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Abstract

k Nearest Neighbor (kNN) method is an important statistical method. There are several
advantages of kNN methods. Firstly, they are usually computationally fast and do not require too
much parameter tuning. Secondly, kNN methods are purely nonparametric, which means that it
can automatically adapt to any continuous underlying distributions, without relying on any specific
models. Thirdly, for many statistical problems, including density estimation, functional estimation,
classification and regression, KNN methods are all proven to be consistent, as long as a proper £ is
selected. With these advantages, KNN methods are widely used in these problems.

In this dissertation, we mainly investigate theoretical properties of KNN method under three
scenarios.

Firstly, we discuss the theoretical properties of KNN methods for estimation of differential
entropy and mutual information. A commonly used kNN entropy estimator is called
Kozachenko-Leonenko estimator, which achieves the best empirical performance for a large
variety of distributions. We study the convergence rate of the Kozachenko-Leonenko estimator
under different scenarios. If the distribution has heavy tails, then the Kozachenko-Leonenko
estimator may not be consistent. To improve Kozachenko-Leonenko estimator, we use truncated
kNN distance instead. We derive the minimax convergence rate, which characterizes the
fundamental limits of entropy estimation. We show that the Kozachenko-Leonenko estimator with
truncated kNN distances is nearly minimax rate optimal, up to a log polynomial factor. Building on
the analysis of Kozachenko-Leonenko entropy estimator, we then investigate mutual information
estimation. A widely used kNN based mutual information estimator is called called Kraskov,
Stogbauer and Grassberger (KSG) estimator. We derive the convergence rate of an upper bound of
bias and variance of KSG mutual information estimator. Our results hold for distributions whose
densities can approach zero.

Secondly, we analyze the kNN method in Kullback-Leibler (KL) divergence estimation.

Estimating KL. divergence from identical and independently distributed samples is an important
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problem in various domains. One simple and effective estimator is based on the % nearest neighbor
distances between these samples. We analyze the convergence rates of the bias and variance of this
estimator. We discuss two types of distributions, including those with densities bounded away from
zero and those whose densities can approach zero. Furthermore, for both two cases, we derive a
lower bound of the minimax mean square error and show that kNN method is asymptotically
minimax rate optimal.

Finally, we analyze the kNN method in supervised learning, i.e. classification and regression.
The problem can be formulated as the prediction of target Y based on feature vector X € R
Depending on whether Y is numerical or categorical, the problem is called classification and
regression, respectively. In our analysis, we discuss kNN methods for binary classification and
regression. We first analyze the convergence rate of the standard kNN classification and regression,
in which the same £ is used for all training samples, under a large variety of underlying feature
distributions. We then derive the minimax convergence rate. The result shows that there exists a
gap between the convergence rate standard kNN method and the minimax rate. We then design an

adaptive kNN method, and prove that the proposed method is minimax rate optimal.
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Chapter 1

Introduction

In this chapter, we introduce the background of this dissertation. In Section 1.1, we introduce basic
tools used in this research dissertation. We then introduce three topics, i.e. analysis of k£ Nearest
Neighbor (kNN) estimation of entropy and mutual information, estimation of Kullback-Leibler

(KL) divergence, and kNN supervised learning, in Sections 1.2, 1.3, and 1.4, respectively.

1.1 Preliminaries

1.1.1 kNN Method

kNN is an important nonparametric statistical method, which was first proposed in [30]. Since then,
kNN method has been widely used in a large variety of statistical problems, with the following
main aspects.

The first one is density estimation [10, 58, 59, 98], which is the problem of estimating the
probability density function (pdf) of an unknown continuous distribution, given some identical
and independently distributed (i.i.d) samples drawn from this distribution. For this problem, the
k-th nearest neighbor distances of samples are used for the computation of pdf. Large kNN
distances typically indicates a lower pdf, and vise versa. The empirical performance of kNN

density estimation is comparable to other popular nonparametric methods, such as kernel density



estimation. Moreover, theoretically, it has been shown that kNN density estimator attains minimax
optimal convergence rate under some smoothness conditions [82].

kNN method can also be used in functional estimation, which is the problem of estimating
the value of statistical functionals that describe certain properties of a distribution, such as the
entropy, mutual information and KL divergence, which describe the uncertainty of a random
variable, the mutual dependence between two random variables, and the distance between two
distributions, respectively. A popular entropy estimator, called Kozachenko-Leonenko estimator,
was proposed in [49]. This estimator is based on kNN distances of the samples. The performance
of this estimator has been analyzed in [7,34,76,83]. The mutual information between two random
variables also attracted research interests. For example, [50] proposed a mutual information
estimator, called Kraskov, Stogbauer and Grassberger (KSG) estimator, which has become the most
popular estimator of mutual information between two continuous random variables. Moreover, [89]
discussed the kNN estimation of KL divergence. kNN method can also be used in estimating other
functionals, such as Rényi entropy [54] and Rényi mutual information [69].

Another important application of KNN method is supervised learning, including classification
and regression [21, 25, 30]. For these problems, the target values corresponding to the &k nearest
neighbors are averaged to make a prediction. [30] proposed a kNN method for nonparametric
classification, and the convergence rate of kNN method has been analyzed in many previous
literatures, under different assumptions [17,20,31,46,78].

kNN method is purely nonparametric, which means that it can automatically adapt to any
continuous underlying functions, without relying on any specific models. Another common
nonparametric method is Kernel method, which can also be used for problems mentioned above.
Both these two methods are proven to be asymptotic consistent under a large variety of scenarios
[10]. Compared with Kernel method, kNN method has several advantages. Firstly, KNN method
does not require too much parameter tuning. Usually the only parameter we need to adjust is
k. On the contrary, Kernel method usually requires adjustment of bandwidth at each dimension

separately, and thus the cost of parameter tuning is higher than kNN method, especially when



dealing with high dimensional problems. Moreover, some numerical experiments suggest that for
the estimation of information theoretic functionals, kNN type methods can usually outperform
Kernel method [28,34,44]. As a result, KNN methods are widely used for nonparametric statistical
problems.

Despite the widespread use of KNN type methods, several theoretical problems still need further
study. In particular, the theoretical convergence rate of functional estimation, classification and
regression are still not completely established. Providing a theoretical framework of these methods
is a fundamental and important task, which ensures a formal guarantee of these methods, often in
terms of convergence rates. These theoretical bounds can not only improve the understanding of

these methods, but also facilitate the design of novel methods.

1.1.2 Order Statistics

Order statistics is crucially important for the analysis of kKNN methods for density estimation,
functional estimation and supervised learning problems [10,23]. [23] and [10] provide a complete
introduction of order statistics and how it is used for the analysis of KNN methods in a large variety
of scenarios.

Denote X as a random variable taking values in R?, which follows some unknown underlying

distribution, and X, ..., Xy be NV i.i.d samples drawn from this distribution. For any fixed x €
R4, define x(*) as the k-th nearest neighbor of x among X4, ..., Xy, which means that

||x(1) — XH <...< HX(") — XH , (1.1
in which |[|-|| can be an arbitrary norm. Typically, ¢, and /, are used. If || X; — x|| = || X, — x|| for

some 7, j, and ¢ # 7, then we have a distance tie. A tie breaking mechanism is then needed. By
convention, ties are broken by random selection or comparing indices. However, in our analysis,
we assume that X follows a continuous distribution, thus ties happen with zero probability. As a

result, with probability 1, the result will be the same regardless of tie breaking mechanisms.



Let Uy, - . ., U, be uniform order statistics, which is a permutation of Uy, . .., U,, in which
U; is uniformly distributed in [0, 1]. Uy follows Beta distribution. Denote P(5(x, €;)), in which
¢ is the distance of x to its k-th nearest neighbors. Then P(B(x, ¢;)) < Uk, in which < means
equal in distribution [10,23]. It can be shown that the probability density function (pdf) of U and

€k can be expressed as following:

(k—1()]1\([1:71—)1!c—1)!“k_1(1 — )N ifx e {Xy, ..., Xy}
fU(k-)(u)

—_ ! —Kk— .
kn(N]j,;_l)luk(l — )N At otherwise,

(1.2)

and
Y o) ! - —k— X,T .
fo(r) = (k—l()]!\(]Nl—)k:—l)!Pk I(B(X7 r)(1— P(B(x, T)))N F lw ifx € {Xy,..., Xy}
€k
k!(N]—Vl!c—l)!Pk(B(X> r))(L - P(B(x, 7“)>>N7k71% otherwise.
(1.3)

The above results are used multiple times in our theoretical analysis of kNN functional estimation,

classification and regression problems.

1.1.3 Minimax analysis

Denote F as a set of possible pdfs. Let § : F +— O denotes a functional defined on . The goal
of the functional estimation is to estimate the parameter 6(f) for some unknown pdf f, based
on N i.i.d samples drawn from the distribution with this pdf. For example, differential entropy
h(f) = — | f(x)In f(x)dx is one of the important functionals. Let L : © x © — R, be a loss

function, which can be a metric or a semimetric. The estimation risk is defined as

R =E[L(,0)], (1.4)



and the minimax estimation risk is defined as

infsupR = infsupE[L(, 0)]. (1.5)
0 feF 6 fer

The minimax lower bound of functional estimation is usually derived by selecting a finite subset
of F, which has finite number of elements, and converting the estimation problem to a hypothesis
testing problem. There are several main approaches, including Le Cam’s method, Fano’s method
and Assouad’s method.

Le Cam’s method [52] provides the minimax lower bound by converting the estimation problem
to a binary hypothesis testing problem. In particular, two distributions f; and f, are selected
from F. The optimal detection method is likelihood ratio test. Assign both f; and f, with prior
probability 1/2, then the error probability of this hypothesis testing problem can be lower bounded
using the total variation distance between f; and f>. To construct a minimax lower bound using
Le Cam’s method, a typical method is to find two distributions in F to make the total variation
distance as small as possible, but the difference of the values of the functionals, i.e. |6(f1) —0(f2)],
to be as large as possible.

Fano’s method [45] constructs multiple hypotheses fi, ..., f, among F. Assign fi, ..., f, with
uniform prior, and define a random variable U = i if f = f;. Denote XV as N observed samples
drawn from distribution f, then U — XN —s U forms a Markov chain. Then the lower bound of
the error probability of hypothesis testing, P (U # U), can be obtained using Fano’s inequality.

Assouad’s method [3] is somewhat different from Le Cam’s or Fano’s method. Instead of
reducing the estimation problem to one hypothesis testing problem with two or more hypotheses,
this method transforms the original estimation problem into multiple binary hypothesis testing
problems. The hypotheses are designed so that the error of estimation, classification or regression
is lower bounded by a positive constant, as long as one of these hypothesis testing is incorrect. Thus
we can lower bound the error by calculating the minimum probability of making wrong decisions.

Minimax risk characterizes the theoretical limit of nonparametric estimation, classification



and regression. A lower bound of minimax estimation risk is an important way to check the
performance of a nonparametric method. In particular, by comparing the bound of the convergence
rate of the estimation error, or the excess risk of classification, with the minimax lower bound, we

can know whether this nonparametric method can be further improved.

1.1.4 Main contributions

In this research dissertation, we analyze the performance of kNN methods in various areas,
including entropy and mutual information estimation, KL divergence estimation, and supervised
learning. Our results depend on the boundedness of the support of underlying distribution.

To begin with, we define the support of X to be
supp(X) = {x € RY|P(B(x,r)) > 0 forall r > 0}, (1.6)

in which B(x,r) = {x'|||x’ — x|| < r}, and P(B(x,)) is the probability mass of B(x, ).

For distributions with bounded support, i.e. u(supp(X)) < oo, in which p denotes Lebesgue
measure, the performance of kNN methods have already been analyzed in many previous works.
For example, [34,39,77] provided a bound for functional estimation, and [20,46] showed a bound
for classification. In these previous results, it is commonly assumed that the pdf of X is bounded
away from zero. However, for many practical problems, the support set is actually not bounded,
and the density function can approach zero. In this case, the analysis of the performance of kNN
method can usually becomes harder, since the kNN distances are larger at the region in which the
density is low. As a result, the inference of pdf based on the kNN method becomes less accurate.
Under these situations, more theoretical analysis is needed for us to have a better understanding
of the performance of kKNN method. This understanding could potentially help us to design an
improved kNN method that has better performance.

In particular, we study the following problems:

e Analysis of the convergence rate of Kozachenko-Leonenko entropy estimator and KSG



mutual information estimator, without requiring that the support set is bounded;

e Analysis of the convergence rate of a kNN KL divergence estimator, for both distributions

with bounded support and those with unbounded support;

e Analysis of the standard kNN method for classification and regression, in which £ is the
same for all samples. In particular, we provide both the upper and the lower bound of the
convergence rate of the excess risk of classification and regression. We show that there is
a gap between the lower and upper bounds. To close this gap, we propose a new adaptive

method to improve the convergence rate, in which £ is different for different samples.

For all of these three problems mentioned above, in addition to giving a bound of the
convergence rate of kNN method, we also show a minimax lower bound, and compare these two

bounds.

1.2 Estimation of Entropy and Mutual Information

Information theoretic quantities, such as Shannon entropy and mutual information, have a broad
range of applications in statistics and machine learning, such as clustering [19,66], feature selection
[12,72], anomaly detection [53], test of normality [86], etc. These quantities are determined by
the distributions of random variables, which are usually unknown in real applications. Hence,
the nonparametric estimation of entropy and mutual information using samples drawn from these
distributions has attracted significant research interests [22,32, 34,49, 50,70, 90].

Depending on whether the underlying distribution is discrete or continuous, the estimation
methods are different. In the discrete setting, the simplest method is plug-in estimator, which
estimates the probability mass function and then calculate the entropy based on these estimated
probabilities. However, since the entropy function is concave, the simple plug-in estimator can
cause negative bias. [62] proposed a correction method for this negative methods. Several further

modifications of the simple plug-in estimators were proposed in various literatures [70]. However,



an important problem of all of these estimators is that the sample complexity is high. These
estimators can be accurate only if the number of samples is much larger than the number of
possible values, i.e. the alphabet size. However, in many practical tasks, we need to face the
challenge that the datasets are large and the data only represent a tiny fraction of an underlying
distribution. In other words, the sample size can usually be much smaller than the alphabet size.
[71] showed that for the purpose of estimating the entropy, it is not necessary to estimate the
probability mass function, and it is possible to accurately estimate the entropy with sample size
fewer than the support size. Moreover, it was found in [85] that the "histogram of histogram’ of
the empirical distribution is actually a sufficient statistics of entropy and some other functionals.
With this discovery, several new estimators are designed, which can accurately estimate entropy
with much fewer samples comparing with the support size. For example, [90] designed a method
to estimate the entropy for discrete variables using polynomial approximation. With this method,
the number of samples required to ensure the uncertainty to be below a certain threshold grows
sublinearly with the alphabet size. Furthermore, [90] also provided a minimax lower bound of the
estimation of entropy for discrete distribution, which shows that this method is minimax optimal.
[40] designed a similar method, which is also minimax optimal under some different assumptions.

For continuous distributions, the estimation method becomes crucially different, since the
number of possible values of the random variable is infinite. Many methods have been proposed
to estimate the differential entropy. Roughly speaking, these methods can be categorized into three
different categories.

The first type of methods seek to convert the continuous distribution to a discrete one by
assigning data points into bins based on their positions, and then count the number of samples
in each bin. After that, the entropy value can be estimated as if the distribution is discrete. [36]
provided a complete introduction of this method. The number of bins, denoted as m, need to be
carefully adjusted to achieve a desirable bias and variance tradeoff. With the increasing of the
number of bins, the bias becomes lower and the variance becomes higher. Moreover, we need to

carefully select a rule to let m grow with N. If we use fixed number of bins, then a fixed bias



exists, hence the estimator can not be consistent [70]. As a result, it is necessary to let the number
of bins to grow with sample size NV, to make the estimator to be consistent. However, if m grows
too fast with NV, then the variance can be large. Therefore, it is important to design a rule such
that m grows with /N with a proper speed. This speed depends on the smoothness of distribution
and the dimensionality. However, the information about the smoothness of the distribution is also
unknown. The accuracy of a naive implementation of this method is not competitive in general
[28,44]. An improvement of this method was proposed in [22], which uses adaptive bin sizes
at different locations to estimate the mutual information between two random variables with
continuous distributions. In particular, at the regions with higher density, the bin size is smaller,
and vice versa. This method is particularly competitive, if the support of distribution is highly
irregular. Another method to improve the histogram estimation is ensembling [68], in which several
estimators with different bin sizes are used, and the estimated value are then averaged according to
a carefully designed weight. With the ensembled method, the convergence rate of estimation can
be greatly improved.

The second type of methods try to learn the underlying distribution first, and then calculate
the entropy or mutual information functionals [32, 33, 51, 64]. One of the method of estimating
the pdf of a distribution is Kernel density estimation. A method for automatically selecting the
bandwidth was proposed in [64], which determines the bandwidth by calculating the covariance
matrix of the distribution. Moreover, it can be shown that some modified kernel methods can
improve the performance. For example, [32] designed a new method to estimate entropy and
mutual information, which is based on fitting the density with a local Gaussian model. This method
is especially competitive for estimating mutual information between strongly dependent random
variables. However, this method requires numerical optimization, which can be time consuming.
[33] improved and generalized the method in [32], and show that the local linear or local Gaussian
approximation methods are competitive by numerical experiments. In particular, [33] proposed two
types of estimators, namely, local likelihood density estimation, and k-LNN entropy estimator.

