7r0q1(Y12)
! 71'0Q1(Y12) +(1- 7l'O)QO(Y12)
. i (Yikt) .
Wk-i—l - a SZ+1 - a SZ+1 1(¢k - 0)
7rqu1(Yk+1 )+ (1 - 7rk')(IO(Yk+1 )
7r0Q1(YSk+1) a
+ STt kil e 1(¢k = 1)
7TOql(Yk-|-1 )+ (1 - 7r0)‘10(Yk-|-1 )
b
b Skt1
T (Vi)
7rIl;-l-l = R st £ R s 1(¢lli = 0)
1 (Vi1 + (1= m)ao(Yey7h)
b
moq (Y, rHt
+ bll) =1,

S

st N
moq1 (YVey1') + (1= m0)qo(Vii1")

As in the single sequence case, we first consider the situation
in which the stopping time 7 is restricted to a finite interval
[0,T].

At each time k, we need to decide whether to stop sampling
or not based on Fj. The minimal expected cost-to-go at time
k,0 < k < T, is a function of Fj, which we will denote by
JE (Fy). Obviously, we have

JE(Fr) = min{l — 74,1 — b}
And given jkT+1 (Fr+1), we have the following equation:

JE(F) = min {min{1 — 7,1 - 7P},

¢+ inf E{jg+1(fk+l)|fk7¢2:7¢z} .
b8y
We first have the following lemma that converts the finite-
horizon version of problem (33) into a Markov optimal stopping
problem.

Lemma 8: For each k, the function jkT(fk) can be written as
a function of only =y, say J; (my), and the optimal switching
rules ¢, = (¢, #%) can be restricted to a class of decision
functions that depend only on 7.

Proof: Clearly JE(Fr) = min{l —7%,1—7%} is a func-
tion of only 7 = (w4, 7}), and we write it as J (7). For
any k, 0 < k < T — 1, suppose that J,?+1(fk+1) is a function
of only 741 and we write it as .J, ; (my41). We have

JE (Fr)= min {min{l — 7}, 1 - T},

-+ min {E {J,?H(fﬂam,qbzwz}}} .

63,0
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Now, we examine the term min¢a o

ko Pk

L FunFe ot b} 18 9p = 0 and ¢ = 0,
we have

E{JE(Firn) F, 6 = 0, 0% = 0}

— [T £ L0 ) di s

' (35)

in which fc(-|fk2 is givben in (4), while the relationship among

i1, T and (y,ifll , yzrl‘ ) is given in (34). From (4), it is clear
that

E {jg+l(fk+1)|fk7¢z = 07¢IZ:: = 0}

is a function of only .
Using the same argument as above, we

that E {j,3+1(fk+1)|fk7 e, ¢g} is a
only m, for other values of ¢} and ¢t. As a result,
¢+ minga 4 {[E {jkT+1(]7k+1)|}"k, b, ¢§;}? is a function of
only 7y, and we will use~A£ (m)) to denote it.

Hence, we know that JE+1(fk) is a function of only 7, and
the switching function ¢, = (¢%, ¢%) can be limited to func-

tions of . Moreover, {m), : k = 0,1,...,} forms a Markov
process. [

know
function of

Similarly to Lemma 2, we also have the following result.

Lemma 9: The functions J; (m),) and A} (my) are nonnega-
tive concave functions of 7. And JI' (1, 72) = JF (7, 1) = 0.
Proof: This result follows from a similar argument to that
used in the proof of Lemma 2. [ ]

Now, we remove the finiteness restriction on the stopping
time 7 by letting 7" — oo. Similarly to the single sequence case,
we know that the following functions are well-defined:

lim J[(r) = inf J(x) = J°(m). 36

oo g (m) Sk Ty (m) = J°(m) (36)

Also, we have Jp°(mw) = Jp3 (), due to the i.i.d. nature of the

observations in each sequence. We will use J (1) to denote this
common function.

Similarly Ag(w) = Tlim AT(m) is well defined. More-
—

oo

over, it is independent of k, and we will use A(m) to denote
this common function. Hence, we have

J(m) = min{min{1 — 7%, 1 — 7°},c + A(m)}.
From the concavity property, the fact that J(1,7%) =

J(m®,1) = 0, and the fact that J(7) < 1 — max{n®, 7°}, we
have the following solution for problem (33).

Theorem 10: The optimal stopping time for (33) is given by
Topt = inf{k : max{m® 72} > 1— A(my)}. And the switching
rule is a function of only 7.

VII. NUMERICAL RESULTS

Here, we give an example to illustrate the analytical results
of the previous sections. In the example, we assume that under
Hy, the observations are i.i.d. Gaussian random variables with
means 0 and variances P + o2. Under H, the observations are
i.i.d. Gaussian random variables with means 0 and variances o2.
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Fig. 5. The cost-to-go function J ().
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Fig. 6. The relationship between A.(7) and A,.

