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Abstract—In this paper, we propose a sequential spectrum
sensing algorithm for cognitive radio systems, which we term the
sequential shifted chi-square test (SSCT). SSCT has the following
attractive features for practical implementations. First, SSCT
employs a simple test statistic and thus has a low implementation
complexity. Secondly, SSCT is a sequential detection algorithm
and is capable of achieving performance comparable to fixed
sample size detection algorithms such as energy detection but
with much reduced sensing time. Thirdly, SSCT is essentially
a non-coherent detection algorithm in the sense that it does
not require any deterministic knowledge of the primary signals.
Lastly, SSCT is able to strike a desirable trade-off between
sensing performance and sensing time particularly in the signal-
to-noise ratio mismatched case. To evaluate sensing performance,
we derive the exact false-alarm probability for SSCT, and develop
numerical integration algorithms to compute misdetection prob-
ability and the average sample number. We further demonstrate
the performance of SSCT with several numerical examples.

Index Terms—Cognitive radio, energy detection, hypothesis
testing, spectrum sensing, sequential detection.

I. INTRODUCTION

S a core enabling technology for cognitive radio (CR),

spectrum sensing has received considerable amount of
interest recently (see [1]-[8] and recent survey papers [9], [10]
and references therein). Albeit in essence a conventional signal
detection problem, spectrum sensing needs to meet certain
stringent requirements that stem from special characteristics
of CR systems. First, it is important for the spectrum sensing
algorithms to be robust to signal models as it is often difficult
in practice for secondary users (SUs) to acquire complete or
even partial knowledge about primary signals. Secondly, a
small detection delay is essential for the spectrum sensing even
under a fairly low detection signal-to-noise ratio (SNR) level
with low detection error probabilities. To this end, a number
of spectrum sensing algorithms including energy detection [5],
generalized likelihood ratio test [11], covariance sensing [12],
[13], [14] and feature detection [6] have been proposed and
studied. From a practical point of view, energy detection is
very attractive, primarily because it has a low implementation
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complexity and requires no deterministic knowledge of the
signals of primary users (PUs). However, to achieve a high
sensing accuracy, energy detection entails a large amount of
sensing time especially when the detection SNR is low [15].

To reduce sensing time, several sequential probability ratio
test (SPRT) based sensing algorithms have been proposed
under various CR settings [3], [16], [17]. The main motivation
of using SPRT as a sensing algorithm is that SPRT requires
the shortest average sensing time for any given false-alarm
and misdetection probabilities in the simple hypothesis testing
case [18], [19]. However, the detection delay of SPRT is highly
variable. Although the average detection delay of SPRT is
less than that of the fixed sample size detection algorithm
under the same error probabilities requirements, the detection
delay of SPRT in a particular realization might be significantly
larger than the average value. In CR systems, on the other
hand, the decision must be made within a short period of
sensing time [1]. In other words, sequential sensing algorithms
used in practice are essentially truncated algorithms. There
are two major drawbacks in the existing (truncated) SPRT-
based sensing algorithms [3], [16]. First, the complexity of
SPRT under practical signal models is high. In particular,
the test statistic of SPRT is updated and is compared to
lower- and upper-thresholds after taking each sample. Thus,
the computational complexity of the test statistic determines
the feasibility of SPRT. While in the simple hypothesis testing
case, evaluating the test statistic of SPRT is simple, but it
requires the perfect knowledge of primary signals. However,
acquiring such knowledge in practice is difficult in general.
In the absence of such knowledge, the evaluation of the
test statistics at each time slot involves a significant amount
of computation. Second, the performance of SPRT is fairly
sensitive to the choices of upper- and lower-thresholds. In [18],
Wald proposed an elegant method for selecting upper- and
lower-thresholds for the non-truncated SPRT. Existing SPRT-
based algorithms simply apply the Wald’s method to select
thresholds. Such selection does not work well for truncated
sensing algorithms since it leads to an increase in detection
error probabilities.

The goals of this paper are twofold: 1) to design low
complexity sensing algorithms that have good performance
and are amenable to implementation; and 2) to develop the
corresponding performance evaluation techniques that can
guide the proper choice of design parameters (as opposed
to the existing ad hoc approach). To this end, we develop
a truncated sequential spectrum sensing algorithm, called the
sequential shifted chi-square test (SSCT). SSCT possesses sev-
eral attractive features: 1) similar to energy detection, SSCT
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requires only the knowledge on the noise power and does not
require any deterministic knowledge of primary signals; 2)
compared to fixed-sample-size detection algorithms such as
energy detection, SSCT is capable of achieving a comparable
detection performance with much reduced average sensing
time; 3) in comparison with existing SPRT-based sensing
algorithms [16], SSCT has a much simpler test statistic and
has a lower implementation complexity; and 4) SSCT offers
desirable flexibility to strike a trade-off between detection per-
formance and sensing delay when the operating SNR is higher
than the minimum detection SNR. Furthermore, to evaluate the
detection performance of SSCT and hence guide the proper
choice of parameters, which is typically a challenging task, we
derive the exact false-alarm probability and provide numerical
integration algorithms to compute the misdetection probability
and the average sample number (ASN) in a recursive manner.

Furthermore, we notice that the problem of evaluating the
false-alarm probability of SSCT is similar to the exact oper-
ating characteristic (OC) evaluation problem associated with
truncated sequential life tests (T-SLT) with the exponential
distribution [20], [21]. The latter problem has been solved by
Woodall and Kurkjian [20]. Despite the similarity of these two
problems, the Woodall-Kurkjian approach cannot be directly
applied to evaluate the false-alarm probability of SSCT. In
addition, the Woodall-Kurkjian approach is not applicable
to evaluate ASN of T-SLT involving exponential distribution
[21]. As a byproduct, our approach for evaluating the false-
alarm probability of SSCT can be readily modified to evaluate
ASN for T-SLT in the exponential case.

The remainder of this paper is organized as follows.
Section II presents the problem formulation and provides
necessary preliminaries on the energy detection based and
SPRT-based sensing algorithms. Section III introduces SSCT
and its equivalent test procedure. Section IV deals with the
evaluation of the error probabilities of SSCT. In particular, this
section provides an exact result for the false-alarm probability,
and a numerical integration algorithm to recursively compute
the misdetection probability. Section V presents an evaluation
result on ASN of SSCT, while Section VI provides several
numerical examples. Finally, Section VII concludes the paper.

Notation: Boldface upper and lower case letters are used to
denote matrices and vectors, respectively; I, denotes a k X k
identity matrix; E[] denotes the expectation operator. (-)7
denotes the transpose operation; 1; denotes a k x 1 vector
whose entries are all ones; Ng denotes a set of consecutive
integers from p to ¢, ie., VI := {p,...,q}, where p is a
non-negative integer and ¢ is a positive integer greater than p
or +00; (-)¢ denotes a complement of a set; Iy, denotes
an indicator function defined as H{zzt} =1if x > ¢t and
Liz>4y = 01if © < ¢, where x is a variable and ¢ is a constant.

II. PROBLEM FORMULATION AND PRELIMINARIES

In this section, we start by presenting a statistical for-
mulation of the spectrum sensing problem for a single SU
CR system. We next give a brief overview on two sensing
algorithms that are closely related to SSCT: energy detection
and a SPRT-based sensing algorithm.