Both of these two types rely on density estimation by maximizing the local likelihood. If the



polynomial degree is no more than 2, then analytical solution exists, otherwise we need to rely
on numerical optimization methods. The difference of these two types of methods is that the
former method estimates the pdf with Kernel density estimation, while the second one is based on
local nearest neighbor method. Both these two types of methods show desirable performance for
estimating entropy or mutual information when the distribution has boundary. However, generally
speaking, these methods usually involves nontrivial parameter tuning when the dimensions of
random variables are high, as we need to tune the bandwidth for every dimensions of the kernel.
Sometimes, it is even necessary to use a bandwidth matrix that is not diagonal. In this case, we
need to tune the whole bandwidth matrix, thus the number of parameters becomes large, especially
for high dimensional distributions.

The third type, which is the focus of our work, estimates entropy and mutual information
directly based on kNN distances of each sample. A typical example of entropy estimator is
Kozachenko-Leonenko estimator [49]. The basic principle of Kozachenko-Leonenko estimator is
actually to estimate the logarithm of density using k nearest neighbor with some bias correction
[50]. However, for the purpose of consistently estimating the entropy, it is not necessary to
consistently estimate the value of pdf. In fact, if we want to consistently estimate the pdf, k£ need to
grow with sample size /V, and a optimal growth rule of k& over N need to be carefully determined.
However, for entropy estimation, even if we use fixed k, the Kozachenko-Leonenko estimator is
still consistent. As a result, the usage of Kozachenko-Leonenko estimator is more convenient than
estimating entropy by estimating the pdf first. Since the mutual information between two random
variables is the sum of the entropies of two marginal distributions minus the joint entropy, we
can just estimate mutual information by estimating the marginal and the joint entropies separately
using Kozachenko-Leonenko estimator. However, Kozachenko-Leonenko estimator is used three
times. As a result, the error may not cancel out. Based on Kozachenko-Leonenko estimator,
Kraskov, Stogbauer and Grassberger [50] proposed a new mutual information estimator, called
KSG estimator, which can be viewed as an adaptive recombination of these three estimators. Unlike

Kozachenko-Leonenko estimator, the calculation of mutual information with KSG estimator is not
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directly based on the k£ nearest neighbor distance, because the KSG estimator carefully combines
three Kozachenko-Leonenko estimators such that the term related to the kNN distance is canceled
out. [50] shows that the empirical performance of KSG estimator is better than estimating marginal
and joint entropies separately, since the errors of these estimators seem to cancel out after the
combination of these three estimators. An explanation of the reason why KSG estimator performs
better than using Kozachenko-Leonenko estimator three times was proposed in [34], which shows
that the ’correlation boosting’ effect can cause the cancellation of the three bias terms of three
Kozachenko-Leonenko estimators. Compared with other types of methods, Kozachenko-Leonenko
entropy estimator and KSG mutual information estimator are computationally fast and do not
require too much parameter tuning. The only parameter that we need to adjust is k. This makes
these methods convenient to use. In addition, numerical experiments show that these KNN methods
can achieve the best empirical performance for a large variety of distributions [28,34,44].
Despite the widespread use of Kozachenko-Leonenko and KSG estimator, the theoretical
properties of these estimators, especially the latter, still need further exploration. Some previous
works [10, 34, 39, 77] derived a bound of the convergence rate of the bias and variance of
Kozachenko-Leonenko estimator for distributions with bounded support. Moreover, it is usually
assumed that the pdf is bounded away from zero. For example, in [10] and [34], the convergence
rate for Kozachenko-Leonenko estimator whose pdf is bounded away from zero is discussed.
In this case, due to the existence of the boundary of the support set, the convergence rate of
Kozachenko-Leonenko estimator can be slower, and the analysis of the boundary effect need
to be considered. If the assumption about the boundedness of support is removed, then the
analysis becomes much harder, since the tail of distribution can cause significant estimation error.
Other works, including [7, 24, 76, 83], analyzed the Kozachenko-Leonenko estimator without
requiring that the support is bounded, under some tail assumptions. In particular, [83] analyzed
the convergence of a truncated Kozachenko-Leonenko estimator with &£ = 1, for one dimensional
random variables whose distributions has unbounded support, under a tail assumption that is

roughly equivalent to requiring that the distribution has exponentially decreasing tails. [24] derived
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a bound of the convergence rate for Kozachenko-Leonenko estimator with £ = 1. The result
shows that under some assumptions, the estimated value of Kozachenko-Leonenko estimator is
asymptotically normal, and the asymptotic variance is a bit higher than the theoretical lower
limit provided in [56]. [7] showed that if the distribution is smooth, the derivatives of the
pdf decay almost as fast as the pdf itself, and the dimensionality is no more than 3, then the
Kozachenko-Leonenko estimator is asymptotic normally distributed and asymptotically efficient.
This means that the ratio between asymptotic variance and the local minimax lower bound
converges to 1 as the sample size N increases. If the dimension is more than 3, then we can design
an ensembled estimator, which takes a weighted average of the Kozachenko-Leonenko estimators
with different £. This ensembled estimator is asymptotically efficient for arbitrary dimensions.

For KSG mutual information estimator, the analysis can be even more challenging, as
KSG estimator is actually an adaptive recombination of Kozachenko-Leonenko estimators. This
adaptivity makes the problem much more difficult. [34] made a significant progress toward in
understanding the properties of KSG estimator. In particular, [34] showed that the estimator is
consistent under some mild assumptions (Assumption 2 in [34]). Furthermore, [34] provided a
bound of the convergence rate of bias and variance under some more restrictive assumptions
(Assumption 3 in [34]). However, although not stated explicitly in [34], one can show that, for a pdf
that satisfies Assumption 3 in [34], its support set must be bounded. Moreover, its joint, marginal
and conditional pdfs are all bounded both from above and away from zero in their supports. As a
result, the analysis of [34] does not hold for some commonly seen pdfs, e.g. ones with unbounded
support such as Gaussian. Therefore, it is important to extend the analysis of the properties of KNN
information estimators to other types of distributions.

In this dissertation, we analyze kNN information estimators, including Kozachenko-Leonenko
and KSG estimators, that hold for variables with both bounded and unbounded support. In
particular, we make the following contributions:

Firstly, we analyze the convergence rate of Kozachenko-Leonenko entropy estimator.

Our assumptions allow the distribution to have unbounded support, for which the original
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Kozachenko-Leonenko estimator is not always accurate. In particular, we show that the original
Kozachenko-Leonenko estimator is not necessarily consistent under our assumptions. Therefore
we use a truncated Kozachenko-Leonenko estimator. We derive a bound on the convergence rate
of bias and variance, and provide a rule to select the truncation parameter so that the convergence
rate is optimized. Our assumptions follow [83], which requires that the pdf is second-order smooth
and has a exponentially decreasing tail. Our result improves [83] in the following aspects: 1) Using
a different truncation threshold, we achieve a better convergence rate of bias; 2) We generalize the
result to arbitrary but fixed £ and dimensionality. Moreover, we extend the analysis to distributions
with heavier tails, such as Cauchy distribution. Some techniques in [83] can not be directly used to
analyze the scenario addressed in this dissertation. Hence, we use a new approach for the derivation
of bias and variance of Kozachenko-Leonenko estimator. Furthermore, we show a minimax lower
bound of the mean square error of entropy estimator among all possible estimators. The result
shows that the truncated Kozachenko-Leonenko estimator is nearly minimax optimal, up to a log
polynomial factor.

Secondly, building on the analysis of Kozachenko-Leonenko estimator, we derive the
convergence rate of an upper bound on the bias and variance of KSG mutual information estimator
for smooth distributions that satisfy a weak tail assumption. Our results hold mainly for two types
of distributions. The first type includes distributions that have unbounded support, such as Gaussian
distributions. The second type includes distributions that have bounded support but the density
functions approach zero. This type is different from the case analyzed in [34], which focus on
distributions with bounded support but the density is bounded away from zero. To the best of our
knowledge, this is the first attempt to analyze the convergence rate of KSG estimator for these two
types of distributions. Our technique for bounding the bias is significantly different from [34]. In
[34], the distribution is assumed to be smooth almost everywhere, but has a non-smooth boundary,
which is the main cause of the bias. To deal with the boundary effect, the support of density was
divided into an interior region and a boundary region, and then the bias in these two regions were

bounded separately. It turns out that the boundary bias is dominant. On the contrary, in our analysis,
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by requiring that the density is smooth, we can avoid the boundary effect. However, we allow the
density to be arbitrarily close to zero in its support. In the region on which the density is low, the
kNN distances are large. As a result, larger local bias occurs in these regions. To deal with this
situation, we divide the whole support of the density into a central region, on which the density is
relatively high, and a tail region, on which the density is lower. We then bound the bias in these
two regions separately, and let the threshold dividing the central region and the tail region decay
with respect to the sample size with a proper speed, so that the bias in these two regions decay
with approximately the same rates. Then the overall convergence rate can be determined. In our
analysis, we let k be an arbitrarily fixed integer.

The results of this part have been published in [94,95,99].

1.3 Estimation of KL Divergence

KL divergence has a broad range of applications in information theory, statistics and machine
learning. For example, KL divergence can be used in hypothesis testing [1], text classification
[26], outlying sequence detection [13], multimedia classification [65], speech recognition [73],
etc. In many applications, we hope to know the value of KL divergence, but the distributions are
unknown. Therefore, it is important to estimate KL divergence based only on some 1.i.d samples.
Such problem has been widely studied [2, 14-16, 74, 88,89, 93].

The estimation method is different depending on whether the underlying distribution is discrete
or continuous. For discrete distributions, an intuitive method is called plug-in estimator, which first
estimates the probability mass function (PMF) by simply counting the number of occurrences at
each possible value and then calculates the KL divergence based on the estimated PMF. However,
since it is always possible that the number of occurrences at some locations is zero, this method has
infinite bias and variance for arbitrarily large sample size. As a result, it is necessary to design some
new estimators, such that both the bias and variance converge to zero. Several methods have been

proposed in [15, 16, 93]. These methods perform well for distributions with fixed alphabet size.
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Recently, there is a growing interest in designing estimators that are suitable for distributions with
growing alphabet size. [14] provided an ‘augmented plug-in estimator’, which is a modification of
the simple plug-in method. The basic idea of this method is to add a term to both the numerator
and the denominator when calculating the ratio of the probability mass. Although this modification
will introduce some additional bias, the overall bias is reduced. Moreover, a minimax lower bound
has also been derived in [14], which shows that the augmented plug-in estimator proposed in [14]
is rate optimal.

For continuous distributions, there are also many interesting methods. A simple one is to divide
the support into many bins, so that continuous values can be quantized, and then the distribution can
be converted to a discrete one. As a result, the KL divergence can be estimated based on these two
discrete distributions. However, compared with other methods, this method is usually inefficient,
especially when the distributions have heavy tails, as the probability mass of a bin at the tail of
distributions is hard to estimate. An improvement was proposed in [88], which is based on data
dependent partitions on the densities with an appropriate bias correction technique. Comparing
with the direct partition method mentioned above, this adaptive one constructs more bins at the
regions with higher density, and vice versa, to ensure that the probability mass in each bins are
approximately equal. It is shown in [88] that this method is strongly consistent. Another estimator
was designed in [67], which uses a kernel based approach to estimate the density ratio. There
are also some previous works that focus on a more general problem of estimating f-divergence,
with KL divergence being a special case. For example, [63] constructed an estimator based on a
weighted ensemble of plug in estimators, and the parameters need to be tuned properly to get a good
bias and variance tradeoff. Another method of estimating f-divergence in general was proposed in
[74], under certain structural assumptions.

Among all the methods for the estimation of KL divergence between two continuous
distributions, a simple and effective one is KNN method based estimator. KNN method, which was
first proposed in [30], is a powerful tool for nonparametric statistics. Kozachenko and Leonenko

[49] designed a kNN based method for the estimation of differential entropy, which is convenient
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to use and does not require too much parameter tuning. Both theoretical analysis and numerical
experiments show that this method has desirable accuracy [7,34,44,76,77,83,99]. In particular, [99]
shows that this estimator is nearly minimax rate optimal under some assumptions. The estimation
of KL divergence shares some similarity with that of entropy estimation, since KL divergence
between f and g, which denotes the probability density functions (pdf) of two distributions, is
actually the difference of the entropy of f and the cross entropy between f and g. As a result, the
idea of Kozachenko-Leonenko entropy estimator can be used to construct a kNN based estimator
for KL divergence, which was first proposed in [89]. The basic idea of this estimator [89] is to
obtain an approximate value of the ratio between f and g based on the ratio of kNN distances. It
has been discussed in [89] that, compared with other KL divergence estimators, the kNN based
estimator has a much lower sample complexity, and is easier to generalize and implement for high
dimensional data. Moreover, it was proved in [89] that the KNN based estimator is consistent, which
means that both the bias and the variance converge to zero as sample sizes increase. However, the
convergence rate remains unknown.

In this dissertation, we make the following two contributions. Our first main contribution is
the analysis of the convergence rates of bias and variance of the kNN based KL divergence
estimator proposed in [89]. For the bias, we discuss two significantly different types of distributions
separately. In the first type of distributions analyzed, both f and g have bounded support, and are
bounded away from zero. One such example is when both distributions are uniform distributions.
This implies that the distribution has boundaries, where the pdf suddenly changes. There are two
main sources of estimation bias of kNN method for this case. The first source is the boundary
effect, as the kNN method tends to underestimate the pdf values at the region near the boundary.
The second source is the local non-uniformity of the pdf. It can be shown that the bias caused
by the second source converges fast enough and thus can be negligible. As a result, the boundary
bias is the main cause of bias of the kNN based KL divergence estimator for the first type of
distributions considered. In the second type of distributions analyzed, we assume that both f and

g are continuous everywhere. For example, a pair of two Gaussian distributions with different
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mean or variance belong to this case. For this type of distributions, the boundary effect does not
exist. However, as the density values can be arbitrarily close to zero, we need to consider the bias
caused by the tail region, in which f or g is too low and thus kNN distances are too large for us
to obtain an accurate estimation of the density ratio f/g. For the variance of this estimator, we
bound the convergence rate under a unified assumption, which holds for both two cases discussed
above. The convergence rate of the mean square error can then be obtained based on that of the
bias and variance. In this dissertation, we assume that &k is fixed. We will show that with fixed &,
the convergence rate of the mean square error over the sample sizes is already minimax optimal.
Our second main contribution is to derive a minimax lower bound of the mean square error of
KL divergence estimation, which characterizes the theoretical limit of the convergence rates of any
methods. For discrete distributions, the minimax lower bound has already been derived in [37] and
[14]. However, for continuous distributions, the minimax lower bound has not been established. In
fact, there exists no estimators that are uniformly consistent for all continuous distributions. For
example, let f = >, p;1((i — 1)/m < x < i/m), in which 1 is the indicator function, and g is
uniform in [0, 1]. Then the estimation error of KL divergence between f and g equals the estimation
error of the entropy of p = (p1, ..., Pm). Since m can be arbitrarily large, according to the lower
bound derived in [90], there exists no uniformly consistent estimator. As a result, to find a minimax
lower bound, it is necessary to impose some restrictions on the distributions. In this dissertation,
we analyze the minimax lower bound for two cases that match our assumptions for deriving the
upper bound, i.e. distributions with bounded support and densities bounded away from zero, and
distributions that are smooth everywhere and densities can be arbitrarily close to zero. For each
case, we show that the minimax lower bound nearly matches our upper bound using kNN method.
This result indicates that the KNN based KL divergence estimator is nearly minimax optimal.
There are some previous works that have analyzed the estimation of a class of functionals
including KL divergence, such as [6,42,43,51]. Most of these works focus on the case in which
the pdf is bounded away from zero, and the support is bounded and known to us. When the support

is unknown, previous boundary correction methods can not be used, hence both the upper bound
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and minimax lower bound of the convergence rate become slower. Moreover, the case in which
pdfs can approach zero still needs further study. To the best of our knowledge, our work is the first
attempt to analyze the KL divergence estimation for cases in which the pdf is bounded away from
zero with unknown support, and the first attempt to analyze the KL divergence estimation for cases
in which the pdf can approach zero with matching upper and lower bounds in general.

The results of this part have been published in [97, 100].

1.4 Supervised Learning

Supervised learning is the task of inferring a function that predicts the target Y from a feature
vector X € RY. Depending on whether Y takes values among a discrete or continuous set, the
problem is called classification and regression, respectively. Associated with both classification
and regression problems, there exists a loss function L(}A/, Y’), which measures the accuracy of the
prediction rule, and the risk R is defined as the expectation of the loss function. Given the joint
distribution of X and Y, we can decide an optimal prediction rule Yy = g*(X), which has the
minimum risk, called Bayes risk, denoted as I?*. For classification problem, suppose that Y take

values in {—1, 1}, then we have

§ 1 ifEY|X=x]>0
g (x) = (1.7)
-1 otherwise,

and the corresponding Bayes risk is

R*=E {%] . (1.8)

For regression problem, ¢g*(x) depends on the loss function we use. Suppose that we are using ¢,

loss function, i.e. L(Y,Y) = (Y — Y2, then

g"(x) = E[Y|X = x], (1.9)
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and the corresponding Bayes risk is

R* = E[Var[Y|X]]. (1.10)

However, in practical supervised learning problems, the joint distribution of feature vector X and
target Y is unknown. The determination of prediction rule must be based on a finite number of
i.i.d training samples (Xi,Y)), ..., (Xy,Yn). As a result, it is inevitable for a classification or
regression method to have some excess risk, which is defined as the gap between its risk and the
Bayes risk. For some types of supervised learning methods, the excess risk can asymptotically
converge to zero as the number of training samples increases. These methods are called consistent
classifiers or regressors. The problem of checking whether a classification and regression method
is consistent, and characterizing the corresponding convergence rate, has attracted significant
research interests [8,11,61,91,92].