We first present numerical results for the single channel case.
The cost-to-go function J() is shown in Fig. 5 for the case
of P = 3,02 =1, m = 0.3 and ¢ = 0.01. The cost-to-go
function is computed by recursively using (8). We stop the re-
cursion when the £, distance between J;_|(7) and J{ () is
less than 10~°. For this scenario, we find that = 0.944.
Fig. 6 shows the relationship between the cost of continuing on
the same sequence A.(7) and the cost of switching to another
sequence A (). It confirms our analysis that we should switch
to another sequence when 7, is less than 7.

After obtaining 7{;, the optimal algorithm is fixed. In Fig. 7,
we show the relationship between the average number of sam-
ples one needs to take before the test stops for various values of
signal-to-noise ratio (SNR). In generating this figure, we set mg
to be 0.3 and c to be 0.01. We note that for different values of
SNR, the value of 7j; is different. These results, and the ones in
Figs. 8—12 below, were obtained via simulations.

The function generally follows an expected trend. The higher
the SNR, the easier it is to distinguish between different chan-
nels. Hence fewer steps are required to make a decision. But as it
can be seen from Fig. 7, this is a nonmonotonic function. There
is an intuitive explanation for this. When the SNR is very low,
the information provided by taking more steps does not justify
the cost required to take these steps. So alow SNR creates uncer-
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Fig. 7. Average number of steps vs SNR with ¢ = 0.01.
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Fig. 8. Average number of steps vs SNR with ¢ = 0.001.
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Fig. 9. Error probability P(H** = H,) vs SNR with ¢ = 0.01.

tainty about the value of further information. Fig. 8 shows the re-
lationship between the decision delay and SNR, with ¢ = 0.001
and all other parameters remain the same as above. From Fig. 8,
one can see that the number of steps is generally larger than the
case with ¢ = 0.01. This is mainly due to the fact that the cost
of taking more samples is smaller here.

The probability of error, P(H®" = Hy), is also an important
statistic. Fig. 9 shows typical values for the case of ¢ = 0.01.
We can compare this curve with that for the same parameters
except with ¢ = 0.1. We show the second function in Fig. 10.

There are a few fundamental differences between Figs. 9 and
10. In Fig. 9, P(H®~ = H,) is rapidly decreasing at the be-
ginning and stabilizes at higher SNR values. On the other hand,
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Fig. 11. P(H*™ = Hy) + cE{7} vs SNR.

in Fig. 10, P(H®* = Hy) is constant for small values of SNR
and then decreases after a threshold value. In the second case,
the cost of taking any samples for small SNR values is so large,
that it does not justify taking any samples at all. In fact the prob-
ability of error is equal to the prior probability that Hy is true
in this range. When SNR increases, there is greater justification
for more samples and hence the probability of error decreases.
In addition, in Fig. 9 the cost of taking samples is smaller. As
a result, the number of samples taken is larger, and hence the
probability of error is smaller than that of the curve shown in
Fig. 10 under the same SNR.

Fig. 11 shows the cost function (1). As expected this is a
monotonically decreasing function of SNR. The higher the SNR
the lower the objective value.

Fig. 12 shows the average number of steps as a function of the
probability of error. This figure was generated for a given SNR
value (4.77 dB) and fixed value of ¢ (0.01). As shown in the
graph, the higher the probability of error, the lower the number
of steps taken. The lower the probability of error required the
more the average number of steps taken.

We now present results for the case of two simultaneous ob-
servations. Fig. 13 shows J(w), when P = 3,02 =1, m9 = 0.3
and ¢ = 0.01. In the two simultaneous observations case, the
boundary for stopping is a curve; that is, for any given value of
7°, there exists a 7, such that we stop sampling once 7, ex-
ceeds 7g;. The same is true, if we reverse the role of 7% and .
In our simulation, we find that if 7° = 0.5, then ;= 0.955.
And, if 7° = 0.895, then 7, = 0.965.
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VIII. CONCLUSION

We have considered the problem of quickest sequential search
over multiple sequences, in which the goal is to find a sequence
drawn from a particular distribution (J; among infinitely many
sequences in such a manner that a properly defined cost is mini-
mized. We have shown that if one can observe only one sequence
at each time, the optimal solution under a Bayesian formula-
tion, which strikes a balance between the cost of sampling and
the false alarm probability, is the CUSUM test. The result is de-
rived by assuming that there are infinitely many sequences and
one will not switch back to a sequence that has been tested pre-
viously. If there are finitely many sequences, the result is also
valid if there is no memory of previously collected samples if
we switch back to a sequence that has been tested before. We
have also investigated the performance of the optimal solution
and found that the performance can be written in terms of the
performance of the classical SPRT. We have also considered the
general case in which one can observe multiple sequences si-
multaneously and have developed an optimal solution for this
general case.

In terms of future work, it is of interest to extend this study to
the corresponding problems in continuous time. In this case, the
case of Brownian observations will be the first problem to con-
sider. It is also of interest to study the nonhomogeneous case in
which the distribution or the prior probability of each sequence
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is different. It is also of practical interest to study the case in
which the number of sequences is finite and one allows memory.
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