A. Problem Formulation

In this paper, we assume that there is a single SU in the
CR system, which is allowed to access the licensed spectrum
of PU in an opportunistic manner. Upon receiving the signal
samples denoted by r;, SU is required to detect whether
there are primary signals or not before using the licensed
spectrum. We use s;, ¢ = 1,2, ... to denote the primary signal
samples. Such a signal detection problem can be written as the
following classic binary hypothesis testing problem:

{Hg:’l‘i:’wi, i:1,2,...,

. (1
Hy:ry=hsi+w;, i=1,2,...,

where w; denotes additive white Gaussian noise (AWGN)
with zero mean and variance afu /2 per dimension, i.e., w; ~
CN(0,02), and h is the channel coefficient between PU and
SU. We further assume that the channel coefficient h is a
constant during the sensing process, and the primary signal
samples s; are independent and identically distributed (i.i.d.).

B. Preliminaries

1) Energy Detection: Energy detection is a fixed sample
size sensing algorithm in the sense that the decision is made
after collecting a fixed number of samples, say M. Let r be the
1 x M received signal vector defined as 7 := [rq,r2, ..., 7).
In energy detection, we compute the energy of r and compare
it with a predetermined value. Mathematically, the testing pro-
cedure is described as: Accept Hy, if T(r) := SM |ri|2 >
Yed; Accept Hy, if T'(7) < 7ed, Where eq denotes a threshold
for energy detection.

Since w; is a zero mean complex Gaussian random variable
(RV) with variance o2 /2 per dimension, 27'(r)/c2 is a
central chi-square RV with 2M degrees of freedom under Hy,
and is a noncentral chi-square RV with 2M degrees of free-
dom and non-centrality parameter 2|h|> Zf\il |si|?/o2 under
H; conditioning on |s;|? ;i = 1,..., M. As M increases,
2/n2 2N |si|? /02 approaches 2M|h|%02 /02, where o2
denotes the average symbol energy. Define SNR,, as the
minimum detection SNR, at which the requirements on the
target false-alarm and misdetection probabilities are satisfied.
The minimum detection SNR is a design parameter, which
depends on implementation scenarios but is not directly related
to a particular channel realization. In practice, it is highly
likely that SNR,, is different from the exact operating SNR,
which is defined as |h|?02/02. The exact operating SNR
depends on the channel gain h between PU and SU, which
is difficult to acquire in practice. To distinguish these two
different SNRs, we denote by SNR,, the exact operating SNR.

It follows directly from the central limit theorem (CLT)
that as M approaches infinity, the distribution of 27(r)/o2,
converges to a normal distribution as follows [2]: 27'(7) /o2 ~
N(2M,4M) under Hy while 27T(r)/02 ~ N@M(l +
SNR,,),4M (1 + 2SNR,,)) under Hi. Let Gieq and [eq be the
target false-alarm and misdetection probabilities, respectively.
Generally speaking, the number of required signal samples
M is determined by Geq and Feq. We use M2 to denote
the minimum number of sensing samples required to meet the
target aeq and Bed requirements when the detection SNR is
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Fig. 1. The test region of SSCT.
SNR,,,. As shown in [1], we have
min _ [SNR‘Z[ — v -\/28NR,, + 1 ﬂ 2)
ed m M m

where 1= Q (@), ¥ := Q7 1(1 — Bea), and [x] denotes
the smallest integer greater than or equal to =, Q(-) denotes
the complementary cumulative distribution function of the
standard normal RV, i.e., Q(z) := (2m)~1/2 [ e=t*/2dt, and
Q~!(-) denotes its inverse function. It is evident from (2)
that for energy detection, the minimum number of samples is
proportional to SNR,,? for a sufficiently small SNR,, [15].

It is clear from the description above that energy detection
has a simple test statistic and a low implementation complexity
[5]. In addition, known as a form of non-coherent detection,
energy detection requires only the knowledge of noise power
and does not rely on any deterministic knowledge about the
primary signal s;. However, one major drawback of the energy
detection is that, at a low SNR, it requires a large amount of
sensing time to achieve low detection error probabilities.

2) A SPRT-Based Sensing Algorithm: In comparison with
a fixed-sample-size detection such as energy detection, SPRT
can achieve the same detection performance with a much
reduced ASN [19]. We next investigate a SPRT based sensing
algorithm that relies on the amplitude squares of the received
signal samples [3], [16].

To simplify the description, we review a case in which the
amplitude squares of primary signals, |s;|?, i = 1,2, ..., are
perfectly known at SU. In this case, the spectrum sensing
problem formulated in (1) becomes a simple hypothesis testing
problem, which is the original setup considered by Wald [18].
Normalize |r;|? as v; := 2|r;|?/o2 for the convenience of
derivation. Note that under Hy, v; is an exponential RV with
rate parameter 1/2, and under H;, v; is a noncentral chi-
square RV (conditional on |s;|?) with two degrees of freedom
and non-centrality parameter ); that can be readily obtained
as \; = 2|h|?|s;|?/o2 . Hence, the probability density function
(PDF) of v; under Hj is

1 .
pro(vi) = 5e™"/? 3)

whereas under H1, the PDF of v; (conditional on );) is

1 Y
= e~ WL (V) “)

where Iy(-) is the zeroth-order modified Bessel function of
the first kind. After collecting N samples, we can express the
accumulative log-likelihood ratio as

P, (Vi)

NP
Ln(on|An) = 1ng

> -

pv\Ho vN)
:—ZA/2+ZlogI0 \vi) (5)
where vy = (v1,v2,...,0N), 2 =
log(le(sz )/pHO( )), and )\N = ()\1,)\2,...,/\]\7).

The test procedure is given as follows: Accept Hj, if
Ly(vn|AN) > br; Accept Hy, if Ly(vn|An) < ap;
and continue sensing, if a;, < Ly(vn|An) < br. In
[18], Wald specified a particular choice of thresholds
ar, and by for the non-truncated SPRT as follows:
ar, = log fsypn/(1 — @), and by = log(l — Bspr)/Aspre
where Oypre and SBgp denote the target false-alarm and
misdetection probabilities, respectively. For a non-truncated
SPRT, the Wald’s choice on ay, and by, yields true false-alarm
and misdetection probabilities that are fairly close to the
target ones.

Let z be a RV having the same PDF as z;. It has been
pointed out in [22] that, in SPRT, if hypotheses Hy and H; are
distinct, then Fp,(z) < 0 < Eg, (2), where Ep,(+) denotes
the expectation under H;, i = 1,2. As evident from (5), one
shortcoming of this SPRT-based sensing algorithm is that the
test statistic contains a modified Bessel function, which may
result in a high implementation complexity. When the perfect
knowledge of the instantaneous amplitude squares of the pri-
mary signals is not available, PDF under H; is not completely
known, i.e., the alternative hypothesis is composite. Generally
speaking, two approaches, the Bayesian approach and the
generalized likelihood ratio test, can be used to deal with such
a case. In the Bayesian approach, a prior PDF of the amplitude
squares of the primary signals is required and multiple summa-
tions over all possible amplitudes of the primary signals need
to be performed, whereas in the generalized likelihood ratio
test, a maximum likelihood estimation (MLE) of the amplitude
squares of the primary signals is needed [11]. Either of these
two approaches, however, leads to a considerable increase in
the implementation complexity.