The analysis of the consistency of a classification or regression method is crucially different
between parametric and nonparametric methods. For parametric statistical learning methods,
the possible underlying distributions of the feature and target are determined by some finite
dimensional parameters. In this case, a classification or regression method can probably be
consistent only if the model assumption is correct, i.e. the actual distribution is within the
hypothesis space. In this case, the convergence rate can usually be fast. However, if the assumption
is not correct, then the excess risk will converge to some positive value, rather than zero, when
the training sample size goes to infinity. On the contrary, nonparametric learning methods are
much more flexible, which means that they can automatically adapt to arbitrary Bayes decision
boundaries or underlying joint distributions of (X, Y).

Among all of the nonparametric learning methods, kNN is a simple and popular one. For
classification problem, given any test point X, the kNN classifier assigns it with label Y determined
by the majority vote from the labels of £ nearest neighbors of X among the training set. For

regression problem, the mean of the observed labels of k nearest neighbors of X is assigned to
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be the predicted label. The performance of kNN classification and regression has been extensively

investigated. For kNN regression, the excess risk can actually be expressed as following:

R—R*=E[(Y —E[Y|X])Y], (1.11)

which can be decomposed into a squared bias term E[(E[Y'|X] — E[Y'|X])?] and a variance term
E[(Y — E[Y|X])?]. The bias term depends both on k and sample size N. It is shown in [78]
that if k/N — 0 as N goes to infinity, then the bias converges to zero. The variance depends
mainly on £, and converges to zero if k increases with V. As a result, if we use fixed £ for KNN
regression, which depends neither on the sample size N, nor the position of each sample, then
under some weak assumptions, the risk will converge to a limit value that is higher than the Bayes
risk [21]. For larger fixed k, such a limit value is lower. However, as long as k£ is fixed, the limit
value can not reach the Bayes risk in general [10]. To make the kNN regression consistent, we
need to ensure that both the bias and the variance converges to zero. As a result, it is necessary
to simultaneously require that & — oo and k/N — 0. Under these two conditions, [78] shows
that for all joint distributions (X, Y'), without any assumptions, the kNN regression method is
universally consistent. The above analysis also holds for kNN classification, since the loss of kNN
classification can actually be bounded by the loss of regression estimates.

Given that k/N — 0 and & — oo, we know that the KNN classification and regression methods
are consistent. The next problem is to find a bound of the convergence rate of the kNN method. If
k grows too fast, then the variance decays fastly but the bias decays slowly, and vice versa. There
exists an optimal growth rate of £ over /V, under which the convergence rate of the squared bias
and the variance are the same, and thus the best bias and variance tradeoff is attained. The best
growth rate of k£ over IV depends on the distribution. For a smoother distribution, we can worry
less about the bias and thus let £ grow with N faster.

Important progresses towards identifying the best growth rate of k£ and finding the

corresponding optimal convergence rate have been made in [5, 20, 29, 35]. [35] analyzed the
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convergence rate of local risk at a a specific query point, i.e. E[L(Y, Y)|X = x]. Note that the
total risk R = E[L(Y,Y)] is the expectation of local risk, hence it can be shown that if the
distribution satisfies strong density assumption, which means that the support of the distribution
of X is bounded, and the underlying probability density function (pdf) f(x) is bounded away
from zero in its support, then the convergence rate of local excess risk is of the same order as the
convergence rate of total excess risk [9, 10,29]. In this case, for both classification and regression
problems, kNN method can achieve the best convergence rate in the minimax sense [5, 20, 82].
However, for many common cases, the support of distribution of X is not bounded, or the pdf
is not bounded away from zero. In this cases, we can no longer ensure that the convergence rate
of total risk is still of the same order as that of local risk. The reason is that E[L(Y,Y)|X =
x| does not converge uniformly for all x. As a result, for distributions with unbounded support,
further analysis is needed. [20] derived the convergence rate of standard kNN classifier under a
“probablistic continuous’ assumption, which is a slight variation of the strong density assumption.
Although the assumptions made in [20] does not require the support of density to be bounded,
this assumption actually does not hold for many common unbounded distributions. For example,
consider that conditionalon Y = 1 or Y = —1, X follows Gaussian distribution with center c; or
c_1, then this probabilistic continuous assumption is not satisfied. An important progress toward
identifying the convergence rate of kNN classification for distributions with unbounded support
is shown in [31], which gives a bound of the excess risk of standard kNN classifier. A minimax
lower bound was also shown in [31], and it is observed that there exists some gap between this two
convergence rates. This phenomenon can be explained by the fact that the kNN distances tend to
be large in the regions where the pdf of the features is low. As a result, the conditional distribution
of the target at the test point can be quite different from that at its nearest neighbors. As a result, the
inference using KNN method becomes less accurate. To improve the accuracy of kNN classification
and regression, adaptive £ is necessary, which means that different £ for different samples is used.
In particular, a ’sliced nearest neighbor’ method was proposed in [31], which divides the support

into several regions depending on the pdf of X, and uses different & in different regions. It was
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proved that this new method attains the minimax convergence rate. However, this method requires
us to know the underlying pdf. Although the pdf can be estimated from the training samples, the
theoretical guarantee of the adaptive classifier is not established, after we take the estimation error
into consideration. If apart from a set of labeled training samples, we also have abundant unlabeled
samples, which are much more than labeled samples, then it is possible to estimate the pdf with
sufficient accuracy. We can then use the estimated density values to determine the optimal %. In
this case, the problem is actually a semi-supervised learning problem, which was discussed in [17].
However, in supervised learning problem, those unlabeled data is not available.

In this dissertation, we focus on kNN supervised learning, including both classification and
regression, with neither precise knowledge of feature distribution, nor any unlabeled data. In
particular, we make the following contributions:

Firstly, we derive a bound for the convergence rate of the standard kNN classification and
regression, which uses the same £ for all test samples, under assumptions that are more general
than those discussed in existing studies such as [20] and [31]. In particular, we introduce parameters
to describe the properties of the distribution of the feature vector, such as tail parameters, as well
as parameters to describe the distribution of labels, such as margin parameters. Our bound depends
on these parameters and is applicable to a broader class of distributions than those derived in the
existing literatures. The derived bound recovers the bounds in the existing studies [4, 20, 29, 46],
although some assumptions are slightly different. Furthermore, we provide a lower bound for the
excess risk of the standard kNN method over a set of distributions. We show that the lower bound
and the upper bound almost match, therefore our bounds are tight and can not be further improved.

Secondly, we derive a minimax lower bound over all classification and regression methods that
do not have the information of the underlying regression function, under the same assumptions
as mentioned above. The result indicates that, if the distribution has tails, then there exists a gap
between the convergence rate of the excess risk of the standard kNN method and the minimax
convergence rate. Hence, the standard kNN classification and regression are not optimal under

these scenarios.
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Thirdly, to close the gap identified above, we propose and analyze a new adaptive KNN method,
in which we use different value of k for different test points. Our approach is based solely on
labeled training samples, without requiring the precise knowledge of pdf f(x). In particular, for
a given test sample, we select £ as an increasing function of the number of training samples that
fall in a fixed radius ball centered at this test sample. The purpose of our choice of £ is to achieve
a desirable bias and variance tradeoff. This is motivated by the observation that if %k increases, the
kNN distances will increase and hence the bias will also increase. On the other hand, the variance
decreases with k. As a result, if there are many training samples around the test point x, then
we can safely use a larger k to reduce the variance, without worrying too much about the bias,
since the kNN distances are still not large when the training samples are dense around the test
point. On the contrary, if there are fewer training samples around the test point, then we need to
use a smaller £ to control the bias. Building on this intuition, we carefully design a selection rule
of k, which is an increasing function of the number of samples in the fixed radius neighborhood
of each testing point. Intuitively, the number of samples in the fixed radius neighborhood can be
viewed as an estimation of density around the test point. However, here we do not expect to have
a consistent density estimation, since the bias of this density estimate does not decay with the
sample size N. Nevertheless, our method can still bridge the gap mentioned above, and achieve
the minimax optimal convergence rate, despite that the density estimation using a fixed radius
nearest neighbor search is not consistent. Furthermore, as will be clear in the sequel, our proposed
method does not need too much parameter tuning. To the best of our knowledge, our method is
the first nonparametric classification and regression method that is proven to be rate optimal for
feature distributions with both bounded and unbounded support.

The results of this part have been published in [96, 101, 102].
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Chapter 2

Analysis of KNN Information Estimators

2.1 Introduction

In this chapter, we analyze the convergence rate of Kozachenko-Leonenko entropy estimator
and KSG mutual information estimator. Our analysis holds for variables with both bounded and
unbounded support. The remainder of this chapter is organized as follows. In Section 2.2, we
provide our main result of the analysis of Kozachenko-Leonenko entropy estimator, and then
compare with [83]. In Section 2.3, we analyze KSG mutual information estimator, and then
compare with [34]. In these two sections, we show the basic ideas of the proofs of our main
results and relegate the detailed proofs to Appendices. In Section 2.4, we extend our analysis to
heavy tailed distributions. In Section 2.5, we provide numerical examples to illustrate the analytical

results. Finally, in Section 2.6, we offer concluding remarks.

2.2 Kozachenko-Leonenko Entropy Estimator

As KSG mutual information estimator depends on Kozachenko-Leonenko entropy estimator, in
this section, we first derive convergence results for Kozachenko-Leonenko estimator.

Consider a continuous random variable X € R% with unknown pdf f(x). The differential
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entropy of X is

h(X) = —/f(x) In f(x)dx.

Given N iid samples {x(i),i = 1,...,N} drawn from this pdf, the goal of
Kozachenko-Leonenko estimator is to give a nonparametric estimation of 2(X). The expression of

Kozachenko-Leonenko estimator is given by [49]:

N
7 d;t .
M(X) = =(k) + ¥ (N) +Inca, + Z; Ine(i), (2.1)
in which © is the digamma function defined as ¢ (t) = % with

['(t) :/ u' e du,
0

and €(i) is the distance from x(7) to its k-th nearest neighbor. The distance is defined as d(x,x’) =

|x — x|, in which ||-|| can be any norm. ¢, and /., are commonly used. ¢4, is the volume of
corresponding unit norm ball.

If some samples are very far away from the most of the other samples, then the kNN distances
of these samples can be very large, which may significantly deteriorate the performance of the

original Kozachenko-Leonenko estimator. To address this problem, we use a truncated estimator.

Similar approach was proposed in [34, 83]:

N
h(X) = (k) + »(N) + Ineq, + dﬁ 3 Inp(i), 2.2)
=1

in which

p(i) = min{e(i), an }

with ay being a truncation radius that depends on the sample size /NV. A smaller a can make the
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estimator more stable. However, if a is too small, then additional bias will occur. Therefore, to
obtain a desirable tradeoff, a proper selection of ay is important. In [83], ay is chosen tobe 1/v/N.
In this paper, in order to achieve a better convergence rate, we propose to use a different truncation

threshold:
ay = AN7P, (2.3)

in which A, are two constants. The choice of [ can affect the convergence rate of
Kozachenko-Leonenko estimator. In the following theorem, we optimize 3, to make convergence
rate of the truncated Kozachenko-Leonenko estimator as fast as possible. We will show that,
with the optimal choice of 3, the proposed truncated Kozachenko-Leonenko estimator is minimax

optimal.

Theorem 2.1. Suppose that the pdf f(x) satisfies the following assumptions:
(a) f € W2, in which W is Sobolev space, and the second order weak derivative of f is bounded
by M;

(b) There exists a constant C' such that

/f(x) exp(—bf(x))dx < Ob~! 2.4)

for any b > 0.
For sufficiently large N, if we let 5 = 1/(d, + 2), then the bias of truncated

Kozachenko-Leonenko estimator is bounded by:
)]E [B(X)} - h(X)‘ —0 (N—ﬁ In N) . 2.5)

The above bound holds for arbitrary but fixed k.

Proof. (Outline) As discussed in [50], the correction term —1(k) in (2.2) is designed for correcting

the bias caused by the assumption that the average pdf in the ball B(x, ¢) is equal to the pdf at its
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center, i.e. f(x), which does not hold in general. Hence, the bias of original Kozachenko-Leonenko
estimator (2.1) is caused by the local non-uniformity of the density. If € is large, the average pdf in
B(x, €) can significantly deviate from f(x). By substituting ¢ with p, which is upper bounded by
ay, we can control the bias caused by large kNN distances. This type of bias is lower if we use a
small a,y. However, the truncation also induces additional bias, which can be serious if a, is too
small. Therefore we need to select ay carefully to obtain a tradeoff between these two bias terms.

First, using results from order statistics [10,23], we know E[ln P(B(X,¢€))] = ¥ (k) — (N).

Hence

BIA(X)] = —0(k) +6(N) + Inc, + 5 3 Ellnp(0)]

= —E[lnP(B(X,¢))] +Incy, + d;E[ln o). (2.6)

We then divide the support of f(x) into a central region (called S;, which have a relatively high
density) and a tail region (called S, which have a relatively low density). The exact definitions
of S7 and S5 are shown in (A.11) and (A.12) in Appendix A.l. and decompose the bias of the

truncated Kozachenko-Leonenko estimator (2.2) into three parts:

E[h(X)] - h(X) = —E {m z];g&(?;)))) 1(X € 51)} _E {m ];((%(z 533 1(X € )
P(B(X,¢))
E [m Xy ot 10X 52)] . 2.7)

All of these three terms converge to zero. The first term in (2.7) is the additional bias caused by
truncation in the central region. Note that € and p are different only when p > ay, thus if a does
not decay to zero too fast, then P(e < ay) happens with a high probability. Hence the first term
converges to zero. The second term is the bias caused by local non-uniformity of the pdf in the
central region. Recall that p = min{¢,an} < ay = AN —8, p will converge to zero, hence the
local non-uniformity will gradually disappear with the increase of V. The last term is the bias in

the tail region. We let the tail region to shrink with the increase of NV, and let the central region to
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expand, then the third term can also converge to zero. These three terms are bounded separately,
and the results depend on the selection of truncation parameter 5. The overall convergence rate
is determined by the slowest one among these three terms. In our proof, we carefully select 3 to
optimize the overall rate.

For detailed proof, please refer to Appendix A.1. [

Our assumptions (a), (b) in Theorem 2.1 are almost the same as assumptions (A0)-(A2) in [83],
except that now we no longer require f(X) to be positive everywhere, as was required in [83]. As
a result, our analysis holds for distributions with both bounded and unbounded support.

Assumption (a) is the smoothness assumption. As a pdf, [ f(x)dx = 1, under which we can
show that the boundedness of Hessian or the second order weak derivative implies the boundedness
of f(x) and V f(x).

Assumption (b) is the tail assumption, which is roughly equivalent to requiring that the density
has exponentially decreasing tails [83]. To be more precise, we now show some examples that

satisfy Assumption (b):

e (b) holds if the pdf has a bounded support. Note that f(x) exp(—bf(x)) is maximized when
f(x) = 1/b, therefore f(x)exp(—bf(x)) < 1/(eb) always holds. Denote S as the support

set of f, and m(S) = [, dx as the support size, then

[ epi-biooix < [ ax= "2

2.8
g €eb eb ’ 28)
hence for any distributions with bounded support, assumption (b) holds with C' = m(.S) /e.

e (b) holds if d, = 1 and f(x) ~ exp(—a|z|?) for some constant & > 0, and § > 1, and

sufficiently large x. This was mentioned in [83].

e Moreover, as discussed in [83], many distributions with exponentially decreasing tails also
satisfy our assumption (b). For example, this assumption holds for Gaussian distribution with

d, < 2 and exponential distribution with d, = 1.
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We remark that the above conditions are only sufficient but not necessary conditions for
assumption (b) to hold. In fact, assumption (b) also holds for other distributions, even if X does
not have any finite moments. In this case, the original Kozachenko-Leonenko estimator without
truncation may not be consistent, but the truncated one is still consistent, and the convergence rate
can be bounded using Theorem 2.1. One such example is constructed in Appendix A.2, see random
variable X, there.

Furthermore, we extend our results to distributions with heavy tails in Section 2.4. As
a byproduct of such extension, we also show that for all sub-Gaussian or sub-exponential
distribution, such as Gamma distribution, even if (b) is not satisfied, the convergence bound in
Theorem 2.1 still approximately holds.

The result in Theorem 2.1 holds for truncated Kozachenko-Leonenko estimator. In
the following, we illustrate that the truncation is necessary by showing that the original
Kozachenko-Leonenko estimator is not necessarily consistent for pdfs satisfying our assumptions.

In particular, we have the following proposition.

Proposition 2.2. Under Assumption (a), (b) in Theorem 2.1, with sufficiently large M and C/, there

exists a pdf f(x), such that

~

lim Elho(X)] — h(X) # 0, 2.9)

N—o0

in which izo is the original Kozachenko-Leonenko estimator without truncation.

Proof. (Outline) The basic idea of the proof is to construct two distributions whose entropy
are the same, but the difference of the expectation of the estimated result using the original
Kozachenko-Leonenko estimator does not converge to zero. As a result, for at least one of these
two distributions, the original Kozachenko-Leonenko estimator is not consistent. Please refer to

Appendix A.2 for details. ]

The next theorem gives an upper bound of variance of E(X) The assumptions for the analysis

of variance are much weaker than the assumption for bias.
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Theorem 2.3. Assume the following conditions:
(c) The pdf is continuous almost everywhere;

(d) 3r¢ > 0,

/f(x) (ln inf{f(x, r)|r < r0}>2 dx < 00, (2.10)

and

/f(x) <1n sup{ f(x,7)|r < 7"0}>2 dx < o0, (2.11)

in which f(x,7) = P(B(x,7))/V(B(x,r)) is the average pdf over B(x,r).
Under assumptions (c¢) and (d), if 0 < S < 1/d,, then the variance of truncated

Kozachenko-Leonenko estimator is bounded by:

Var[h(X)] = O (%) : (2.12)

Proof. (Outline) Our proof uses some techniques in [10], which proved O(1/N) convergence of
variance of Kozachenko-Leonenko estimator with £k = 1 for one dimensional distribution with
bounded support. We generalize the result to arbitrary fixed d, and k, and the support set can
be both bounded and unbounded, as long as the distribution satisfies assumption (c) and (d) in
Theorem 2.3. However, since our assumptions are weaker, we need some additional techniques to

ensure that the derivation is valid. For detailed proof, please see Appendix A.3. [

Our assumptions (c) and (d) are weaker than the corresponding assumptions (B1) and (B2) in
[83]. To show this, we provide a sufficient condition of (c¢) and (d). In particular, conditions (c) and
(d) are both satisfied, if S1): the pdf is Lipschitz or a-Holder continuous with 0 < a < 1; and

S2): [ f(x)(In f(x))*dx < oo. We now compare S1) and S2) with conditions in [83]. (B1) in [83]
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requires that the pdf is Lipschitz, and (B2) requires that

sup f(a')\’
/f(if) e (In f(x))*dr < oo

f(z)

for j = 0,1,2,3. We observe that sufficient condition S2) mentioned above only requires it to
hold for 5 = 0. Note that our assumptions (c), (d) are very weak and hold for almost all common
distributions. If assumptions (a) and (b) are satisfied, then assumptions (c) and (d) must hold, since
(c) is implied by (a), and from (b), it is straightforward to prove that [ f(x)(In f(x))%dz < oo.
This property combining with (a) imply that (d) holds for sufficiently small . We provide detailed
proof of this argument in Appendix A.7.1. Under these assumptions, our bound of variance is
exactly the same as the result in [83].

From Theorem 2.1 and Theorem 2.3, under assumptions (a) and (b), the convergence rate of
the mean square error of Kozachenko-Leonenko estimator is bounded by:

E[(A(X) — h(X))?] = O (N‘dfw In N + %) . (2.13)

In the following theorem, we provide a minimax lower bound on the convergence of mean square

error, under assumptions (a) and (b) in Theorem 2.1.

Theorem 2.4. Define

Fuc = {f|Assumptions (a),(b) in Theorem 2.1 are satisfied with constant M and C'},

(2.14)
then under assumptions (a), (b) in Theorem 2.1, for sufficiently large M and C,
fal T 1
inf sup E[(A(X) — h(X))}] = Q (N—diiz(ln N) a5 4 —) . (2.15)
h fEJ—'M’C N
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Proof. Please refer to Appendix A.4 for the proof. O

Theorem 2.4 shows that the gap between the convergence rate of the derived upper bound
of the mean square error of Kozachenko-Leonenko estimator and the minimax lower bound is a
log-polynomial factor, which implies that the truncated Kozachenko-Leonenko estimator is nearly
minimax rate optimal.

We now compare our results with related work [7,38,39,83]. We generalize the result in [83] to
arbitrary fixed k£ and dimensionality, and obtain a tighter bound of the bias by selecting a different
truncation parameter. Moreover, our upper bound of the mean square error (2.13) is the same as
the result of [39], if the Holder parameter s in [39] is 2. Actually, if s = 2, then the assumptions
in [39] can be viewed as a special case of our analysis, since according to (2.8), assumption (b) in
Theorem 2.1 is satisfied for all distributions with bounded support. We note that the convergence
rate derived is slower than the result in [7]. However, in [7], the partial derivatives of the pdf are
required to decay almost as fast as the pdf itself in the tails of the distribution, while we only have a
overall bound on the Hessian of the pdf. Moreover, we do not assume a bound on the moment of the
distribution. Consider that the gap between upper bound (2.13) and minimax lower bound (2.15) is
only a log polynomial factor, we believe that our bound can not be significantly improved further
in general, although it is possible that for some specific distributions, the actual convergence rate
of Kozachenko-Leonenko estimator is faster than the bound we derived. Moreover, we note that
[38] also provides a minimax analysis of entropy estimation. The bounds in (2.13) and (2.15) are
consistent with the minimax bound in Theorem 6 in [38], for the special case when the smoothness
index s = 2. The main difference between our work and [38] lies on the assumptions: Theorem 6
in [38] focuses on the case in which f is compactly supported within [0, 1]¢, while our upper and

lower bound do not require the support set to be bounded.
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2.3 KSG Mutual Information Estimator

In this section, we focus on KSG mutual information estimator. Consider two continuous random
variables X € R% and Y € R% with unknown pdf f(x,y). The mutual information between X

and Y is
I(X;Y) =h(X)+R(Y) - h(XY). (2.16)

Define the joint variable Z = (X,Y) € R% with d, = d, + d,,, and define the metric in the R%:

space as
d(z,2) = max{|x — x| . |y - ¥'[}}. (2.17)

The KSG estimator proposed in [50] can be expressed as

A

FX5Y) = (N) +0(0) = S0+ 1) = 1 Yol @ +1), 219

with

> Llx() = x(@)]| < (D)),

=1

<
I

WE

1y (1) L(lly () —y@Il < (@),

1

<.
Il

in which €(7) is the distance from z(7) = (x(7), y (7)) to its k-th nearest neighbor using the distance
metric defined in (2.17).

Recall that the original Kozachenko-Leonenko estimator is not consistent for some
distributions satisfying our assumptions, and thus we use a truncated one instead. However,
the situation for KSG estimator is different. From (2.18), we observe that unlike the original

Kozachenko-Leonenko estimator, KSG estimator avoids the Ine(i) term, therefore the effect
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caused by large kNN distances is limited. Note that n,(¢) and n,(¢) can not be less than & or more
than NV, therefore ¢)(n, (i) + 1) and (n,(¢) + 1) are both always in [In(k + 1), In(/N + 1)]. Hence,
if n,(¢) and n,(7) for a sample ¢ differ significantly from others, the influence on the accuracy is
at most (In(/V + 1))/N. This ensures the robustness of KSG estimator. Therefore, in the following
analysis, we use the original KSG estimator without truncation.

Our analysis of the bias of KSG estimator is based on the following assumptions:

Assumption 2.1. There exist finite constants C,, Cy, C.., C?, Cy, C!; and C., such that
(@) f(x,y) < C, almost everywhere;
(b) The two marginal pdfs are both bounded, i.e. f(x) < Cy, and f(y) < Cy;

(c) The joint and marginal densities satisfy

/ F(x,y) exp(=bf(x,y))dxdy < Cu/b, (2.19)
/ F(x) exp(—bf(x))dx < CLb,
/ f(y) exp(~bf(y)dy < C.Jb

forall b > 0;
(d) The Hessian of joint distribution and marginal distribution are bounded everywhere, i.e.

IV*# ()]

O,

< Cur [V, < Cl and [ V25, < Ch

(e) The two conditional pdfs are both bounded, i.e. f(x]y) < C. and f(y|x) < C..

It was proved in [34] that under its Assumption 2, KSG estimator is consistent, but the
convergence rate was unknown. Note that the distributions that satisfy the Assumption 2 of [34]
may have arbitrarily slow convergence rate, especially for heavy tail distributions. Our assumptions
are stronger than Assumption 2 of [34], in which (a)-(c) were not required. In [34], the convergence

rate was derived under its Assumption 3, which also strengthens its Assumption 2. The main
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difference between Assumption 3 of [34] and our assumptions is that [34] requires

/f(x, y)exp(—=bf(x,y))dxdy < C.e~C0b, (2.20)

One can show that a joint pdf satisfying assumption (2.20) is bounded away from 0O and the
distribution must have bounded support. On the contrary, we only require this integration to decay
inversely with b, see (2.19). This new assumption is valid for distributions whose joint pdf can
approach zero as close as possible, thus our analysis holds for distributions with both bounded and
unbounded support. This assumption roughly requires that both the marginal density and the joint
density have exponentially decreasing tails. For example, joint Gaussian distribution satisfies this
assumption. Another difference is that we strengthen the Hessian from bounded almost everywhere
to everywhere, to ensure the smoothness of density, and thus avoid the boundary effect. Figure 2.1
illustrates the difference between [34] and our analysis. [34] holds for type (a), such as uniform
distribution, while our analysis holds for type (b) and (c), such as Gaussian distribution. In addition,

we do not truncate the kNN distances as in [34].

flx) flz) f(x)

7N\

xr xr

T
(a) Bounded support, pdf is (b) Unbounded support, pdf has
bounded away from zero. Ex- a long tail. Example: Gaussian
ample: Uniform distribution distribution

(c) Bounded support, pdf can
approach zero.

Figure 2.1: Comparison of three types of distributions. The convergence rate of KSG estimator for
type (a) was derived in [34], while we analyze type (b) and (c).

To deal with these assumption differences, our derivation is significantly different from those

of [34]. Theorem 2.5 gives an upper bound of bias under these assumptions.

Theorem 2.5. Under the Assumption 2.1, for fixed £ > 1 and sufficiently large N, the bias of
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KSG estimator is bounded by

min{dg,dy} )

E[(X:Y)] - I(X;Y)| = 0O (N—ﬁ In N> +0 (N‘ = 2.21)

Proof. (Outline) Recall that KSG estimator is an adaptive combination of two adaptive
Kozachenko-Leonenko estimators that estimate the marginal entropy, and one original
Kozachenko-Leonenko estimator that estimates the joint entropy. We express KSG estimator in

the following way:

1 & 1 & . , :
-~ ; =~ ;[Tx(z) + T, (i) — T2(2)],

in which
T(i) == (N) + (k) = (na(i) + 1) = (ny (i) + 1)
and
T.(i) = —¢(k) +¢(N) +Inca, +d.Inp(i),
T,(i) = —(ng(i)+1)+¢(N)+Incy, +d;Inp(i),
T,(i) = —v(ny(i) +1) +(N) +1Incq, + dylnp(i),
in which we p(i) = min{e, ay}. Note that although we analyze the original KSG estimator

without truncation, we can decompose it to truncated Kozachenko-Leonenko estimators for the
convenience of analysis. We bound the bias of these three Kozachenko-Leonenko estimators
separately. Note that % Zi\il T.(i) is actually the Kozachenko-Leonenko estimator for the joint
entropy. Therefore the bias of joint entropy estimator E[7,] — h(Z) can be bounded using Theorem

2.1. For the marginal entropy estimators SV, To.(i) and % SN, T, (i), we only need to analyze
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T, and then the bound of 7; can be obtained in the same manner. Note that
E[T;] — h(X) = E[E[T;|X] + In f(X)],

and we call E[7,|X] + In f(X) the local bias. The pointwise convergence rate of the local bias is
O(N _%) However, the overall convergence rate is slower than the pointwise convergence rate.
In the setting discussed in [34], the boundary bias is dominant. In our case, by dividing the whole
support into a central region and a tail region, with the threshold selected carefully, we let the
convergence rate of bias at these two regions decay with approximately the same rate. For detailed

proof, please see Appendix A.S. [

The following theorem gives a bound on the variance of KSG estimator, which holds for all

continuous distributions, even if Assumption 2.1 is not satisfied.

Theorem 2.6. If (X,Y) has pdf f(x,y), then the variance of KSG estimator is bounded by

Var [f(X;Y)} —~0 ((lnfvv )2) . (2.22)

Proof. We refer to Theorem 6 in [34] for the proof. Although the bound in [34] is derived for
truncated KSG estimator, it can be shown that the steps in [34] actually also hold for the original

KSG estimator. Details are omitted for brevity. [

2.4 Extension to Heavy Tailed Distributions

In previous sections, we have derived bounds of the convergence rates of bias and variance of
Kozachenko-Leonenko and KSG estimators. We do not have any tail assumptions for bounding
the variance (Theorem 2.3 and 2.6). However, the convergence rate of bias is related to the strength
of tails, thus it is necessary to add some tail assumptions. The assumption (b) in Theorem 2.1 and

the assumption (c) in Assumption 2.1 follow assumption (A2) in [83]. It was discussed in [83]
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that these assumptions are roughly equivalent to requiring that f(x) or f(x,y) has exponentially
decreasing tails. In this section, we extend the results in Theorem 2.1 and Theorem 2.5 to

distributions with polynomially decreasing tails.

Theorem 2.7. Suppose the pdf f(x) satisfies assumption (a) in Theorem 2.1, and
P(f(X)<t) <pt” (2.23)

for some constant 1 > 0, 7 € (0, 1], and arbitrary ¢ > 0. Let § = 1/(d, + 2), then the bias of

truncated Kozachenko-Leonenko estimator is bounded by:
E[(X)] — h(X)] = O (N—T In N) . (2.24)

Theorem 2.8. Assume that the joint distribution of X and Y satisfies Assumption 2.1 (a)-(e),
except that the assumption (c) is changed to the following one:

(c’) The joint and marginal densities satisfy

PfX,Y)<t) < ut, (2.25)
P(f(X)<t) < pt,
P(f(Y)<t) < ut’

for some constant p, ¢/ > 0, 7 € (0, 1], and arbitrary ¢ > 0. Then the bias of KSG estimator is

bounded by

min{dg,dy}

BIXY) = I(X;Y)] =0 (NI N) +0 (N7 (2.26)

Proof. (Outline) For the proof of Theorem 2.7 and Theorem 2.8, recall that 7 € (0, 1]. The case

with 7 = 1 is already proved in Theorem 2.1 and 2.5. Note that (2.23) with 7 = 1 is equivalent
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to (2.4). In particular, (A.4) shows that (2.4) implies (2.23) with 7 = 1, while (A.5) withm =1
shows such equivalence at the reverse direction. As a result, the bounds in Theorem 2.1 and 2.5
still hold for 7 = 1. If 0 < 7 < 1, there are several details in the proof that are different from
the case of 7 = 1. Nevertheless, the basic ideas are still the same. In Appendix A.6, we provide a
brief proof of Theorem 2.7 and 2.8. We only show some important steps, in which the proof with
0 < 7 < 1 and that with 7 = 1 are different. We omit other steps that are very similar to the proof

of Theorem 2.1 and Theorem 2.5. O]

Now we discuss the new assumptions (2.23) and (2.25). These two assumptions are
generalizations of (2.4) and (2.19). If 7 < 1, then (2.23) holds for many common distributions

with polynomially decreasing tails. We have the following proposition to determine 7.

Proposition 2.9. For one dimensional random variable X with dimension d,, if E[|X|*] < oo,

then for any 7 < a/(« + d,), there exists a constant y; such that P(f(X) <) < pyt".

The proof of Proposition 2.9 is shown in Appendix A.6. The boundedness of moment, i.e.
E[|X]|*] < oo, is a sufficient but not necessary condition of (2.23). (2.23) can still hold for some
distributions that do not have any finite moments. However, for most of common distributions,
there exists some « such that E[|X]|*] is finite. Proposition 2.9 shows how our assumption (2.23)
is related to the boundedness of moments. Note that 7/ can be arbitrarily close to 7. Combining

Proposition 2.9 with Theorem 2.7 and Theorem 2.8, we have the following corollary.

Corollary 2.10. (1) Bias bounds for Kozachenko-Leonenko estimator: If E[||X||*] < oo, and the

Hessian of f satisfies | V2f|| < M for some constant M, then
[ER(X)] - h(X)| = O (N @=afa ), e27)

for arbitrarily small § > 0.

(2) Bias bounds for KSG estimator: If Assumption 2.1 (a),(b),(d) and (e) holds, E[||X||*] < oo,
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E[]Y||*] < oo, and sup, E[||Y||* |X = x] < oo, then the bias of KSG estimator is bounded by

min{dg,dy}
_7) , (2.28)

E[[(X;Y) - I(X;Y)] = O (N—ﬁﬁdﬁ) +0 (N 7

for arbitrarily small 6 > 0.1In (2.28), d, = d, + d,,.

Now we show some examples. For Cauchy distribution, E[|.X|*] < oo for any a < 1, hence
the convergence rate of bias of Kozachenko-Leonenko estimator is O (N —v (d1+2)+5) for arbitrarily
small > 0. For all sub-Gaussian or sub-exponential distributions that are second order smooth,
E[|X]*] < oo for all @ > 0, hence the convergence rate becomes O (N ~2/(d=+2)+9) for arbitrarily

small 4 > 0. For KSG estimator, the convergence rate can also be derived similarly from (2.28).

2.5 Numerical Examples

In this section we provide numerical experiments to illustrate the analytical results obtained in this

paper.

2.5.1 Kozachenko-Leonenko estimator

We conduct the following numerical experiments. Firstly, we calculate the convergence rates
of bias and variance of Kozachenko-Leonenko entropy estimator for distributions with different
dimensions. Secondly, we compare the performance of Kozachenko-Leonenko estimator for
different k.

In the simulation, the bias and variance is estimated by repeating the simulation many times
and then calculate the sample mean and sample variance of all the estimated values. We do not
need to run too many trials to obtain an accurate estimation of variance. But the estimation of bias
is much harder, if the dimension of X is low. In this case, the bias can be much lower than the
square root of variance, as a result, the sample mean may deviate seriously from the expectation of

estimated value E[1(X)]. Hence a large number of trials is needed. If the dimensionality is higher
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than 2, then the bias converges slowly comparing with the variance, and thus we do not need to run
too many trials. We select the number of trials in the following way: run simulations until relative
uncertainty of bias falls below 0.05, in which the relative uncertainty is defined as the ratio between
the length of the 99% confidence interval of bias and the estimated value of bias.