III. A Low-COMPLEXITY SEQUENTIAL SPECTRUM
SENSING ALGORITHM

We now propose a low-complexity sequential spectrum
sensing algorithm depicted as follows:

N

Ay =Y (Iril* = 4), (6)

i=1

in which A is a fixed and predetermined parameter. Suppose
that the detector has a decision deadline M. That is, the
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detector needs to make a decision within M samples. We
propose the following test procedure

Accept H; :

if Ay >bfor0< N <M—1, orif Aps > 7; (7
Accept Hy :

if Ay <afor0< N<M-—1, orif Apy <73 (8)
Continue Sensing:

if Ay € (a,b) for0O< N <M -1 9)

where a, b, and ~ denote three predetermined and fixed
constants satisfying the following conditions: a < 0, b > 0,
and v € (a,b). In statistical term, the test procedure given in
(7)-(9) is nothing but a fruncated sequential test. As depicted
in Fig. 1, the stopping boundaries of the test region consist of
horizonal lines b and a, which we call the upper- and lower-
boundary respectively. Notice that each term |r;|? — A in Ay
is nothing but a shifted chi-square RV. Hence, we simply name
this sensing algorithm described in (7)-(9) sequential shifted
chi-square test (SSCT). As can be seen from (6), SSCT has a
simple test statistic that contains only the amplitude squares
of the received signals and the parameter A.

Let 7 be a RV with the same PDF as |r;|> — A, which
is the ith incremental term in the test statistic (6). Similar
to the SPRT case, we choose 02, < A < 02/(1 + SNR,;,) to
ensure Ep,(r) < 0 < Eg, (r). In SSCT, we have Ep, (r) =
02 —Aand Ey, (r) = 02 (1+SNR,)—A. Using SNR,,, < SNR,,
and 02 < A < 02 (1 + SNR,,), we always have Fp, (r) <
0 < SNR, — SNR,,, < Eg, (r). Note that with this choice, the
constant A depends on the minimum detection SNR instead
of the exact operating SNR. Normalize the test statistic Ay
by 02 /2 and define Ay := 2Ay/c2. We rewrite (6) as

N

AN = Z(Ui — 2A/0’%U)

i=1

(10)

where v; := 2|r;|?/o?. Let £y denote the sum of v; for
i=1,...,N, ie, &y = 3.8 v; and let A denote 2A /02,
Applying this notation, we rewrite Ay as Ay = &y — NA.
We let Ag and & be 0 for notational simplicity. We further
define a; and b; as: a; = 0 for X', a; = a+iA fori € Ny, |,
and b; = b+iA for b € R, where a := 2a/02, b:=2b/02,
and P denotes the largest integer not greater than —a/A, i.e.,
P := floor(—a/A). Applying the notation &y = Zi\;l Vi,
we express the test procedure (7)—(9) as

Accept H; :

if Ey > by for0 < N <M —1, or if &u > Y
Accept Hy :

if éy <an for0< N <M —1, or if &y < A (12)
Continue Sensing:

if &v € (an,by) for O< N < M —1

(1)

(13)

where J); = 7 + MA with 4 := 2v/02. The corresponding
test region is depicted in Fig. 2, where the stopping boundaries
comprise two slant line segments. Define agy and Py as the
false-alarm and misdetection probabilities of SSCT, respec-
tively.

3

Accept H;

(sl

Sample Index

Fig. 2. The test region of the transformed test procedure.

The issue of how to select thresholds a, b, and 7 is critical to
the performance of SSCT. In [18], Wald proposed a method
to select appropriate thresholds for the non-truncated SPRT.
Since the proposed test procedure in (7)-(9) is a truncated
sequential test and is not necessarily a SPRT, the thresholds
selected by the Wald’s method cannot meet target detection
performance requirements in general.

As a result, an alternative approach to select thresholds is
needed. Typically, the thresholds a, b, v, the parameter A,
and the truncated size M are selected beforehand and off-
line, either purposefully or randomly, and the corresponding
Qgset and Bygr are then computed. If the resulted gy and
Bsset do not meet the requirement, the thresholds and truncated
size are subsequently adjusted. This process continues until
a desirable error probability performance is obtained. In the
above process, the key and challenging step is to accurately
and efficiently evaluate agyq and [ as well as ASN for
any prescribed thresholds a, b, -y, the parameter A, and the
truncated size M. In the following section, we will show how
to evaluate these quantities for SSCT.

1V. EVALUATIONS OF FALSE-ALARM AND MISDETECTION
PROBABILITIES

In this section, we present the exact false-alarm probability
result, and a numerical integration algorithm that obtains the
misdetection probability in a recursive manner [23] for any
given thresholds. We start by introducing some preparatory
tools, including three integrals that will be used for evaluating
the false-alarm probability.

A. Preparatory Tools

We introduce the first integral as follows:

3 13 &2
9(¢) = / dc / i [ de k=1 (14)
X

k Xk—1 X1
and f,((]z)(ﬁ) = 1 for k = 0, where x, = 0 and x; :=
[X1,- s Xk—1,X&] With 0 < x71 < ... < x. The superscript
k and the subscript x; are used to indicate that f>(<i) (&) is
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a k-fold multiple integral with ordered lower limits specified
by x. Evidently, the integral f>(<i) (€) is a polynomial in & of
degree k. Lemma 1 shows that the exact value of f>(<i) (&) can
be computed recursively (refer to Appendix A for the proof).

Lemma 1: The integral f,(cli) (£) is given by

(k) k—i
k fim (€ — Xiv1) (k)
(©) = Z Gt (15)
i=0 ’
where fi(k), i = 0,...,k, for k > 1 can be obtained
recursively as follows: fi(k) = fi(kfl), e X! and
—1 f(k 1) ‘
Z 0o )t a8
=0 (
with fo =1 For the case where Y1 =x2=... =Xt =X
the coefficients ka is given by
1
(k) — ~ (& _\\Fk
W == 0" (17)

Additionally, the integral f,((]i) €) has the following useful
properties: 1) Differential Property: df ( )/dé = ,(Cli } &)
with x,_1 = [X1,.-.,Xk—1] and k& > 2; 2) Scaling Prop-
erty: f¥) (t€) = t*f(€) for t > 0; 3) Shift Property:
£ s, €= 0) = £

It is noteworthy to mention that the formula (15) together
with scaling and shift properties are particularly useful in
reducing round-off errors when evaluating f,(clz) (€). These two
properties will be used to ensure the numerical stability of the
false-alarm probability computation method presented later in
this section. The second integral that will be useful is

I =1, and 1™ .= d¢,, n>1  (18)

Qn)
where Sn = [517527"'7571] with 0 S 51 S 52 S gn’ and
Q(n) :{(517527"'7571) :Oggl S Sgnvaz <€7,<

bi,i € X7}, For n = 1, we have I(V) = f:ll d& = by — ay.
We define ¢ and d as two parameters satisfying 0 < ¢ < d,
an—1 < ¢ < by and ay < d. For N > 2, we define the
following vector

N-Q-2
an—1,cl,neN Q

Q N—-Q—-n
[bn+1, ey bn+1, C], n e N}g\/__lQ_l

[bn+17' "7bn+17aQ+TL+1J' cey

Y=
n,c
N—n
N—-2
anrl]-ana ne Ns

where s and ) denote the integers satisfying by < ¢ < bgyq
and ag < b1 < agy1 respectively. Let us define A; as an
(N - n) X (N —-n— Z) matrix A; = [IN7i7n|0(N—i—n)><i]T
with ¢ € nyvv_". In addition, we define the following vectors
1/’2/0_1 =Y Ai7 i€ N{V_HG‘Z? = [an1+17 s 70'712]7 ng >
n1 > 0, where '¢N7i is an (N —i—mn) x 1 vector and a;? is
an (ny —ng) x 1 vector. If ny = ny, we define a)> as @ In
what follows, we show that we can compute the exact value of

I™N) in (18) recursively (refer to Appendix B for the proof).

Lemma 2: The exact value of the integral I(NV) is given by

) — f(N)(bN)
(bn — bpgr) NI
i n>2) Z N = bni1) , Nex?
(N —n)!
n=0 (19)
=) (b ) I, N e R®
Z fov e
with 70 =1,
The third integral is given by
/ / e PV dg (20)
(N)
where § > 0, N > 1, and T\ = {(&,...,&v) : 0 <

& < .. < Eviap < & < bl,z € Nf’ Le < ey < d)
Recall that ¢ and d are two non-negative numbers satisfying
an—1 <c<byand 0 < c < dand d > ay. We define the
following function

N—n
2 {an—Ne—ean _ Z 0=

(N—n—1)
bn+1 1N n—i

™ Z 0~ [ (V=17 ()e 0o
f(N e Z( )E_Gd}, c>b1,n€NS_1

I(n) |:9n7N679bn+1 _ Z 9t 20

(N—n—1i)
bnr1ln_—n—s

(d)e"], e <binen)?

9" (9) =

s

(d)e *ed}, ¢>bi,neRN2,

In the cases of (¢,d) = (yn,00) and (¢,d) = (an,by), the
exact values of the integral J C(Z) (#) in (20) can be obtained
from the following lemma (refer to Appendix C for the proof).

Lemma 3: For any 7y satisfying ay <y < by, the exact
values of the integrals J,SYN )00(9) and J) (9) are given by

an,bn
N
N i — 0~
TN (0) =007 =) (e
=1
N-2
T e N () @1
n=0
N _ba _
I 0) Ze TR amen ™ — 57 ow)e " |
D) Z g 4 (0 22)

We next show how to apply these preparatory results to
evaluate the exact false-alarm probability.

B. False-Alarm Probability

Define En := {Ay > band a < A, < b forn € Niv_l
with N € "M~V and Ey := {Ay > yanda < A, < b
for n € 8771} and let Py, (Ey) be the probability of event
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En occurring under Hy. Since the test procedure described
in (7)-(9) is the same as that described in (11)-(13), we have
PHO (EN) =
Pry(ai < & < bii € RY7Len > by),
for N € N{V[*l;
Pry(a; < & < bi,i € XY > Au),
for N = M.

(23)

Clearly, the false-alarm probability g can be written as
Olgset = E ~N—1 Pr,(En). The following proposition gives the
exact false-alarm probability .

Proposition 1: The false-alarm probability, cvg, 1S given by
gt = SON_, Pr, (En), where Py, (Ey) is given by

Pp,(En) =
N
N -1
AN |:f‘(1](1:\7r Diby-1) - Lin>3y Ze

=0
(bnv—1— bn+1)N7n712n

Ay N e RJ*L

2 PHO (En+1)

+1
} N e NE15;

(N—n-1! 24)
( (N— 1 n)
A]\r[fa0 Zf N1 (bnv—1)x
ome (E,LH)} S
2" MJ%LO(l/m, N =M,

where Ay =2~ (N=De=bn/2,

Proof: To compute Py, (EnN), we need to determine the
joint PDF of the RVs (&1, . ..,&n). Let py, (v1, - .., vn|Ho)
and p¢| g, (&1, .., En|Ho) denote the joint PDFs of the RVs
(v1,...,vn) and the RVs (&1, ..., &y) under Hy, respectively.
Recalling that v; is an exponential RV distributed according
to (3), we can write the joint PDF of the RVs (v1,...,un)

as py|m, (v1,...,on|Ho) = 2-Ne=2L1vi/2 Since £y =
> i—1 Vi- wehave v; = &1,v9 = §a—&1,. .., N = EN—EN—1,
which yields

p{\Ho(glvé.Qa e a€N|H0) =

£
poim, (1,6 — &1, € — Ev-1lHo) =27 Ne 2, (25)
where & (=0 < & < --- < &n. According to (23) and the
definition of Tl()];j)oo, we have

Py, (En) = Pp, ((51,52, ., EN) € Tb];z])oo)

2/-'-/2_Ne_5N/2d§N

(N)
TbNoo

(26)

Note that each variable ¢; is lower-bounded by the maximum
of a; and &;_1, and is upper-bounded by the minimum of b;
and &;41. Hence, a direct evaluation of (26) is highly complex
due to numerous possibilities of upper- and lower-limits of
(§1,&2,...,&N) [20].

Nevertheless, in the case of N € , the parameters a;
for ¢ € N{V ~! are all zeros by the definition of the parameter
P. Tt implies that &; is only lower-bounded by &;_; for 7 €
Niv ~1, and accordingly the upper-bound of &; can be readily

P+1
Nl

identified as b; for i € RV~ [20]. Using [20, Egs. (16) and
(17)] and the fact that {b;}52, is an arithmetic sequence, we
obtain Py, (En) as follows

Pr,(EN)

b1 b2 bn-1 0
:/ dé1 dés - - / dﬁN—l/ 2 Ne=n/24¢y
o &1 N—2 by

N27
:u NeNPJrl

ON-1(N — 1)I” @7)

We now consider the case of N € RN +2 Since {n €
[by,0) and by > by _1, the upper-limit of {y_; is actually
bn—1 irrespective of {n. From (18), we can write (26) as

Puy(En) Z/bZo 2 Ne N /2dgy '/"'/dENfl

QN -1)
— 9= (N=1)=bn/2(N-1) (28)
with N € Nﬁ\f} By applying (18), Py, (En) for N € Ngi;
and N € N 2 in (24) can be readily obtained. We next
compute Pp, (EM) Since Yas € (anr,bar), the upper-limit
of &y7—1 depends on both &y; and bys—1. Thus, the integrals
J dén and [ --- [d€,,;_, are not separable. It is clear from
Lemma 3 that P(FE;|Hy) can be obtained from J,(Y%)OO(H) by
setting § = 1/2 and N = M in (21). Hence, we have

PHO(EM) = PHo ((51;;51\/1) € TVM7 )

_ / / 9-Me=€n/2qg, = 9-M M (1/9). (29)

(M)
RIS

From (27), (28), and (29), we can conclude the proof. [ |

Remark 1: It is worth noting that the false-alarm probability
evaluation problem for SSCT is similar to the well-known
OC evaluation problem in T-SLT for exponential distribution.
Woodall and Kurkjian solved the exact OC problem for T-SLT
with exponential distribution [20]. Nevertheless, the Woodall-
Kurkjian solution to the exact OC problem is not applicable
to evaluate ASN [21]. More precisely, it is not applicable to
evaluate (29) directly. In the preceding proof, we propose a
different method to derive the exact false-alarm probability
Qsser- With slight modifications, this method can also be used
to evaluate ASN for T-SLT in the exponential case.

C. Misdetection Probability

We now show how to evaluate the misdetection probability
Bsset for SSCT. Evaluating g is more difficult than evaluating
Qisset- The main reason is that to compute [y, One needs to
know pr, (v;). However, computing pyy, (v;) is intractable ex-
cept when primary signal samples have the constant-modulus
property, i.e., |s;|> = o2. We next show that at a relatively
low detection SNR level, the misdetection probability obtained
by assuming constant-modulus primary signals can be used to
well approximate the actual Sy Our arguments are primarily
based on the following two properties of SSCT.

The first property shows that as /N approaches infinity, the
distribution of the test statistic {5 in SSCT converges to a
normal distribution that is independent of a specific choice of
A, A2, AN
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Property 1: The statistical distribution of £y converges to
a normal distribution given by

‘ N (2N, 4N),
YT \N(2N(1 + SNR,,), AN (1 4 2SNR,,)),

under Hy,
under Hi,

as N approaches infinity.