Fig. 2.2 (a), (b) show the convergence of bias and variance of Kozachenko-Leonenko estimator
under Gaussian distribution with dimensions from 1 to 6. In Fig. 2.2, we fix £ = 3. These figures
are log-log plots with base 10. We observe that for d, < 3, with log,, N > 2,ie. N > 100,
the bias of Kozachenko-Leonenko estimator decays monotonically with sample size N. However,
for distribution with higher dimensions, the bias increases with /N before the subsequent decay.
We explain this phenomenon as follows. According to (2.6), the bias of Kozachenko-Leonenko
estimator can be expressed as E[h(X)] — h(X) = —E[ln P(B(X, ¢€))] + E[ln(f(X)cq, p*)]. In
the regions where Hessian is positive, P(B(x,¢€)) > f(x)cq,p%, which causes negative bias. If
Hessian is negative in B(x, €), then if p < ay, which happens with high probability, then p = ¢
and thus P(B(x,¢€)) < f(x)cq,p®. This causes positive bias. When sample sizes is not large,
the positive and negative bias terms can cancel out. However, the positive bias occurs where the
Hessian is negative, which occurs around x = 0 for standard Gaussian distributions, and thus
converges faster to zero than the negative bias, which occurs at the tail of distribution. Therefore,
with a larger sample size, the negative bias is dominant over the positive bias, and thus the total
bias becomes more serious. If we continue to increase the sample size, then the negative bias term
also converges to zero.

We then calculate the empirical convergence rates by finding the negative slope of the
curves in Fig. 2.2 (a), (b) by linear regression. Considering that in Fig. 2.2 (a), (b), the bias of
Kozachenko-Leonenko estimator decays with stable speed only when the sample size is large,
we perform linear regression using the segment of curves where the sample size is larger than
a certain threshold. For the convergence rate of variance, the linear regression is conducted over
the whole curve since the variance always decay smoothly. These results are then compared with

the theoretical convergence rates, which are obtained from Theorem 2.1 and 2.3. The results are
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shown in Table 2.1, in which we say that the theoretical convergence rate of bias or variance is 7y
if it decays with either O(N~7), or O(N~779) for arbitrarily small § > 0, and two ‘Sample Size’
columns refer to the interval of sample size we use for the computation of the convergence rate of

bias and variance, respectively.
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Figure 2.2: Empirical convergence of Kozachenko-Leonenko entropy estimator for Gaussian
distribution.

Table 2.1: Convergence rate of Kozachenko-Leonenko estimator for standard Gaussian
distributions

dy Bias Bias Sample Size | Variance Variance | Sample Size
(Empirical) | (Theoretical) (Empirical) | (Theoretical)
1 0.97 0.67 102 ~ 10% 1.00 1.00 10 ~ 10%
2 0.66 0.50 102 ~ 10° 1.00 1.00 102 ~ 10°
3 0.43 0.40 102 ~ 10° 1.01 1.00 102 ~ 10°
4 0.33 0.33 103 ~ 10° 0.99 1.00 102 ~ 10°
5 0.29 0.28 10% ~ 10° 1.01 1.00 102 ~ 10°
6 0.25 0.25 10° ~ 107 1.03 1.00 102 ~ 107

Fig. 2.2 (a), (b) and Table 2.1 show that for d, > 2, the above empirical convergence rates
basically agree with the theoretical prediction. We find that for d, = 1 and d, = 2, the empirical
rate is faster than the theoretical convergence rate. As discussed in previous sections, our bound
holds for all distributions that satisfy our assumptions, and the actual convergence rate can be faster
for some specific distributions. For Gaussian distributions, the Hessian of the pdf decays almost as

fast as the pdf itself, while our assumptions only have a bound of Hessian over R¢.
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Moreover, we compare the performance of Kozachenko-Leonenko estimator for different %.
The result is shown in Fig. 2.2 (c) for fixed d, = 2, which shows that for different k&, the
convergence rate of Kozachenko-Leonenko estimator is approximately the same, but the constant
factor can be different. For standard Gaussian distribution with d, = 2, the performance of
Kozachenko-Leonenko estimator with k£ = 5 is better than that with £ = 1, 10, 20. If the dimension
of random variable is low, then the squared bias usually converges faster than the variance, thus we

can use large k. On the contrary, with higher dimension, it may be better to use small k.

2.5.2 KSG estimator

Now we evaluate the performance of KSG estimator using joint Gaussian distribution. In this
numerical experiment, we let (X,Y) ~ N (0,K), in which K is a d, dimensional square matrix,
Ki; =p+ (1-— p)5ij, and 0;; = 1if i = j, otherwise 0. In this numerical simulation, we use
p = 0.6.

Similar to the experiments on Kozachenko-Leonenko entropy estimator, to ensure the accuracy
of estimation of the bias of KSG mutual information estimator, we still use adaptive number of
trials. We continue to run simulations until the relative uncertainty is lower than 0.05. For both
experiments, we use fixed £ = 3 and then plot log;,(Bias) and log,,(Variance) against log; (V)
separately. The result is shown in Figure 2.3. The empirical convergence rates are compared with
the theoretical convergence rates from Theorem 2.5 and 2.6, and the results are shown in Table 2.2.
For simplicity, we still use the same notation as those used for Kozachenko-Leonenko estimator.
The value of theoretical convergence rate of bias and variance in Table 2.2 is v if the bound in
Theorem 2.5 or 2.3 is either O(N ") or O(N ~7*°) for arbitrarily small § > 0. Unlike the curve
for Kozachenko-Leonenko estimator, for KSG estimator, with this example, the curve of both bias
and variance appear to be close to a straight line. Therefore, the empirical convergence rates of bias
and variance are calculated by linear regression over the whole curve. The ‘Sample Size’ column
in table 2.2 is used for the calculation of both bias and variance.

From Fig. 2.3, we observe that the bias and variance of KSG mutual information estimator for
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Figure 2.3: Empirical convergence of KSG mutual information estimator for Gaussian distribution.

Table 2.2: Comparison of convergence rate of KSG estimator
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(b) Convergence of the variance of KSG estima-
tor.

Dimension Bias Bias Variance Variance | Sample Size
(Empirical) | (Theoretical) | (Empirical) | (Theoretical)
dy =1,dy =1 0.50 0.50 0.99 1.00 10?2 ~ 10°
dy =1,dy, =2 0.35 0.33 0.96 1.00 102 ~ 10°
d, =1,d, =3 0.27 0.25 0.98 1.00 102 ~ 10°

d, = 1,and d, = 1,2, 3 basically agree with the theoretical prediction. The bounds in Theorem
2.5 and 2.6 are general bounds that consider the worst cases satisfying our assumptions. For some
specific distributions, the empirical convergence rates can be faster than our theoretical prediction.
In addition, in our derivation, we bound the total bias of KSG estimator by bounding the bias of its
three components separately, and then use the sum of these three bounds as the bound of total bias.
However, as was discussed in [34], the bias of the decomposed marginal entropy estimator and the
joint entropy estimator may cancel out. As a result, the practical performance of KSG estimator

can be better than the theoretical prediction.
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2.6 Conclusion

In this chapter, we have analyzed the convergence rates of bias and variance of truncated
Kozachenko-Leonenko entropy estimator and KSG mutual information estimator for smooth
distributions, under a tail assumption that is roughly equivalent to requiring the distribution to
have an exponentially decreasing tail. Our assumptions allow distributions with heavy tails, for
which the original Kozachenko-Leonenko estimator without truncation may not be accurate. In
particular, we have shown that there exists a distribution under which the Kozachenko-Leonenko
estimator without truncation is not consistent. To solve this problem,we have analyzed a truncated
Kozachenko-Leonenko estimator. By optimally choosing the truncation threshold, we have
improved the convergence rate of bias in [83], and have extended the analysis to any fixed k£ and
arbitrary dimensions. Moreover, we have derived a minimax lower bound of the convergence rate
of all entropy estimators, which shows that truncated Kozachenko-Leonenko estimator is nearly
minimax optimal. Building on the analysis of Kozachenko-Leonenko estimator, we have then
provided a bound for KSG estimator. Our analysis has no restrictions on the boundedness of the
support set. Finally, we have extended the analysis of Kozachenko-Leonenko and KSG estimator
to distributions with polynomially decreasing tails. We have also used numerical examples to show
that the practical performances of Kozachenko-Leonenko and KSG estimators are consistent with

our analysis in general.
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Chapter 3

Analysis of Kullback-Leibler Divergence

Estimator

3.1 Introduction

In this chapter, we analyze the convergence rate of the kNN KL divergence estimator, and show
that it is minimax rate optimal. This chapter is organized as follows. In Section 3.2, we provide
the problem statements. In Sections 3.3 and 3.4, we characterize the convergence rates of the bias
and variance of the kNN based KL divergence estimator respectively. In Section 3.5, we show
the minimax lower bound. We then provide numerical examples in Section 3.6, and concluding

remarks in Section 3.7.

3.2 Problem Statement

Consider two pdfs f, g : R — R where f(x) > 0 only if g(x) > 0. The KL divergence between

f and g is defined as

Diflle) = [ 160 1n%dx. G.1)
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f and g are unknown. However, we are given a set of samples {X;,..., Xy} drawn i.i.d from
pdf f, and another set of samples {Y,..., Y} drawn i.i.d from pdf g. The goal is to estimate
D(f]|g) based on these samples.

[89] proposed a kNN based estimator:

D(f|lg) = Zln—+ln

1 (3.2)
in which ¢; is the distance between X; and its k-th nearest neighbor in {X, ..., X; 1, X;41,..., XN},
while v; is the distance between X; and its k-th nearest neighbor in {Y1,...,Yy}, d is the
dimension. The distance between any two points u, v is defined as |ju — v||, in which ||-|| can
be an arbitrary norm. The basic idea of this estimator is using kNN method to estimate the density

ratio. An estimation of f at X; is

A k 1

)=y vmecay G

in which V'(S) is the volume of set S. (3.3) can be understood as follows. Apart from X;,
there are another N — 1 samples from Xy, ..., Xy, among which % points fall in V(B(X;,€;)).
Therefore, /(N — 1) is an estimate of P;(B(Xj,¢;)), in which Py is the probability mass with
respect to the distribution with pdf f. As the distribution is continuous, we have Py(B(X;,¢;)) ~

F(X)V(B(X;,¢)). We can then use (3.3) to estimate f(X;). Similarly, as there are M samples

Y1, ..., Y generated from g, we can obtain an estimate g by
k 1
1(Xi) = 5~ o 3.4
IK) = VB, ) G4
As
JX)] 1y (X
D(fllg) = Ex~ {ln ]z— In = (3.5
o) =Exer | iy | = 7 21 )
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by replacing f(X;), g(X;) with (3.3) and (3.4) respectively, we can get the expression of the KL
divergence estimator in (3.2).

[89] has proved that this estimator is consistent, but the convergence rate remains unknown. In
this paper, we analyze the convergence rates of the bias and variance of this estimator, and derive

the minimax lower bound.

3.3 Bias Analysis

In this section, we derive convergence rate of the bias of the estimator (3.2). We will consider two
different cases depending on whether the support is bounded or not, as they have different sources

of biases.

3.3.1 The Cases with Densities Bounded Away from Zero

We first discuss the case in which the distributions have bounded support and the densities are
bounded away from zero. The main source of bias of this case is boundary effects. Define Sy and
Sy as the support of pdf f and g, respectively, and define || V*f]|,, and ||[V?g]|,, as the operator

norm of the Hessian of f and g respectively. We make the following assumptions.

Assumption 3.1. Assume the following conditions:

(a) Sy C S;

(b) There exist constants Ly, Uy, Ly, U, such that Ly < f(x) < Uy for all x € Sy and
L, <g(x) <U,forallx € Sy;

(c) The Hausdorff measure of Sy and S, are bounded by H s and H,, respectively;

(d) The diameters of Sy and S, are bounded by R,i.e. sup |x2— x| < R;

(e) There exists a constant 0 < a < 1 such that for all :Ig2j$gand x € S, V(B(x,7)NSf) >
aV(B(x,r)),and forall x € S, V(B(x,7)NS,) > aV(B(x,r)), in which V' denotes the volume
of a set;

(f) There exists a constant Cy, such that [|[V*f]| , < Co, [[V?g][,, < Co.

op —
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Assumption (a) is necessary to ensure that the definition of KL divergence in (3.1) is valid. (b)
bounds both the lower and upper bound of the pdf value. (¢) restricts the surface area of the supports
of f and g. Since the kNN divergence estimator tends to cause significant bias at the region near to
the boundary, the estimation bias for distributions with irregular supports with large surface area
are usually large. (d) requires the boundedness of the support. The case with unbounded support
will be considered in Section 3.3.2. (e) ensures that the angles at the corners of the support sets
have a lower bound, so that there will not be significant bias at the corner region. (f) ensures the
smoothness of distribution in the support set. Note that (3.3) and (3.4) actually estimate the average
density f and g over the ball B(X;,¢;) and B(X;, ;). If the f and g are smooth, then the average
values will not deviate too much from the pdf value at the center of the balls, i.e. f(X;) and g(X;).

Based on the above assumptions, we have the following theorem regarding the bias of

estimator (3.2).

Theorem 3.1. Under Assumption 3.1, the convergence rate of the bias of kNN based KL

divergence estimator with fixed k is bounded by:

EID(ll9)] - D(fllg)| = © ((%)) . 36)

Proof. (Outline) Considering that

D(f|lg) = —h(f) - / £() In g(x)dx, 3.7)

in which h denotes the differential entropy, we decompose the KL divergence estimator to an
estimator of the differential entropy of f, as well as an estimator of the cross entropy between f

and g. We then bound the bias of these two estimators. In particular, we can write

E[D(f|l9)] — D(fllg) = =11 + I + I, (3.8)
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with

L = —(k) +¢(N) +1ncg + dE[lne] — h(f),
Iy = —Yk)+¢Y(M+1)+Incy
+dE[Inv] + E[ln g(X)],

Iy = InM — (M +1) —In(N — 1) + ¢(N), (3.9)

in which 1) is the digamma function, ¢ (u) = d(InI'(u))/du, with T" being the Gamma function.
Due to the property of Gamma distribution, we know that |In M — (M + 1)| < 1/M, and
|In(N — 1) — ¢(N)| < 1/N. Hence I3 decays sufficiently fast and can be negligible for large
sample sizes NV and M.

I; has the same form as the bias of Kozachenko-Leonenko entropy estimator [49], which has
been analyzed in many previous literatures [7, 10,34,76,99]. With some modifications, the proofs
related to the entropy estimator can also be used to bound /5, which is actually the bias of a
cross entropy estimator. However, as the assumptions are different from the assumptions made in
previous literatures, we need to derive (3.6) in a different way.

In our proof, for both the entropy estimator and the cross entropy estimator, we divide the
support into two parts, the central region and the boundary region. In the central region, B(x, €)
will be within Sy and B(x,v) will be within S, with high probability. Since f and g are smooth,
the expected estimate f and ¢ are very close to the truth, and thus will not cause significant bias.
The main bias comes from the boundary region, in which the density estimator f and g are no
longer accurate, as B(x, €) or B(x, ) exceeds the supports S; and S,. We bound the boundary
bias by letting the boundary region to shrink with a proper speed.

The detailed proof is shown in Appendix B.1. 0

For distributions under Assumption 3.1, the boundary bias dominates the bias due to the local
nonuniformity of the pdf. We would like to remark that this finding relies on the smoothness level

of the pdf f and g. If instead of assuming that f and g have bounded Hessian, we only require
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f and g to satisfy some weak smoothness conditions, for example, f and g may be Holder with
smoothness parameter less than 1, then the dominant cause of bias becomes the local nonuniformity
of pdf instead of the boundary.

Our convergence rate in (3.6) appears to be slower than [51] and [43]. [51] studies
nonparametric estimation of Renyi divergence Do (f||g) = (1/(a — 1))In ([ f*(x)g"™*(x)dx),
which becomes KL divergence when o — 1. [43] focus on another class of functionals, also with
KL divergence as a special case. However, in these works, the support sets are assumed to be

known, while in our work, we do not assume the knowledge of the support set.

3.3.2 The Case with Density Approaching Zero

We now consider the second case where the density is smooth everywhere and the density can be
arbitrarily close to zero. For this case, the main source of bias is tail effects. Note that in this case,
the support can be either bounded or unbounded. For example, f(z) ~ 1 + cos(x) in [—m, 7] is
an example of distribution with bounded support, while Gaussian distribution is an example with

unbounded support. We make the following assumptions:

Assumption 3.2. Assume the following conditions:

(a) If f(x) > 0, then g(x) > 0;

(b) P(f(X) < t) < ut” and P(g(X) < t) < ut” for some constants p and v € (0, 1], in which
X follows a distribution with pdf f;

IV fl,, < Co, IV?gll,, < Co for some constant Cy, in which |-, is the operator norm;

(d) E[|IX]]’] < K, and E[||Y||’] < K for some constants s > 0, K > 0.

Assumption (a) ensures that the definition of KL divergence in (3.1) is valid. (b) is the tail
assumption. A lower < indicates a stronger tail, and thus the convergence of bias of the KL
divergence estimator will be slower. For example, for any distributions with bounded support,
~ > 1. For Gaussian distribution with dimensionality d < 2, v = 1. For high dimensional

Gaussian distributions, 7 can be arbitrarily close to 1. For ¢, distribution, v = n/(n + 1). For
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Cauchy distribution, v = 1/2. If f and g have different tail strength, i.e. P(f(X) < ¢) < ut?f and
P(g(X) < t) < ut", then the convergence rate depends on the smaller «y value. For example, if
vr > 7, then f must also satisfy Assumption 2(b) with ~,, for another constant ;. Therefore we
can just use 7 = 7, in (b). (c) is the smoothness assumption. (d) is an additional tail assumption,
which is actually very weak and holds for almost all of the common distributions, since s can be
arbitrarily small. However, this assumption is important since it prevents very large € and v. Based

on the above assumptions, we have the following theorem regarding the bias of estimator (3.2).

Theorem 3.2. Under Assumption 3.2, the convergence rate of the bias of kNN based KL

divergence estimator with fixed k is bounded by:

\E[Dwg)} ~ D(fll9)
( min{M, N})~# In min{ M, N}) . (3.10)

Proof. (Outline) Similar to the proof of Theorem 3.1, we still decompose the KL divergence
estimator to two estimators that estimate the entropy of f and the cross entropy between f and
g, separately. In particular, we can still decompose the bias using (3.8). For simplicity, we only
provide the convergence bound of 5, which is the error of the cross entropy estimator. The bound
of the entropy estimator holds similarly.

For the cross entropy estimator, we divide the support into two parts, including a central region
Sy, in which f or g is relatively high, and a tail region S,, in which f or g is relatively low.
According to the results of order statistics [10, 23], E[ln P,(B(x,v))] = ¥ (k) — (M + 1), in

which P,(.S) is the probability mass of .S with respect to the distribution with pdf ¢. Therefore, I,

can be bounded by
il = [ n BB
< S fe[u BB 5] aa

i=1
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We bound two terms in (3.11) separately. To derive the bound of bias in S;, we find a high
probability upper bound of v;, denoted as p. The bound of bias can be obtained by bounding the
local non-uniformity of g in B(v;, p) if v; < p. On the contrary, if v; > p, we use assumption (d)
to ensure that v; will not be too large, and thus will not cause significant estimation error. We let p
to decay with M at a proper speed, to maximize the overall convergence rate of the bias.

To bound the bias in S5, we let the threshold between S; and S5 to decay with sample size M,
so that the probability mass of .S, also decreases with M. We then combine the bound of S; and
Ss, and adjust the rate of the decay of the threshold between S; and .S, properly.

The detailed proof can be found in Appendix B.2. 0

The convergence rate for distributions with densities approaching zero in (3.10) appears to be
slower than that in [6], which analyzes a class of two sample functionals including KL divergence.
However, [6] requires the derivatives of the pdf to decay simultaneously with the pdf itself, while
our assumption only have a uniform bound on the Hessian. As a result, the estimation bias at the

tail can be larger under our assumptions.

3.4 Variance Analysis

We now discuss the variance of this divergence estimator. Define

fx,r) = Pp(B(x,7))/V(B(x,7)) (3.12)

as the average pdf f over B(x, ). g is similarly defined. Then we make the following assumptions.

Assumption 3.3. Assume that the following conditions hold:

(a) f and g are continuous almost everywhere;
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(b) drg > 0, such that

dx < o0; (3.13)

/f( (1£1ffxr>
/f(x (supfxr> dx < 00; (3.14)

r<ro

<1nfg X, T) dX < o0 (3.15)
r<ro

/f (supg X 7“)) dx < oo; (3.16)

r<ro

©) E[||X]||°] < K and E[||Y||°] < K for two finite constants s, K > 0;

(d) There exist two constants C' and Uy, such that for all x, f(x) < Cg(x) and g(x) < Uj.

Assumption 3.3 (a)-(c) are satisfied if either Assumption 3.1 or Assumption 3.2 is satisfied. (a)
only requires that the pdf is continuous almost everywhere, and thus holds not only for distributions
that are smooth everywhere, but also for distributions that have boundaries. (b) is obviously
satisfied under Assumption 3.1, since it requires that the densities are both upper and lower
bounded. From Assumption 3.2, it is also straightforward to show that [ f(x)In* f(x)dx < oo
and [ f(x )In® g(x) < oo. This property combining with the smoothness condition (Assumption
3.2 (c)) imply that (3.16) holds for sufficiently small 7. (c) is the same as Assumption 3.2 (d) and
weaker than Assumption 3.1 (d). Therefore, (a)-(c) are weaker than both previous assumptions on
the analysis of bias. (d) is a new assumption which restricts the density ratio. This is important
since if the density ratio can be too large, which means that there exists a region on which there
are too many samples from {X;, ..., Xy}, but much fewer samples from {Y,..., Y}, then
will be large and unstable for too many ¢ € {1,..., N}. Therefore we use assumption (d) to bound
the density ratio.

Under these assumptions, the variance of the divergence estimator can be bounded using the

following theorem.

Theorem 3.3. Under Assumption 3.3, the convergence rate of the variance of estimator (3.2) with
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fixed k can be bounded by:

1 1

Var[D(f||g)] = O ((M + N) In*(M + N)) . (3.17)

Proof. (Outline) From (3.2), we have

Var[D(f]|g)]
d & d &
= Var N;lnw—ﬁglnei]
d & d &
< 2Var N;IHQ‘ 4+ 2 Var N;lnl/i]. (3.18)

Our proof uses some techniques from [10], which proved the O(1/N) convergence of variance
of Kozachenko-Leonenko entropy estimator with £ = 1 for one dimensional distributions, and
[99], which generalizes the result to arbitrary fixed dimension and k, without restrictions on the
boundedness of the support. The basic idea is that if one sample is replaced by another i.i.d sample,
then it can be shown that the £-NN distance will change only for a tiny fraction of the samples.

The first term in (3.18) is just the variance of Kozachenko-Leonenko entropy estimator.
Therefore we can use similar proof procedure as was already used in the proof of Theorem 2
in [99]. [99] analyzed a truncated Kozachenko-Leonenko entropy estimator, which means that ¢; is
truncated by an upper bound ay. We prove the same convergence bound for the estimator without
truncation.

For the second term in (3.18), the analysis becomes much harder, since the kNN distance may
change for much more samples from {X;,..., Xy}, instead of only a tiny fraction of samples.
For this term, we design a new method to obtain the high probability bound of the deviation
of (d/N) Zfil In v; from its mean. The basic idea of our new methods can be briefly stated as
following: Define two sets S; and S}, in which .S is a subset of R? such that for any x € S1, Y, is

among the £ nearest neighbors of x in { Y1, ..., Y, }. Similarly, define S to be a set such that for
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all x € 57, Y is among the k nearest neighbors of x. If we replace Y; with Y, the KNN distance
of X;,i =1,..., N will only change if X; € S; or X; € S]. With this observation, we give a high
probability bound of the number of samples from {Xj, ..., Xy} that are in S; and S} respectively,
and then bound the maximum difference of the estimated result caused by replacing Y; with Y7.
Based on this bound, we can then bound the second term in (3.18) using Efron-Stein inequality.

The detailed proof can be found in Appendix B.3. U

Remark 3.4. Assumption 3.3 (d) does not hold for certain scenarios. For example, for two
Gaussian distributions with same variances but different means, the density ratio f/g is not
bounded. In the following, we slightly weaken this assumption:

(d’) For all § > 0, there exists a constant Cs that depends on 9, such that

sup Py(S) < Cst' ™, (3.19)
SiPy(S)<t

in which P;(S) = [ f(x)dx and P,(S) = [, g(x)dx are the probability masses of S under f and
g respectively. If Assumption 3.3 holds, except that Assumption 3.3 (d) is replaced by (d’), then

for arbitrarily small ¢,

1-06
Var[D(f||g)] = O <<% + %) ) . (3.20)

This result indicates that if f/g is not bounded, but the region such that f/g is large has a small
probability mass, then the convergence rate becomes slightly slower, but the effect is smaller than
any polynomial factor. The proof of this argument is shown in Appendix B.4. In Appendix B.4,
we also show that (d’) is satisfied for two Gaussian distributions with same variances and different

means.

In the analysis above, we have derived the convergence rate of bias and variance. With these

results, we can then bound the mean square error of kNN based KL divergence estimator. For
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distributions that satisfy Assumptions 3.1 and 3.3, the mean square error can be bounded by

E[(D(fllg) = D(f119))*]

- O(M-%1n3M+N—%1n%N
(2 DYt m (3.21)
M N n . .

For distributions that satisfy Assumptions 3.2 and 3.3, the corresponding bound is

E[(D(fllg) — D(£9))’]
O —i= 2 M + N~#2 In2 N

+ < ) (M + N)) (3.22)

3.5 Minimax Analysis

In this section, we derive the minimax lower bound of the mean square error of KL divergence
estimation, which holds for all methods (not necessarily kNN based) that do not have the
knowledge of the distributions f and g. The minimax analysis also considers two cases, i.e. the
distributions whose densities are bounded away from zero, and those who has approaching zero
densities.

For the first case, the following theorem holds.

Theorem 3.5. Define S, as set of pairs ( f, ¢g) that satisfies Assumptions 3.1 and 3.3, and

Ry(N, M) := =inf sup E[(D(N, M) — D(f9))?], (3.23)

in which ﬁ(N , M) is the estimation of KL divergence using N, M samples drawn respectively

from the distributions whose densities are f and g. Then for sufficiently large Uy, U, and
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sufficiently small L and L,, we have

Ro(N, M)

(% + N d 1+lnlnl\7) ln_QNlni(Qig)(h’l N)

(3.24)

Proof. (Outline) The minimax lower bound of functional estimation can be bounded using Le
Cam’s method [82]. For the proof of Theorem 3.5, we use some techniques from [90], which
derived the minimax bound of entropy estimation for discrete distributions. The main idea is to
construct a subset of distributions that satisfy Assumptions 3.1 and 3.3, and then conduct Poisson
sampling. These operations can help us calculate the distance between two distributions in a more
convenient way, which is important for using Le Cam’s method. Details of the proof can be found

in Appendix B.5. U

In Theorem 3.5, ‘sufficiently large’ means that a quantity is larger than a universal constant or
a constant depending only on dimension d, and ‘sufficiently small’ is just the opposite.

(3.24) can be simplified as
1
Ro(N, M) = Q (N + % + N-(E+0) M—<3+5)) , (3.25)

for arbitrarily small § > 0.

Our minimax lower bound (3.24) is slower than that in [42], which holds for a class of
functionals including the KL divergence. The reason is that the support Sy and S, of pdfs f and
g are fixed in [42], while in our Theorem 3.5, S, contains distributions with a broad range of
different support sets, as long as these support sets are restricted by Assumption 3.1 (c) and (d),
which only require that the surface area of these supports are bounded by H; and H,, and the

diameters are bounded by 1. As a result, the minimax convergence rate becomes slower. In other
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words, [42] and our work provide the theoretical limit of KL divergence estimation with known
and unknown support, respectively. If the supports are known, then there is some gap between the
upper bound in Theorem 3.1 and the lower bound in Theorem 3.5, indicating that the convergence
rate can be improved by some boundary correction methods. One example of such improvement is
mirror reflection method in [57]. On the contrary, if the support is unknown, then our result shows
that the kNN method with no boundary correction is already nearly optimal, and it is impossible
to design a boundary correction method to achieve a better convergence rate, up to a factor that is
asymptotically smaller than any polynomial of sample sizes.

For the second case, the corresponding result is shown in Theorem 3.6.

Theorem 3.6. Define S, as set of pairs (f, g) that satisfies Assumptions 3.2 and 3.3, and

Ry(N, M) :=inf sup E[(D(N, M) — D(f||g))%, (3.26)
D (f,9)€S

then for sufficiently large p, Cy, K,

1 ) ar
Ry(N, M) =Q (M + M aE(In M) e

1 o —4y
7+ N (I N)—W> . (3.27)

Proof. (Outline) The minimax convergence rate of differential entropy estimation under similar
assumptions was derived in [99]. We can extend the analysis to the minimax convergence rate of
cross entropy estimation between f and g. Combine the bound for entropy and cross entropy, we
can then obtain the minimax lower bound of the mean square error of KL divergence estimation.

The detailed proof is shown in Appendix B.6. 0

In Theorem 3.6, ‘sufficiently large’ and ‘sufficiently small’ have the same meaning as in
Theorem 3.5.
Comparing (3.25) with (3.21), as well as (3.27) with (3.22), we observe that the convergence

rate of the upper bound of mean square error of KNN based KL divergence estimator nearly matches
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the minimax lower bound for both cases. These results indicate that the kNN method with fixed &
is nearly minimax rate optimal. If we use a growing k, the constant factor may improve and the

logarithm factor may be removed.

3.6 Numerical Examples

In this section, we provide numerical experiments to illustrate the theoretical results in this paper.
In the simulation, we plot the curve of the estimated bias and variance over sample sizes. For
illustration simplicity, we assume that the sample sizes for two distributions are equal, i.e. M = N.
For each sample size, the bias and variance are estimated by repeating the simulation 7’ times, and
then calculate the sample mean and the sample variance of all these trials. For low dimensional
distributions, the bias is relatively small, therefore it is necessary to conduct more trials comparing
with high dimensional distributions. In the following experiments, we repeat 7' = 100, 000 times
if d = 1, and 10, 000 times if d > 1. In all of the figures, we use log-log plots with base 10. In all
of the trials, we fix k£ = 3.

Figure 3.1 shows the convergence rate of kNN based KL divergence estimator for two uniform
distributions with different support. This case is an example that satisfies Assumption 3.1. In Figure
3.2, f and g are two Gaussian distributions with different mean but equal variance. In Figure 3.3,
f and g are two Gaussian distributions with the same mean but different variance. These two cases
are examples that satisfy Assumption 3.2.

For all of these distributions above, we compare the empirical convergence rates of the bias
and variance with the theoretical prediction. The empirical convergence rates are calculated by
finding the negative slope of the curves in these figures by linear regression, while the theoretical
ones come from Theorems 3.1, 3.2 and 3.3 respectively. The results are shown in Table 3.1. For
the convenience of expression, we say that the theoretical convergence rate of bias or variance is
B3, if it decays with either O(N ~#) or O(N~#*9) for arbitrarily small § > 0, given the condition

M = N.
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Figure 3.1: Convergence of bias and variance of kNN based KL divergence estimator for two
uniform distributions with different support sets. f = 11in [0.5, 1.5]¢, and g = 2% in [0, 2]%.
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Figure 3.2: Convergence of bias and variance of kNN based KL divergence estimator for two
Gaussian distributions with different means. f is the pdf of N'(0,1;), and g is the pdf of N'(1,1,),
in which I; denotes d dimensional identity matrix, and 1 = (1,...,1).

In Table 3.1, we observe that for the distribution used in Figure 3.1, the empirical convergence
rates of both bias and variance agree well with the theoretical prediction, in which the theoretical
bound of bias comes from Theorem 3.1, while the variance comes from Theorem 3.3.

For the distribution in Figure 3.2, Assumption 3.3 no longer holds since f/g can reach infinity.
However, this case satisfies assumption (d’) in (3.19). For this case, the theoretical and empirical
result also match well, in which the bias and variance come from Theorem 3.2 and (3.20),

respectively. Note that for Gaussian distributions with different mean, it can be shown that for
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Figure 3.3: Convergence of bias and variance of kNN based KL divergence estimator for two
Gaussian distributions with different variances. f is the pdf of A/(0,1;), and g is the pdf of
N(0,21,).

Table 3.1: Theoretical and empirical convergence rate of kKNN KL divergence estimator

Bias, Empirical/Theoretical Variance, Empirical/Theoretical

d=1 d=2 d=3 d=1 d=2 d=3
Fig.3.1 | 1.01/1.00 | 0.51/0.50 | 0.34/0.33 | 1.00/1.00 | 0.98/1.00 | 0.96/1.00
Fig.3.2 | 0.72/0.67 | 0.61/0.50 | 0.44/0.40 | 0.99/1.00 | 0.99/1.00 | 0.97/1.00
Fig.3.3 | 0.90/0.67 | 0.68/0.50 | 0.45/0.40 | 0.99/1.00 | 1.00/1.00 | 0.99/1.00

any v < 1, there exists a constant x, such that Assumption 3.2 (b) holds. Therefore, according to
Theorem 3.2, the convergence rate of bias is O(N _d%f“‘s) for arbitrarily small 6 > 0, hence the
theoretical rate in the second line of Table 3.1 is 0.67, 0.50 and 0.40, respectively.

For the distribution in Figure 3.3, the empirical and theoretical convergence rate of the variance
matches well, while the empirical rate of bias is faster than the theoretical prediction. Note that
the bound we have derived holds universally for all distributions that satisfy the assumptions.
For certain specific distribution, the convergence rate can probably be faster. In particular, there
is an uniform bound on the Hessian of f and ¢ in Assumption 3.2 (c). However, for Gaussian
distributions, the Hessian is lower where the pdf value is small. Therefore, the local non-uniformity

is not as serious as the worst case that satisfies the assumptions.
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3.7 Conclusion

In this chapter, we have analyzed the convergence rates of the bias and variance of the kNN
based KL divergence estimator proposed in [89]. For the bias, we have discussed two types of
distributions depending on the main causes of the bias. In the first case, the distribution has bounded
support, and the pdf is bounded away from zero. In the second case, the distribution is smooth
everywhere and the pdf can approach zero arbitrarily close. For the variance, we have derived the
convergence rate under a more general assumption. Furthermore, we have derived the minimax
lower bound of KL divergence estimation. The bound holds for all possible estimators. We have
shown that for both types of distributions, the kNN based KL divergence estimator is nearly
minimax rate optimal. We have also used numerical experiments to illustrate that the practical

performances of kNN based KL divergence estimator are consistent with our theoretical analysis.
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Chapter 4

KNN Supervised Learning

4.1 Introduction

In this chapter, we focus on both classification and regression problems with neither precise
knowledge of the feature distribution nor any unlabeled data. We propose an adaptive KNN method
that works for both classification and regression problems. We prove that the proposed adaptive
kNN method is minimax rate optimal for a wide range of distributions for both classification and
regression. Furthermore, we show that the optimal choice of a key parameter depends only on the
dimension of the feature. Hence, the proposed adaptive KNN method does not involve too much
parameter tuning.