The property can be readily proved by using CLT [22].
However, unlike energy detection, this property alone is not
sufficient to explain that the constant-modulus assumption is
valid in approximating S This is because each &y for
N =1,..., M, including small values of N, may potentially
affect the value of (s . To complete our argument, we first
present the following definitions. Let & denote the test statistic
using the constant-modulus assumption, i.e., |s;|> = o2
Define oy := by for N € NMfl and oy = Ay for
N = M. Let Fy and FN denote the events that £ > on,
and a; < & < b; fori € RM and £y > on andaz<fz<b
for i € RV, respectively. Let Py, (Fi) and Pg, (Fiy) denote
the probabilities of the events Fiy and FN under H;. Let
Bsset denote the misdetection probability obtained by assuming
constant-modulus signals with average symbol energy o2,

, |si|> = o02. As clear from their deﬁnmons we have
ﬁssct ZN 1PH1(FN) and /BSSCI_ZN 1PH1(FN)

Let AN denote the event that a; < & < b;, @ € NlN for
some integer [y € RY, and let AlN denote its counterpart
for the constant-modulus case. Let B ' denote the event that
Ev > onvand a; < & < by, 1 € N a1 and let BlN denote
its counterpart in the constant-modulus case. We now present
the second property (refer to Appendix D for the proof).

Property 2: For any € > 0, if for each NN, there exists a
positive integer [ € R such that Py, (A%) > 1—¢/(3M),
Prr, (A%) > 1~ ¢/(3M), and [Py, (BY) — Pir, (BY)| <
6/(3M)’ then |ﬂssct - ﬁssct| <e.

Relying on these two properties, we provide an outline
of our arguments. To achieve a high detection accuracy at
a low SNR level, ASN and M are typically quite large.
When the sample index N is relatively small, it is highly
unlikely that the test statistics {n and & cross either of the
two boundaries. In such a situation, there exists some integer
In such that P, (AY) and Py, (AYY) are fairly close to
1 whereas Py, (BYY) and Py, (BYY) are fairly close to 0.
Hence, the conditions in Property 2 can be easily satisfied.
On the other hand, when N is relatively large, one can find a
sufficiently large Iy such that Pr, (AY) and Py, (AYY) are
fairly close to one while | Py, (Bé{,\[)—PH1 (Bé{fﬂ is sufficiently
small due to Property 1 guaranteed by the CLT. Collectively, at
a low detection SNR level, Bssm evaluated under the constant-
modulus assumption is a close approximation of s . There-
fore, we will focus on the case in which all A;’s are equal to
a constant \ := 2|h|?02 /02 = 2SNR,,.

Recall that under Hp, v; is a non-central chi-square RV,
whose PDF involves the zeroth-order modified Bessel function
of the first kind as given in (4). Hence, it is mathematically
intractable to evaluate [ by applying the computational
approach used in Section IV-B. To obtain Basets We apply a
numerical integration algorithm proposed in [23].

Defining u; = v; — A, we express Ay in (10) as Ay =
Z?;l u;. Clearly, the PDF of u; under hypothesis H; can be

rewritten as pg, (u;) = %e_("i’LA“‘)IO( Au; + A)),u >
—A. Note that SSCT observes at most M samples before
making a decision. Let t;, denote Ay;_ 5. We also use Gy ()
to denote the conditional misdetection probability conditioning
on the follow event: the first (M — k) samples have been
collected, the present observation value is t; = Apri—k, and
the test statistic of the previous (M — k — 1) samples has not
crossed either the upper- or lower-boundary. When @ < t3, < b
fork =1,..., M, SSCT needs to collect an additional sample
(the (M — k + 1)th sample). For notation simplicity, we use
u to denote the next observed value of w;. We can write the
conditional probability Gy, (ti|u) as

0 if u>0b—t
Gr(tg|lu) =<1 ifu<a—tg (30)
Gk_l(tk—l—u) if@—tkSuSB—tk.

Using (30), we can compute Gy (tx) as

a—tg b—tg

Gr(ty) = / p, (u)du —l—/ Gr—1(tg + w)pm, (u)du
—0o0 a—ty

(31)

for k = 1,---,M with the following initial condition:
Go(tg) = 0 if to > 7 and Go(tg) = 1, otherwise. Note
that G/(0) is indeed the misdetection probability Baset- By
applying the backward recursion algorithm described above,
the value of G)/(0) is obtained.

Remark 2: Even though evaluation procedures of false-
alarm and misdetection probabilities described in this section
are complicated, they are performed in an off-/ine basis and are
only used to determine design parameters such as thresholds
a, b, v, and M. Alternatively speaking, evaluation procedures
of false-alarm and misdetection probabilities are related to
the designs of the sensing algorithms. Nonetheless, they are
not the part of the SSCT-based sensing process and thus the
complexity of these evaluation procedures is not related to the
implementation complexity of SSCT.

V. EVALUATION OF THE AVERAGE SAMPLE NUMBER

In this section, we discuss how to evaluate ASN of the
proposed algorithm. Let Ny denote the number of samples
required to yield a decision. Clearly, Ny is a RV in SSCT,
and its mean value is ASN, which can be written as

E(NS) = EHO (NS)TFO + EH1 (N5)7T1 (32)

where Ep, (Ng) denotes ASN under H;, and 7; denotes the
priori probability of hypothesis H;, for : =0, 1.

According to (7)-(9), we have 1 < N, < M. Hence, we
can express Eyy, (N;) as

M

Ep (N =Y NPg(N.=N), i=

N=1

where Py, (Ns = N) is the probability that the detector
makes a decision at the Nth sample under H;. We now
need to determine Pp,(Ns = N). Let Cy denote the event
that the test statistics (£1,&2,...,&n) do not cross either the
upper or lower boundary before or at the Nth sample, i.e.,
Cy = {(&.6,...,&n) € YY) 1 for N € RV For notional

0,1  (33)

an, bN
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convenience, let us define Cy as a universe set. Hence, we have
P(Cp) = 1. The test procedure described in (11)-(13) implies
that Py, (Ns = N), i = 0,1 can be obtained as

Pu,(No = N) 2 Py, (Cx_1) — Py, (Cx), N € XM= (34)
P, (N, = M) 2 Py, (Cor 1),

where P, (Cn—1) and Pp,(Cy) in (a) denote the respective
probabilities of the following events: under H;, the test statistic
does not cross either the upper- or lower-boundary before or
at the (N — 1)th sample and the Nth sample for N € R,
and Py, (Car—1) in (b) denotes the probability of the following
event: under H;, the test statistic does not cross either upper-
or lower-boundary before or at the (M — 1)th sample. Clearly,
using (34) and (35), we can express (33) as

/\
v

N=M (35

M—1
Eu,(N,) = 3 N(Pu,(Cy-1) = P, (Cw))
N=1
M—1
+MPy,(Cy1) =1+ > Pu,(Cx). (36)
N=1
Applying Lemma 3, (25), (34), and (35), we obtain

PHO (CN) =27 NJIEN)bN

ing to (36), we have

(1/2), N € RM~1 Hence, accord-

Eny(Ny) =1+ Z 9N N

an,bn

(1/2). (37)
We next show how to obtain P, (Cn), or equivalently
how to obtain P, (C%). To compute P, (CS,), we apply a
similar computation method to the one used in computing the
misdetection probability. It should be noted that C§; indicates
the following event: under H;, the test procedure given in
(11)-(13) stops before or at the Nth sample, i.e., the test
statistic crosses either the upper or lower boundary before or
at the Nth sample. With a slight abuse of notation, we rewrite
G (tr) as G (tx, 7). We use Vy to denote the following event:
the test statistic crosses the lower boundary before or at the
Nth sample under H;, and we use Uy to denote the following
event: the test statistic does not cross the upper-boundary
before or at the Nth sample under H;. By the definitions
of Vv, Un, and Gy, we have Py, (V) = Gn(0,a) and
Py, (Un) = Gn(0,b). Clearly, we can write Py, (CS;) as