The remainder of this chapter is organized as follows. In Section 4.2, we present the precise
statement of the classification and regression problem and our proposed adaptive kNN method. The
theoretical analyses for classification and regression problems are presented in Section 4.3 and 4.4,
respectively. In Section 4.5, we conduct numerical experiments to compare the performance of our
new proposed adaptive kNN with that of the standard one, for both classification and regression

problems. Finally, we offer concluding remarks in Section 4.6.
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4.2 Problem Formulation and Proposed Method

For classification problems, we let the feature vector X and target Y take values in R? and {—1, 1},
respectively. (X, Y") follows an unknown joint distribution. Denote f(x) as the pdf of X. We use

0-1 loss function

LY,Y) = L @.1)

With this loss function, the risk of a classifier Y = ¢(X) is

R(g) = E[L(Y,Y)] = P(g(X) £Y). (4.2)

Define function 7 as

n(x) = E[Y|X =x]

= PY =1X=x)-PY =-1|X=x). 4.3)
It can be shown that the Bayes optimal classification rule is given by [29]:
9" (x) = sign(n(x)), (4.4)

and the corresponding risk, called Bayes risk, is
1—n(X
R =P (X)#Y)=E {—’77( )q . 4.5)

2

From (4.2) and (4.5), it can be shown that the excess risk R — R* takes the following form:

R— R =E[1(9(X) # ¢"(X))[n(X)]], (4.6)
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in which 1(+) is the indicator function.
For regression problems, the target Y can take value in R. We assume that Y has the following

relationship with X:

Y = n(X) + ¢, (4.7)

in which 7 is the true underlying regression function and ¢ denotes the noise that satisfies E[¢|X =
x] = 0 for all x. We use /, loss to evaluate the regression accuracy: L(Y,Y) = (Y — Y)2. With

this loss function, the risk of regression function Y = ¢(X) is

R =E[(g(X) - Y)?]. (4.8)

Under /5 loss, the Bayes optimal regression rule is given by g*(x) = 7(x), and the corresponding

Bayes risk is R* = E[(n(X) — Y)?] = E[¢?]. Then the excess risk can be expressed as

R — R =E[(¢(X) - n(X))?]. (4.9)

In practice, for both classification and regression problems, f(x) and 7(x) are unknown.
Instead, the prediction rule is based on N i.i.d samples (X;,Y;), ¢ = 1,..., N, which are all
drawn from the joint distribution of X and Y. Since for any classification or regression method,
R > R* always holds, we evaluate their performance using the excess risk & — R*. In particular,

we characterize the convergence rate, i.e. the rate at which the excess risk goes to zero.

4.2.1 The standard kNN rules

The standard kNN classification rule has the following form:

9(x) = sign (9(x)) (4.10)
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in which

=

k
Hx) =Y v @.11)
=1

with Y being the target value corresponding to X and X being the i-th nearest neighbor of

x. The distance of X; and X is || X; — X

, in which ||-|| can be any norm. In the standard kNN
classification, k is the same for all samples.

The standard kNN regression rule is

g(x) == v, (4.12)

with Y defined similarly as the target value of the i-th nearest neighbor of x. Again, here k is the

same for all samples.

4.2.2 Proposed adaptive KNN method

Our proposed adaptive kNN classification and regression methods has the same form as (4.10) and
(4.12). However, instead of using the same k for all testing samples, we use a sample dependent k.
In particular, for a given query point x, let B(x, A) be a ball centered at x with a fixed radius A, in

which the norm used for this radius is the same as the norm for kNN distances. We select £ as:

k=|Kn| +1, (4.13)
in which 0 < ¢ < 1, and
N
n=>Y 1(X; € B(x,A)) (4.14)

is the number of training samples falling in B(x, A). K, A, q are three design parameters. In

Sections 4.3 and 4.4, we will show that for both classification and regression problems, the
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parameters /X and A do not impact the convergence rates of the excess risk, as long as K and
A are fixed with respect to sample size N. ¢ will impact the convergence rate. We will show that
the optimal ¢, under which the best convergence rate is achieved, is 2p/(d + 2p), in which p is a
parameter that describes the smoothness of 7, and will be defined in Section 4.3.

Our design is motivated by the observation that in the regions where f(x) is small, the KNN
distances are large, thus the values of the underlying regression function 7(x) can be quite different
at these k points. As a result, the inference of 7(x) from these k neighbors may not be accurate.
To solve this problem, we use smaller £ at the tail of distribution. [31] uses similar ideas, but the
method to choose k& in [31] needs the exact value of f(x). In particular, the scheme in [31] divides
the support of distribution into several regions based on the value of pdf. Each region corresponds
to a different choice of k, which is then used to predict the target value of a test point, if it falls on
this region. Nevertheless, in practice, f(x) is unknown. In our algorithm, we use (4.14) as a proxy
to measure f(x), and use (4.13) to adaptively set the value of k. It is easy to see from (4.13) and
(4.14) that n (and hence k) tends to be smaller in regions with smaller density, and vise versa. The
purpose of adding 1 to | Kn?| in (4.13) is to ensure that & is at least 1. Our method shares some
similarity with [17], which uses the result of kernel density estimate to determine k. However, [17]
requires a sufficiently large number of unlabeled data to ensure that the estimated density function
is sufficiently close to the real density function, so that the adaptive kNN algorithm converges as
fast as the case in which f(x) is known and the selection of k is based on the real f(x). On the
contrary, our method does not require unlabeled data, and we do not hope to have an accurate
estimation of the density. In fact, since the radius is fixed, the bias of density estimation using
(4.14) will not converge to zero as sample size N increases. Nevertheless, despite that the density
estimation is not consistent, we can still show that our classification and regression methods are

minimax rate optimal.
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4.3 Classification

In this section, we focus on classification problems. We begin with the analysis of the convergence
rate of the excess risk of the standard kNN classification. We then derive a minimax lower bound.
Finally, we characterize the convergence rate of our adaptive method and show that our new method
1S minimax optimal.

The analysis of the classification risk is based on the following assumptions:

Assumption 4.1. There exist finite constants C,, C,, C. and a > 0, > 0, p € (0, 2], such that:

(a) Forallt > 0,

P(0 < [n(X)] < 1) < Cat®; (4.15)

(b) Forall ¢t > 0,

P(f(X) <t) < Cyt’; (4.16)

(c) For an arbitrary » > 0 and any x in the support of f(x),

n(B(x,7)) —n(x)| < Cer?, 4.17)

in which (B(x,r)) := E[Y|X € B(x,r)];
(d) 4D > 0 such that

P(B(x,r)) = Caf X)V(B(x,7)) (4.18)

forall x and 0 < r < D, in which B(x,r) is a ball centered at x with radius r, V' (B(x,r)) is the

volume of B(x,r), and P(B(x,)) is the probability mass of B(x,r).

The assumptions here share some similarities with previous work [20, 31]. In particular,

Assumption 4.1 (a) is called margin assumption, which controls the size of the region near the
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Bayes decision boundary. This assumption is reasonable because misclassification is easier to
occur at the position where P(Y = 1|x) and P(Y = —1|x) are close. For example, if f(x|Y = 1)
and f(x|Y = —1) are pdfs of two Gaussian distributions with different mean or variance, then
Assumption 4.1 (a) holds with @ = 1. The same assumption was first proposed in [60], and used in
later works [20,29,31]. Assumption 4.1 (b) controls the tail of the distribution. If the distribution
of feature vector X has unbounded support, then the maximum [ such that Assumption 4.1 (b)
holds for constant Cj, is at most 1. On the contrary, if the support is bounded, then the maximum
g is at least 1. Furthermore, if the density is bounded away from zero, then Assumption 4.1
(b) holds for arbitrarily large 5. Assumption 4.1 (c) describes the smoothness of the regression
function 7(x). A traditional quantity that evaluates the smoothness of functions is the Holder
parameter. As discussed in [31] (Remark 2.1), for the standard kNN algorithm, it is not suitable to
assume that the smoothness index is greater than 1. However, we use (4.17) to replace the Holder
condition, so that it is possible to impose an assumption that allows up to second-order smoothness
of 1. Assumption 4.1 (d) is the minimum probability mass assumption, which was already used
in existing works [17,31]. This assumption is satisfied by many common distributions, such as
Gaussian, Uniform, exponential distributions.

The following proposition provides sufficient conditions for Assumption 4.1 (b) and (c).

Proposition 4.1. (A) If the 7-th moment of X is bounded, i.e., E[||X]||"] < oo, then for any
B < 7/(d+ T), there exists a constant Cj, such that Assumption 4.1 (b) holds.

(B) If Assumption 4.1 (d) holds, n(x) has bounded Hessian, i.e., there exists a constant C'y,
such that ||V?7(x)]|]op < Chr, in which ||-||,, denotes the operator norm, and there exists a constant

D’, such that

V()5 [V £ (w)

ueB(x,D’) f(x)

l, < Co, (4.19)

in which Cj is a constant, then Assumption 4.1 (c) holds with p = 2.

For the proof of Proposition 4.1 (A), please refer to Appendix F in [99]. The condition in
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Proposition 4.1 (A) shows that our tail assumption is weaker than assuming the boundedness
of moments of feature vector X. For Proposition 4.1 (B), the proof is shown in Appendix C.1.
Intuitively, Proposition 4.1 (B) means that the derivatives of 1 and f decay with f, so that the
average value of 7 in B(x,r) does not deviate too much from 7(x). Similar assumption was
already used in [7] and [17]. For example, if X follows Laplace distribution and 7 is sinusoidal,

then Assumption 4.1 (c) is satisfied.

4.3.1 Convergence rate of the standard kNN classifier

Now under Assumption 4.1, we provide a bound of the convergence rate of the standard kNN
classifiers, which select the same value of & for every x. In the following analysis, the kNN distance
is based on metric d(xi,X2) = ||Xx2 — x1]|, in which || - || is an arbitrary norm. The convergence
rate depends on the growth rate of £ over sample size N. In the following theorem, we show the

best convergence rate when such a growth rate is optimally selected.

Theorem 4.2. Under Assumption 4.1 (a)-(d), if k is optimally selected, then the convergence rate

of excess risk is

B(at+1l) _ pB(atl)

o <N7 mm{ 2B+a+t1’ Bd+p(at2B) ) if ﬁ 7é

R-R' = Blatl)

O(N"FHmN) ifp=t
(4.20)

The above rate is attained if

28
N i B <
k ~ - d 4.21)
Nz=w@ if > L

Moreover, this bound is almost tight. In particular, denote S as the set of all pairs (f,7n) such

that Assumption 4.1 (a)-(d) hold with sufficiently large C,, C}, C., then for the standard kNN
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classification,

i * —min{ Blatl) _ pBatl)
inf sup (R - R ) =0 (N 2B+tatl’ Bdtp(atad) ) . (4.22)
k (fmes

Proof. (Outline) For the proof of our upper bound, let § and A be two parameters to be determined,

we divide the support into four regions and analyze each region separately.

o S = {x|f(x) > N~° |n(x)| > 2A}. In this region, the pdf is larger than threshold N ~°,
and the underlying regression function at x is at least (2A)-far away from zero. For any test
point x in this region, the label prediction of the standard kNN classifier is different from
the prediction of Bayes classifier only if the estimated regression function 7j(x) has different
sign with the real regression function 7(x), which happens with a decreasing probability as
the sample size N increases. The excess risk can then be bounded by giving a bound of this

probability.

o S = {x|f(x) > N7 |n(x)| < 2A}. In this region, the pdf is larger than N~°, but the
underlying regression function is close to zero. Therefore, P(Y = 1|x) is close to P(Y =
—1|x), which indicates that the inherent randomness is large. Therefore, the risk of both
the kNN classifier and the Bayes optimal classifier are large in this region. The conditional

excess risk in Sy can be bounded by 2A.

e S5 = {x|Cok/N < f(x) < N~} for some constant Cy. In this region, the pdf is relatively
small, and the probability that 7j(x) and 7(x) have opposite sign becomes larger, thus the
technique for the analysis of S is no longer effective. However, f(x) > Cyk/N ensures that
with high probability, all of the £ nearest neighbors are not too far away from test point x.

We can then use the estimation error to bound the excess risk of classification in this region.

e Sy = {x|f(x) < Cok/N}.In this region, the pdf is too small and classification can be pretty
inaccurate. Hence, we bound the excess risk simply with the probability of a sample falling

in this region.
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For the proof of our lower bound, we construct three types of distributions. For each type,
we can find a lower bound of R — R*, in terms of k£ and V. The first type of distribution is just a
uniform distribution, and the first lower bound indicates the impact of variance. The second type of
distribution involves n cubes with relatively low density and one cube with relatively high density.
We adjust n and the density in these cubes, so that the estimation of 7(x) in the first n cubes with
low density is sufficiently inaccurate, therefore we can get another lower bound proportional to the
total probability mass of these n cubes. This bound indicates the effect of tail. The third type of
distribution also uses (n + 1) cubes, similar to the second type. However, the cube size becomes
adaptive, and thus can generate a new bound. These three bounds are then combined together. It
turns out that if & is larger, than the first bound becomes lower, but the second and third bound
becomes higher, and vice versa. We then find the infimum of the maximum of these three bounds
by adjusting k.

Detailed proofs of the upper and lower bounds are shown in Appendix C.2.1 and Appendix

C.2.2, respectively. O

Now we compare our result with that of the existing works. If the distribution has a density
that is bounded below by a positive constant, then our result nearly matches the previous results
[20,29,46]. In particular, for any arbitrarily large 3, there exists a constant (}, so that Assumption
4.1 (b) holds. This assumption corresponds to the strong density assumption in [5]. In this case, we

have
, _platD)
R—R =0 (N e ) , (4.23)

for arbitrarily small € > 0. (4.23) agrees with the result of [20,29,46]. For distributions with tails,
our convergence rate is faster than the result in Theorem 4.3 in [31]. Note that the assumptions in
[31] are the same as ours under p = 1 and 5 = 1. In this case, our convergence rate is O(N ~ T¥ats )s

which is an improvement over the previous result O(N ™~ Tiat3 In N ) in [31].

From this theorem, we observe that, to achieve the best convergence rate for the standard kNN,
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the selection of k£ depends on parameters o and (3, which may not be available in practice. On
the contrary, the proposed adaptive kNN method presented in Section 4.2.2 does not need this
information. Furthermore, we will show in Section 4.3.3 that the proposed method achieves a

better convergence rate.

4.3.2 Minimax convergence rate

We now derive the minimax convergence rate of all classifiers (including those classifiers that do
not use kNN distances) under Assumption 4.1. Denote S as the collection of (f,7) that satisfy
Assumption 4.1, g as the possible classifier. We have the following minimax convergence rate that

holds for all classifiers that do not have the knowledge of the underlying regression function 7(x).

Theorem 4.3. If
B(2a —d) < 20, 4.24)

then

; pB(at1)
inf sup (R — R*) = Q (N*mm{ﬁv Haa ) . (4.25)
9 (fmes

Proof. (Outline) A common approach to obtain the minimax bound is to find a subset of S, and
then convert the problem into a hypothesis testing problem using Assouad lemma [4]. We refer to
[4] and [82] for a detailed introduction of this type of method.

In our proof, we carefully select a subset S* C S. In particular, S* contains a number of pairs
(f,nv), in which v is a vector with each component taking binary values, such that the marginal
distributions of features are the same among &*, but the underlying regression functions are
different depending on v. Then the problem of finding the minimax lower bound of classification
can be converted into the problem of finding the minimum error probability of hypothesis testing.

Since $* C &, the minimax convergence rate among S* can also be used as a lower bound of the
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minimax rate among S. The detailed proof can be found in Appendix C.3. [l

We now discuss the additional condition (4.24) and the result (4.25). Note that if the distribution
has unbounded support, then as discussed above, the maximum £ such that there exists a constant
Cy, so that Assumption 4.1 (b) holds is no more than 1. As a result, regardless of the dimension
d and the margin parameter «, (4.24) always holds. Our result generalizes and improves some
previous results [5,31]. Under the strong density assumption, i.e., the support is bounded and the
density is bounded away from zero, our result on the minimax convergence rate is also consistent
with Theorem 3.5 in [5]. If 5 = 1, then our minimax convergence rate is consistent with Theorem
4.1 in [5], and faster than the result in Theorem 4.2 in [31], since Assumption 4.1 (c) requires

two-order smoothness of function 7.

4.3.3 Convergence rate of the proposed adaptive kNN classification

As we can observe from Theorem 4.2 and Theorem 4.3, there exists a gap between the convergence

rates of the standard kNN classifier and the minimax lower bound in (4.20) and (4.25), respectively.

B(at1)
In particular, if /3 is small, the convergence rate of the standard kNN classifier is O(N ™~ 2B+cﬁ1 )s

while the minimax rate is O(N~"). In this section, we show that this gap can be closed using
the new adaptive kNN method presented in Section 4.2.2. To obtain the convergence rate of this

adaptive kNN classifier, we need the following additional assumption.

Assumption 4.2. For any ¢ > 0,

f(X) g )
P (m <t ) < Oyt (4.26)

for some constant C}, in which ¢ is the design parameter of the adaptive kNN classifier used in

(4.13).

Intuitively, Assumption 4.2 is approximately the same as Assumption 4.1 (b). Use the

approximation P(B(x, A)) ~ f(x)cgA%, (4.26) can be roughly converted to P(f(X) < t) <
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CitP /(C4A%)P/(1=)  Since Cj, C4 and A are all constants, it has the same form as Assumption 4.1

(b). To be more precise, we propose some sufficient conditions to help verify Assumption 4.2.

Proposition 4.4. (1) If Assumption 4.1 (b) holds, i.e. P(0 < f(X) < t) < Cyt¥, and there exists a

constant C, such that for any x,
P(B(x, A)) < CLf(x)V(B(x, 4)), (“27)

then Assumption 4.2 holds for 5 and some constant Cj;
) If P(0 < f(X) < t) < Cyt™, and for any § > 0, there exists a constant C'(5, A) that

depends on ¢ and A, such that
P(B(x, A)) < C(5,A) f (%), (4.28)

then Assumption 4.2 holds for any § < [, and some constant C}.

Condition (4.27) is a complement of Assumption 4.1 (d). For many common distributions,
such as uniform, exponential and Cauchy distributions, (4.27) holds. Therefore, with (4.27) and
Assumption 4.1, Assumption 4.2 also holds. For some other distributions, such as Gaussian
distribution, (4.27) is not satisfied, which means that the ratio between the average pdf of B(x, A)
to the pdf at its center P(B(x, A))/ f(x)V (B(x, A)) can reach infinity. To incorporate this type of
distributions into our analysis, we propose a weakened condition (4.28).