Py, (C%) = Gn(0,a) +1— Gn(0,0) (38)
where G (t,a) and Gy (t,b) can be obtained by applying

(31) recursively. From (38), we have Py, (Cy) = Gn(0,b) —
Gn(0,a). According to (36), we have
M-1
E,(Ns) =1+ Y (Gn(0,0) = Gn(0.,a).  (39)
N=1

In the following proposition, we present the ASN of SSCT.
Proposition 2: The ASN of SSCT can be obtained as

E(N,) = w0(1+ Z 9Ny 1/2))

an,bn

M—1
+7r1(1—|—NZ_1GNOb) G (0, )))

TABLE 1
SCCT VERSUS ENERGY DETECTION
SNR,,, (dB) 0 -5 —10 —15
5 —8.5 | —5.69 —4 —1.897
b 27 35.32 | 69.30 | 158.47
A 3 2.316 | 2.100 | 2.032
gset (Monte Carlo) 0.011 0.055 | 0.103 0.153
avset (Numerical) 0.011 | 0.055 | 0.103 0.153
aed (Energy Detect.) | 0.011 | 0.055 | 0.101 0.150
Bsset (Monte Carlo) 0.008 | 0.046 | 0.099 0.154
Bsset (Numerical) 0.008 | 0.047 | 0.100 0.156
Bea (Energy Detect.) | 0.008 | 0.046 | 0.096 0.149
ASN (Monte Carlo) 26 95 509 3154
ASN (Numerical ) 26 96 515 3185
M (Energy Detect.) 40 140 730 4450
Efficiency 1 35% 32% 30% 29%

Proof: The proof follows immediately from (32), (37),
and (39). [ |

VI. NUMERICAL EXAMPLES

In this section, we present several numerical examples to
test the SSCT algorithm and validate the results obtained in
Sections IV and V. In these examples, the parameter A is
selected to be 2 + SNR,,. With this choice of A, we have
EH0(|ri|2 — A) = EH1(|Ti|2 — A) = —0’5/2, and thus
Ep,(An) = —FEp,(An) for every N > 0. It implies that
statically, the Test Statistic Ay moves the same distance
on average upwards or downwards at each step. Roughly
speaking, such choice of the parameter A will lead to an
approximately same average sample number under Hy or H;.
In the first three test examples, we select the parameter M
to be the minimum required sample number 1/ e‘gi“ for energy
detection to achieve the target false-alarm and misdetection
probabilities, and we choose a to be —b. In all test examples,
the channel gains |h| are equal to one, and primary signals
are constant-modulus quadrature phase shift-keying (QPSK)
signals except for Test Example 2, in which the modulation
formats of the primary signals are explicitly stated. Follow-
ing conventional terminology in the sequential detection, we
define the efficiency of SSCT as Esscr = 1 — ASNsser/M, mm

Test Example 1: Table I lists false-alarm and misdetec-
tion probabilities and ASN for different SNR,, for both
SSCT and energy detection. For SNR,,, = 0, —5, —10, and
—15 dB, we select the corresponding truncation sizes to be
the minimum sample sizes required by energy detection to
achieve (Qed, fed) = (0.01,0.01), (0.05,0.05), (0.1,0.1), and
(0.15,0.15), respectively. The parameters b, A and 7 are given
in the table. Table I shows that while maintaining a comparable
detection performance, SSCT is capable of achieving about
29% ~ 35% savings in terms of the average sensing time
as compared with energy detection. We use an abbreviation,
Numerical, in the parenthesis, to indicate the results obtained
by either the exact formula (24) for false-alarm probabilities
or by the numerical integration algorithm for misdetection
probabilities. As can be seen from the table, the results
obtained by the numerical approach and those obtained by
the Monte-Carlo simulation are fairly close.

Test Example 2: In this example, we assume that pri-
mary signals are square 64-quadrature amplitude modulation
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TABLE II
DETECTION PERFORMANCE WITHOUT KNOWING MODULATION TYPES
OF THE PRIMARY SIGNALS

SNR, (dB) 0 —5 —10 —15
Bsset (QPSK.Monte Carlo) 0.008 | 0.046 | 0.099 | 0.154
Bsset (QPSK,Numerical ) 0.008 | 0.047 | 0.100 | 0.156
Bea (QPSK,Energy Detect.) 0.008 | 0.046 | 0.096 | 0.149
Bsset (64-QAM,Monte Carlo) | 0.012 | 0.048 | 0.099 | 0.154
Bsset (64-QAM,Numerical ) 0.012 | 0.050 | 0.103 | 0.157
Bea (64-QAM,Energy Detect.) | 0.012 | 0.047 | 0.096 | 0.149
ASN (QPSK.Monte Carlo) 26 95 509 3154
ASN (QPSK.Numerical) 26 96 515 3185
ASN (64-QAM,Monte Carlo) 26 95 509 3154
ASN (64-QAM,Numerical) 26 96 514 3190
TABLE III
MISMATCH BETWEEN SNRy AND SNRo (SNRp = —15 dB)
SNR, (dB) —12 —13 —14 —15
Bsset Monte Carlo) [ 0.0018 | 0.0153 | 0.0629 | 0.154
Bsset (Numerical ) 0.0017 | 0.0151 | 0.0628 | 0.156
Bea (Energy Detect.) | 0.0012 | 0.0131 | 0.0584 | 0.149
ASN (Monte Carlo) 2425 2686 2948 3154
ASN (Numerical) 2499 2769 3035 3185
M (Energy Detect.) 4450 4450 4450 4450
gssct 46% 40% 34% 29%

(QAM) signals with 02 = 105"%=/1052 Table 1I lists misde-
tection probabilities and ASN for SSCT and energy detection
when SNR,,, = 0, —5, —10, and —15 dB. To demonstrate the
fact that SSCT does not rely on the knowledge of the modu-
lation format of primary signals, we determine the parameters
a, b, 7, A, and M in SSCT, by applying QPSK signals with
average symbol energy o2 = 105NR=/1052 while we apply
these design parameters determined by QPSK primary signals
to detect the i.i.d. 64-QAM signal samples, which are drawn
from 64-QAM constellation points with equal probability. It
is evident from the table that the misdetection probabilities
obtained in the 64-QAM case and the QPSK case match
well except for the case of SNR,, = 0 dB (correspondingly,
M = 40). This is because M is not large enough to neglect
errors caused by using the CLT approximation. However, the
energy detection and SSCT sensing algorithms have a similar
amount of approximation error in terms of the misdetection
probability.

Test Example 3: In this example, we study the detection
performance of SSCT and the energy detection when there
is a mismatch between SNR, and SNR,,. For SNR, = —12,
—13, —14 dB, and SNR,, = —15 dB, the false-alarm and
misdetection probabilities and ASN are listed in Table III.
We choose the parameters for SSCT and energy detection
such that target false-alarm and misdetection probabilities are
around (0.15,0.15) at SNR,, = —15 dB. As can be seen
from the table, for both SSCT and energy detection, the
misdetection probabilities decrease as SNR, increases, while
the false-alarm probabilities keep the same. It is clear from the
table that the false-alarm and misdetection (cusser, Bsset) satisfy
the target detection error probability requirements. As the
mismatch between SNR, and SNR,,, increases, the efficiency of
SSCT increases from 29% to 46%. This implies that compared
with the energy detection, SSCT offers an additional flexibility
in striking a desirable sensing time and detection performance
tradeoff in the SNR mismatch case.

TABLE IV
IMPACTS OF TRUNCATION S1ZE M (SNR, = —5 dB, MONTE CARLO
SIMULATION)
M a b ¥ ASN Ty n
M = 140 —35.32 | 35.32 | —5.69 | 95.4 26.8% 32%
M =160 —28.95 | 23.16 | —5.50 | 76.7 9.2% 45%
M =180 —27.33 | 21.54 | —6.00 | 73.1 5.1% 48%
M = 200 —26.40 | 20.85 | —6.32 | 71.2 3.0% 49%
M = 500 —25.48 | 19.69 | —6.32 | 68.8 | 0.005% | 51%
M = 1000 | —25.42 | 19.63 | —6.32 | 68.6 0 51%
SPRT — — — 67.9 0 52%

Test Example 4: Let T, be the probability of the event
that SSCT ends at the Mth sample (i.e., the test is truncated
at the Mth sample). Table IV lists 7},, the ASN, and the
efficiency of SSCT for various selected combinations of M,
a, b, and 7 at SNR,,, = —5 dB to achieve target (e, Sssct) =
(0.055,0.046). The results shown in the table are obtained
by Monte Carlo simulation. To achieve roughly the same
false-alarm and misdetection probabilities, the sample size for
energy detection is chosen to be 140. As can be seen from this
table, the efficiency of SSCT increases as the truncated size
M increases but the pace of the improvement is diminishing.
Table IV also lists the efficiency of the non-truncated SPRT-
based sensing algorithm presented in Section II-B2. It is clear
from the table that as the truncated size M increases, the
efficiency of SSCT comes fairly close to the one achieved by
the non-truncated SPRT-based sensing algorithm.

VII. CONCLUSION

In CR networks, stringent requirements on the secondary
and opportunistic access to the licensed spectrum necessitate
the need to develop a spectrum sensing algorithm that is able
to quickly detect weak primary signals with high accuracy
in a non-coherent fashion. Motivated by this need, we have
proposed a sequential sensing algorithm that possesses several
desirable features suitable for CR networks. To efficiently
and accurately obtain major performance benchmarks of our
sensing algorithm, we have derived an exact formula for
the false-alarm probability and have developed numerical
integration algorithms to compute the misdetection probability
and ASN.

There are several potential extensions of this work that
deserve further exploration. First, our approach to determine
the design parameters such as the thresholds and the truncated
size follows the original Wald’s approach in the sense that
the cost of observations as well as the cost of the false-
alarm and misdetection events have not been considered. A
Bayesian formulation of SSCT can be an interesting extension.
Second, this work assumes the perfect knowledge on the noise
power at SU, which might be difficult to acquire in practice.
The effect of noise power uncertainty [15] on SSCT is worth
investigating. Third, another extension of this work is to study
sensing-throughput tradeoffs [1] for SSCT.

APPENDIX A
PROOF OF LEMMA 1

We prove the lemma by induction. It is obvious from (14)
that (15) holds for £ = 1. Now suppose that (15) and (16)
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hold for the case of & — 1. By definition and the induction
assumption for k — 1, we have

T (€)
13 k—2 .(kfl) A
-/ h(&—l =) A s
Xk i=0 :
k=1 p(k=1) k=2 ,(k—1)
:Z (J'I:j_l)'(g XH—I J’; Xk_XH—l) -
=0 ’ =0

(40)

Clearly, comparing (15) with (40), we can readily conclude
the recurrence relation given in (16). In particular, when y; =
X2 = ... = Xk, all coefficients fi(k) except fék) are zeros and
hence (17) follows immediately.

Since the differential property can be proved in a straight-
forward manner, we omit the proof. We next prove the scaling
property by induction. When k = 1, we have

123
fle) = [ der =t~ x) =50 (©)

tx1

Hence, the scaling property holds for £k = 1. We now suppose
that the property holds for £ = n — 1. Applying the induction
assumption and a substitution t£,, = u, we can rewrite the

integral f,((? (€) as

M(e) = / 5 G (6, )dEy = /X 5
/ <n 1>

=t (t€).
Hence, the scaling property holds for k& = n. This concludes
the proof. The shift property can be proved in a similar manner
and thus the proof is omitted. |

S P (C 8

APPENDIX B
PROOF OF LEMMA 2

Recall that &y = Zf;l v; with v; = 2|r;|?/02. Hence,
(&1,&,...,&N) is a non-decreasing sequence, i.e., {o < & <

- < &y. Fig. 3(a) plots the parameter £ versus the sample
index N. It is clear from its definition that the region Q")
contains all possible sequences (£1,&2,...,&n) (called paths
hereafter) satisfying {p < & < ... <&y and 0 < a; < & <
b;. Hence, the ith component of each path (£1,&s,...,&N) in
QW) is lower-bounded by the maximum of &;_; and a;, and
is upper-bounded by the minimum of &;; and b;. The direct
computation of I() is highly complex [20] due to numerous
possibilities for lower- and upper-limits in the integral 1),
Considering the fact that I(™) can be readily computed if
either the lower- or upper-limit is a constant, we express Q")
into an equivalent set, over which the integration can be readily
computed in a recursive fashion, thereby obviating the need
to exhaustively enumerate these possibilities.

Let ¢;, i € RY, denote a sequence of real numbers with
0<¢y <...<¢n. Let us first define the following set,

H(N = - {(§n+1,€n+2,...,€]\]):0§§n+1"' §€N7¢Z <

& <&, RN on <&y < by} (41)

where ¢ := [¢n41,...,¢n] is an (N — n)-dimensional real
vector with the ith entry of the vector qbfj being the lower
bound of &,; for i € N{V . We next define the following

non-overlapping subsets of Hsp,
0

EM = {6, En) 1 (&1, EN) €
a; <& < bt €N Tibnt1 S &ny1 < fn—Q—Q} (42)

where n € NN 2 As can be seen from Figs. 3(b) and
3(c), IR al contains all possible paths, (£1,&a, .. .,&xN), which
are lower-bounded by (ai,as,...,an) and upper-bounded by
(€2,&3,...,&N,bN), whereas =;, N) for n € N 2 contains all
possible paths (£1,&2,...,&n) having the property that the
first n variables lie in the set Q™). ie., (£1,...,&,) € QM)
and the (n + 1)th variable &, .1 excesses the upper slant
line, i.e., {441 > by41. Again, it is clear from its definition
that the set Q) is equal to the difference between the set

HSX,) and the union of HSL ) for n € NN 2 e, QW) =

0
1,y 1 (U7 E7)". Thus, it follows from (18) that

o] e B

n=0
We now evaluate two terms on the right-hand side (RHS)
of (43). It is clear from (14) and (41) that the first term on the
RHS of (43) is nothing but f‘(lé]\vz)(b]v). We next take a close
look at the second term. The evaluation of the second term is
categorized into the following two cases:

e Case I: N < Q: In this case, we have b,11 > by >
ay for any n € El, ..., N}. Tt implies from (42) that
Wwe can express =) a5 2V = o x
X [b71+17§N] X [bn+17 bN] forn = 0, ceey

QO .= . According to (41), we have
=N = ) x N

b+1N

)

aN?

(43)

[anrla €n+2] X
N — 2 where

, mERY2 (44)

Since &,41 > bpy1 > by, > &, the integral over Q)

and that over H(N+1 _,, are separable. Hence, relying
on (19), (42) and (44) we have

/ /dEN—/ /dfnﬂ ~d&n ¥

_.(N) oN=m
n+11N n

[z = 1050 1.

Qn)

e Case 2: N > () + 1: The proof in this case follows
the same line of argument as that in the previous case.
The key difference is that because N > @ + 1, some
a, may be larger than b, 1, as depicted in Fig. 3(d).
To be specific, from the definition of @), we have ag
bl < AQ+1y-++,AQ+n S bn+1 < AQ4+n+1,---,aN
bN—Q+1 < aN1-
1) For n €
QM by, Enga] X

(45)

ININA

—(N
we have :,(1)

X b1, Enrt1]

A

X |

- X [aN_l,fN] X [aN,bN].

N—Q—n

[aQ+n+1,EQ+nt2] X
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EN

(a) Possible Paths from Q&) (N <Q).

N

A

(¢) Possible Paths from ESLN).

Fig. 3. An illustration for Proof of Lemma 2.

Equivalently, =) = Q) x Hg\;\fn) with
nay
’lnb',]’XaN = [anrla ceey bn+17 aQ+TL+17 LY 7aN]'
Q N—-Q—n
2) For n € N%:é, we have ay < b,41. Due to

a; < ay for i € Nf[—l, we have a; < b,y for all

i € RV~ Since any (6,41,...,&N) € Hg\;\fn) belongs

to a Cartesian product of (N — n) intervaisN(a hyper-
rectangle) [bn+1,&nt2] X - oo X [bnt1, EN] X [bnt1,bN]
having the same lower limit b, 1, this case is the same
as Case 1. Equivalently, =) — ) « pr]\]f(”) with

n,an
1/;2( an = bn+11N—pn. Summarizing the preceding results

for Case 2, we have

[ fane] o

( N=m)
" N an

/&r~%n=ﬂ%”®mﬂ”(%>
n,an
Qn)

where Q,Z;,]XGN ,an] for

= [bn+17'~ '7bn+17aQ+n+17' s

Q N—-Q—-n

neRy Y and ), = bup1ly_n forn € RY_Z,.

n,an

Sample Index

Sample Index

Sample Index

/d

Sample Index

(d) Possible Paths from Q(N) (N > Q).

The proof follows immediately from (43), (45), and (46) and
the fact that the first term on the RHS of (43) is fl(lj,\vf) (by). M
0

APPENDIX C
PROOF OF LEMMA 3

Though the idea of the proof can be extended to a general
case of ay_1 < cand ay < d, we will consider the following
two cases: Case 1: ¢ := 4y < by and d := oo, and Case 2:
c¢:=ay and d := by, which correspond to (21) and (22) re-
spectively. Define the following sets @g\;) ={(&,...,¢N) :
<& <. <&viai <& <& i eR) o<y <d},
and " = {(&1,...,&n) ¢ (Er,...6n) € O0Y5a; <
& < biyi € NYbpy1 < St < &nta), where @cz’n) are
non-overlapping subsets of 62\;) forn € Név ~2. The integral
over @gf\;) can be readily computed as

d
/._./e—QENdEN :/ e_engégfll)(SN)dﬁN
o)
=307 fé]é\vf:f)(c)e_ec - fééfij? (d)e %] 47)
=1
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where (47) is obtained by using 1ntegrat10n by parts repeatedly
and the differential property dka )/dE = XIZ }
o Case 1: ay < Ay < by and d = . Slmllarly to

the argument used in Lemma 2, we have Tw o =

Syjpoo N(ul=y @VZI\V] 7;2)) and thus we have
J,(YJA\; / / —9£Nd€
o)
O5 .00
X [ f e
(N.n)
AN oo

Substituting ¢ = x5 and d = oo in (47) and using the
fact that e=%? is zero for 6 > 0, we have

[ e

()
L

~ ) =0

1) For 45 < by, we have by > ay since yny > apy. Since
€0 < by < bys, we have V™) = ) w V-

YN ,00 bny1ln_n

and the integrations over (™) and H( 112\[  are sep-

arable. Thus, applying integration by parts and the fact
(k) :

Ix,. (xx) = 0, we obtain

/.../E*GSngN

BN

/ / —9€Nd§n+l dén % /---/d§1~--d€n
(N n) Qn)
n+11N n

n _ Nen—1
= )A e englgn+11N_i_1(fN)d§N
n+1

— I(7L)97L_Ne_0bn+1. (48)
2) For An > by, we have s > 1 since by < Ay < bsyg.
Similarly to the argument used in Case 2 of the proof of

Lemma 2, we have ®¥) = Q") Hspj\zfv—n),

[«

(N.n)
‘I’w 2

AN

—n

n)XZ

(49)

This concludes the proof for Case 1.
e Case 2: ¢ = ay and b = by. Similarly to the method

W) _ o) N-2
used in Case 1, we have Y, *, == ©, " ) (Ul=s

@iﬁ’gi) and thus we can express J, éﬁj)bN (0) as
Sf&N (0) = e v de
ei]jv)vbN
N—2
—Tvs2y Y %N ey (50)
n=0"" (N n)
aN-bN

The rest of the proof is analogous to that in Case 1. The
key difference is that in Case 2, the term e~ ¢ is no
longer zero. From (47), the first term on the RHS of (50)

can be readily obtained as

N .
S0
i=1

FNZD (o)™, (51)

0

/eegNdéN: ) aN)eG“N—

Since by—g < any < bny_g4+1, we have s = N — @ in
this case. Similarly to the method used to derive (48) and
(49), we have

/-~-/e‘95Nd£N:

(N,n)
CI)GN bn
N—n

I(n) |:97L—Ne—0bn+1 _ Z 0—1’

(N—n—1i)
bnt1IN—n—i

™ 60" {anZ)(N

n,apn

(bN)efed},aN <by,ne€ NéV_Q;

)679111\[_
| (52)
f(]x_?_z) (bN)eiebN] an > bl, n e NN Q- 1,

I(n) |:97L—Ne—0bn+1 _ i 0—1’

f(anfi)
brn+1lN—n—i

1
(bN)e_ebN},aN >by,n € N%:é

The proof for Case 2 follows clearly from (50)-(52). W

APPENDIX D
PROOF OF PROPERTY 2
Note that Fy = AW N BY and Fy = AY n BY.

Applying the inclusion-exclusion identity [24, p. 80], we have
PHI(EN):PHl( lJV)+PH1(BlN) PHl(AlN BZN) and
Py, (Fx) = Py, (AY)+ Py, (BlN) Py, (AlN UBlN) Thus,
by using the triangle inequality, we have

|Pr, (FN) = Pr, (Fy)| <

| Pty (AR) = Prry (AR + | Pry (BRY) = Prr, (ByY)|

+ | P, (AKY UBRY) — P, (ALY UBRY)|.

Since 1 — ¢/(3M) < Py, (AYY) < 1 and 1 —¢/(3M) <
PHI(/lg,N) < 1, we have 1 — ¢/(3M) < Py, (AY") <
P, (A UBLN) < 1land 1—¢/(3M) < Py, (ALY) <
Py, (AXY U BLN ) < 1. It can be readily inferred from
the above 1nequa11ties that | Py, (AYY) — Pu, (/NlJLXN)| <
¢/(3M) and |Pr, (Ak* U BE*) — P, (Ak* U BY)| <
€/(3M). This, along with the inequality (53) and the as-
sumption | Py, (BRY) — Pu, (BXY)| < ¢/(3M), implies that
| Prr, (Fn)— P, (FN)| < ¢/M . Hence, we have | Bssct— ﬁssc¢| <

M\ (Fx) — Pa, (F)| < . .

(53)
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