The following theorem provides a bound of the convergence rate of the excess risk of the

proposed adaptive kNN classifier.

Theorem 4.5. Let

1L p
A=min< —q,=(1 — . 4.29
win {3050 - 0)} (429)
Under Assumption 4.1 and Assumption 4.2, the convergence rate of the excess risk of the adaptive
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kNN classifier is bounded by

AB(a+1)

O (N~ ISET) it g A

R—R = (4.30)

O(N~41n N) if 8=\

As a result, the optimal ¢ is ¢* = 2p/(d + 2p), and the corresponding optimal convergence rate is

— tin pﬂp a+2 B 1 —
Rop (Q(N {ﬁd+(+/3) }) if ﬁ%dﬁ;p
O(N~InN) if g=

_p_
d+2p-

Proof. (Outline) Similar to the proof of Theorem 4.2, we divide the support set into four regions
S, ..., 5, and derive bound for each region separately. S; and S5 are defined similar to S; and
S, for the standard kNN classifier. In S;, we obtain lower and upper bounds of %k, which hold
with high probability. Then we bound the probability that 7(x) has different sign with the real
regression function 7(x) using the derived upper and lowers bound of k. For S, we use similar
bounds derived in the analysis of the standard kNN classifier.

We further divide the tail region into S5 and ;. Here, S5 is selected to ensure that £ < n
with a high probability, hence the kNN distance will not exceed A. As discussed in Section 4.2,
the main reason for the performance improvement of our new adaptive classifier, as compared to
the standard one, is that we use adaptive k, so that the estimation of the underlying regression
function at the tail of the feature distribution becomes more accurate. More specifically, we can
obtain a better convergence rate in S3. It was shown in [60] that the excess classification error
probability can be bounded by the estimation error, hence we can find the bound of the estimation
error first, and then use this bound to obtain a bound for the excess classification error probability.
In S4, which denotes the region on which the pdf of feature is very small, we can no longer ensure
that £ < n with a high probability, hence the KNN distance can be larger than A. As a result, the
estimation of the regression function in this region can be quite inaccurate. In this case, we bound

the excess risk simply with the probability of a test sample falling in this region. The detailed proof
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is shown in the Appendix C.4. [l

The convergence rate of the adaptive kNN classifier proposed in [31] is almost the same as our
results under p = 1 and § = 1, except that we have removed the logarithm factor. However, the
adaptive kNN method in [31] requires the precise knowledge of the pdf of X, while our method
can achieve the minimax optimal rate without knowing the pdf. Moreover, our analysis also cover
other values of 3 and p.

Here we use Gaussian distribution as an example.

Example 4.6. Gaussian distributions do not satisfy (4.27). However, (4.28) is satisfied, and hence
Assumption 4.2 is satisfied for any § € (0,1). Based on this fact, we can bound the convergence
rate of the adaptive KNN classifier with k selected by (4.13). According to (4.30), if o = 1, n(x)

satisfies Assumption 4.1(c) with p = 2, then
R— R :0(N‘#”3+@+6),v0<5< 1e>0, 4.31)
which is equivalent to the following result:
R—R'=0 (N—ﬁe“) : (4.32)

for arbitrarily small € > 0.

4.4 Regression

In this section, we extend the study to kNN regression. Our analysis can be viewed as an answer
to question 1 in [79], which tries to extend the analysis of nonparametric regression to the case in
which the pdf is not bounded away from zero. For kNN regression, we replace Assumption 4.1 (a)

with the conditional variance assumption.
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Assumption 4.3. Assume that Assumption 4.1 (b), (c), (d) hold, and (a) is replaced by
VarlY|X = x| < C,, Vx. (4.33)

(4.33) means that the noise variance is bounded. We will analyze the convergence rate of kNN

nonparametric regression for the case where 7)(x) is bounded and unbounded separately.

4.4.1 Bounded 7(x)

We first analyze the convergence rate for the case where 7(x) is bounded. We specify this additional

assumption as following:
Assumption 4.4. There exists a constant M, such that for all x, |n(x)| < M.

Under this assumption, the following theorem gives a bound of the convergence rate of the

standard kNN regression when £ is optimally selected.

Theorem 4.7. Under Assumptions 4.3 and 4.4, the optimal growth rate of £ is

N#% if §>2
ki ~ , d (4.34)
N7 if B< 2

If k is selected according to (4.34), then the convergence rate of the standard kNN regression

method is
O(N;ﬁ%> if 5>
R— R* = O(N‘%ln]\f) if 0=
@<N7%) if 8 <

(4.35)

aly a2l sk

Moreover, the above convergence rate is almost tight. In particular, denote S as the set of all

pairs (f,n) such that Assumptions 4.3 and 4.4 hold with sufficiently large C,, C}, C.., M, then for
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the standard kNN regression method,

0 (N—d%p) if g>2
inf sup (R— R") =

(4.36)
£ (fmes a(NF) it B

Now we compare our result with that of existing results. If the feature distribution has bounded
support and the density is bounded away from zero, then our result is consistent with previous
results, including [9, 35, 79] and Section 3 of [29]. If the density is not bounded away from
zero, then the convergence rate depends on the tail parameter 5. For many common distributions,
we have 5 < 2p/d, hence the convergence rate of the mean square error of the standard kNN
regression is slow. The following theorem shows a minimax lower bound of nonparametric

regression.

Theorem 4.8. Denote S as the set of all (f,7) such that Assumption 4.3 is satisfied with f and 7,

then

inf sup (R— R*) =Q (N— min{di’%pﬁ}) . (4.37)
9 (fmes

If 5 > 2p/(d + 2p), then (4.37) is consistent with previous results in [79, 82], which focus on
the case with pdf bounded away from zero. This result indicates that if the tail of distribution is
not heavy enough, then it is possible that the convergence rate of regression is not affected. For
distributions with heavier tails, i.e. J is lower, then the regression problem becomes inherently
more difficult.

Similar to the standard kNN classification, for regression problems, from (4.35) and (4.37), we
observe that for many common feature distributions with tails, the standard kNN converges slower
than the minimax lower bound. For example, if the feature follows exponential distribution and
the regression function 7 has bounded Hessian, then we have § = 1 and p = 2. In this case, the
convergence rate is O (N ~'/2), while the minimax optimal rate is Q(N~%8). As is already discussed

in kNN classification problems, this gap can be intuitively explained by the fact that kNN distances
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are large at the tail region, and hence the estimate of 7(x) becomes less accurate.
We now show the convergence rate of our new adaptive kNN regression. Similar to the KNN

classification problem, our analysis for regression also requires Assumption 4.2.

Theorem 4.9. Define A as (4.29), i.e. A\ = min {q/2,p(1 — q)/d}, then with fixed K, A and g,
under Assumptions 4.2, 4.3, 4.4, the convergence rate of the adaptive kNN regression is bounded
by

O (N—min{B22})  if 2\
R—R*= ( ) b# . (4.38)

O(NInN) if g=2\

As aresult, the optimal ¢ is ¢* = 2p/(d + 2p), the corresponding A is p/(d + 2p). Thus except

the special case 5 = 2p/(d + 2p), the optimal convergence rate is

R—R' =0 <N’ min{ﬁ:di’;p}) , (4.39)

The above result shows that the convergence rate of our new method in (4.39) is an
improvement over the standard kNN regression method, for distributions with 5 < 2p/d. This
bound also matches the lower bound provided in Theorem 4.8, showing that our new method is
minimax rate optimal. For the previously discussed example, in which the feature distribution is
one dimensional exponential, and the regression function 7 has bounded Hessian, the convergence
rate is O (N ~*%), which matches the minimax lower bound and is an improvement over O (N ~1/2)
achieved by the standard kNN. This implies that the accuracy of our adaptive method can
significantly outperform that of the standard kNN regression, especially for distributions with

heavier tails.

4.4.2 Unbounded 7(x)

Now we generalize the above analysis to the case where 1(x) is not necessarily bounded. In this

case, for the test samples whose kNN distances among the training samples are large, the accuracy
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of estimation of 7(x) deteriorates more seriously, as large kNN distances occurring at the tail of the
distribution here can cause a more serious effect. In this case, we need to change some assumptions.
For example, the second order moment of the feature distribution must be bounded, otherwise there
is no universally consistent regression method. Then under the new assumption, we derive bounds
of the convergence rates of the standard kNN and our adaptive kNN method. The analysis shows
that our proposed adaptive method can still outperform the standard one.

We formulate all the assumptions required for the analysis of the cases with unbounded 7 as

follows.

Assumption 4.5. Suppose that (4.33) and Assumptions 4.1 (c), (d) hold. In addition,

(b>) E[||X]|?] < My for some constant My and [(1 + ||x||*)e=*®) f(x)dx < Cjb~" for all
b>0;

(e) For any x; and x, with ||x3 — x1|| > D, in which D is the constant in Assumption 4.1 (d),

there exists a constant L such that |n(xy) — n(x1)| < L||x2 — x|

Assumption 4.5 (b’) is a modification of Assumption 4.1 (b). We now compare these two
assumptions. It can be proved that if Assumption 4.5 (b’) holds for some (', then Assumption
4.1 (b) holds for 5 = ', but the converse is not true. For many distributions with heavy tails, the
maximum S’ such that Assumption 4.5 (b’) holds is smaller than the maximum [ that Assumption
4.1 (b) holds.

The following theorem shows that without the new tail Assumption 4.5 (b’), we can not find
a regressor that is uniformly consistent, which implies that the new tail Assumption 4.5 (b’) is

necessary.

Theorem 4.10. Under (4.33), Assumptions 4.1 (c), (d), and Assumption 4.5 (e), if Assumption 4.5

(b’) does not hold, then no regressor is uniformly consistent, i.e. there exists a 9 > 0, such that

limsup sup (R— R") >, (4.40)

N—oo (fm)es

in which S denotes the set of all (f,7) that satisfy the assumptions mentioned above.
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With Assumption 4.5, our bounds of the convergence rates of the standard kNN and the

adaptive kNN regression are shown in Theorem 4.11 and Theorem 4.12, respectively.
Theorem 4.11. Under Assumption 4.5, the optimal growth rate of k is
T if B>
Nd+rp g ﬁ > I

k ~ p (4.41)
N7 if g <2

If k is selected in this way, then the convergence rate of the standard kNN regression, without

requiring the boundedness 7(x), is bounded by:
o(N#) it g
O (N_ﬂ/ﬁﬂlnN) it p=2, (4.42)

O(N_fu> it § <2

R—R*

Theorem 4.12. Under Assumptions 4.2 and 4.5, the convergence rate of the adaptive kNN
regressor is bounded by:
O (N—min{8 221} if 5/ ?é 2\
R—R = ( ) ) (4.43)
O(N#InN) if p =2\
in which ) is defined in (4.29). The optimal ¢ is ¢* = 2p/(d+ 2p). The corresponding convergence
rate is
O (N—min{ﬂ/7%}> if 5/ 7é 2p

d+2p

R—R' =
O(N#IN) if g =22

T d+2p°

We observe that if the feature distribution has a bounded support, or is sub-Gaussian or
sub-exponential, then the convergence rate does not suffer seriously from the unbounded regression
function 7(x), since it can be shown that in this case, Assumption 4.5 (b’) holds with any

p' < 1, and we can just let 5’ to be sufficiently close to 1, and therefore (4.43) becomes
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R — R* = O(N-%/{4+2)) 'if we let ¢ = 2p/(d + 2p). This rate is the same as the convergence
rate we derived for the case with bounded 7(x). Such observation can be explained by the fact
that the training samples are not too far away from each other. For example, for sub-exponential
distributions, we have E {rr%ax 1X; — X ||] = O(In N), which implies that with Assumption 4.5
(e), the difference between the values of 7 at all samples can not exceed O(In V) on average. In
this case, the performance of both standard and adaptive kNN regression are similar to the case
with bounded 7, except that there may be an additional In NV factor. However, for distributions with
heavy tails, the maximum (3’ such that Assumption 4.5 (b’) holds is smaller than the maximum
B such that Assumption 4.1 (b) holds. Hence the convergence rate with unbounded regression
function can be substantially slower than the case with a bounded real regression function. This
phenomenon can be explained by the fact that the distances between samples can be large, which
can cause serious effect when we estimate 7 based on the nearest neighbors.

Finally, we would like to compare our result with [47,48]. In [47,48], it was assumed that the
distribution has finite moments, i.e. E[||X]|"™"] < oo with m > 2p. An adaptive kernel regression
method was proposed, and it was shown that this method is minimax optimal if m > 2p. From
Proposition 4.1 (A), if the m-th moment of X is bounded, then Assumption 4.1 (b) is satisfied for
all 3 < m/(d+m), therefore the condition m > 2p is stronger than the condition that Assumption
4.1 (b) is satisfied for some 8 > 2p/(d+ 2p). This condition is usually not satisfied for some heavy
tailed distributions. Our assumptions allow a broader range of distributions, in which 3 can be any
positive number, and the convergence rate of the adaptive kNN method is minimax optimal for

arbitrary S > 0 instead of only for large 5.

4.5 Numerical Examples

In this section, we provide numerical experiments to illustrate the analytical results derived in
this chapter. In these experiments, we compare the empirical performance of our adaptive kNN

classification and regression methods with that of the standard one.
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To make the comparison between the proposed adaptive kNN and the standard kNN as fair
as possible, we set the parameter in the following way. For the proposed adaptive kNN, we fix
A = 1 in all of the numerical experiments, and then find best K to minimize the empirical risk at
N = 500 by conducting a series of numerical simulations with different /. Similarly, at N = 500,
we also find best k£ for the standard kNN method. After K in the proposed method and £ in the
standard kNN are both optimally tuned, we compare the performance for different sample sizes.
For our new adaptive method, we use the same value of A and K as discussed above to determine %
in (4.13). For ¢ in (4.13), we use ¢ = 2p/(d+2p). In all of the cases, p = 2, thus ¢ = 4/(d+4). For
the standard kNN method, we let k£ grow with N, and the growth rate is specified in the Theorems
4.2,4.7 and 4.11.

We show the simulation results for classification and regression separately.

4.5.1 Classification

The results of simulations on one and two dimensional feature distributions are shown in Fig. 4.1
and 4.2, respectively.

In Fig. 4.1 (a)-(c), the underlying distributions are: (a) Laplace distribution; (b) ¢5 distribution;
and (c) to distribution, respectively. In these experiments, the underlying regression function is
n(x) = cos(bz). In (d), the feature distribution is one dimensional standard Laplace distribution,

and 7)(x) is periodic, with period 2. For 0 < z < 2,

2z if zel0,1)
n(@)=1q 20 —z) if zeli?) (4.44)
2x—2) if z€[3,2)

Fig. 4.2 shows the simulation results for two dimensional cases. In both (a) and (b), the
feature vector follows the standard Gaussian distribution. In (a), the regression function is
n(x) = cos(2z1 + 2x9). This is an example where 1 depends on two components of X. In (b),

n(x) = cos(2z;), which implies that there is only one useful feature among two features. With
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(d) 1d Laplace distribution. 7 is determined in (4.44).

(c) t9 (distribution, with regression function
n(x) = cos(bx).

Figure 4.1: Comparison of excess risk of the proposed adaptive kNN classifier and the standard
kNN classifier on one dimensional distributions. Blue line corresponds to the adaptive classifier.
Orange dashed line corresponds to the standard classifier.

these settings, we show the base-10 log-log plot of the classification error rate minus the Bayes
risk, with respect to the training sample size. The test sample size is fixed at N’ = 1000, and each
point in the curves is averaged over 1, 000 trials.

In addition, in Table 4.1, we list the comparison of the empirical convergence rates and the
theoretical convergence rates for both our adaptive kNN classifier and the standard one. The
empirical convergence rates are the negative slope of the curves in Figures 4.1 and 4.2, which
are calculated by linear regression. Theoretical rates are calculated from Theorems 4.2 and 4.5.

For presentation convenience, if the theoretical convergence rate is O(N*), we then list 4 in
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(b) 2d Laplace distribution, 7(x) = cos(2z1).

Figure 4.2: Numerical simulation for two dimensional distributions.

Table 4.1: Comparison of convergence rates of kNN classification

Distribution

Standard

Empirical/Theoretical

Adaptive

Empirical/Theoretical

Fig 4.1(a)
Fig 4.1(b)
Fig 4.1(c)
Fig 4.1(d)
Fig 4.2(a)
Fig 4.2(b)

0.51/0.50
0.50/0.45
0.43/0.40
0.49/0.50
0.48/0.50
0.48/0.50

0.80/0.57
0.79/0.54
0.62/0.50
0.77/0.57
0.58/0.50
0.61/0.50

Table 4.1. For all cases in the simulation, we have o« = 1. For Gaussian and Laplace distributions,

f = 1. For t5 and t, distributions, 5 = 5/6 and 0.5, respectively.

The results from Figures 4.1 and 4.2 show that the excess risk of both the standard kNN
and our adaptive kNN method converges to zero with a stable convergence rate. Our result also
indicates that the convergence rate of the standard kNN classifier is not optimal, due to the large
kNN distances at the regions with low density. For all these distributions, our adaptive classifier
significantly outperforms the standard one. If the sample size is large, then the advantage of our new
classifier is more obvious. This observation is consistent with our theoretical analysis. Moreover, as
discussed before, the convergence rate for the standard kNN method is obtained using the optimal

choice of k that depends on unknown parameters o and (3. In practice, such information is not
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available, thus the convergence rate is usually worse if we pick a suboptimal selection rule of &.
We also observe from Table 4.1 that for all these six cases, the empirical convergence rates of
the standard kNN classifiers are close to the theoretical rate indicated in Theorem 4.2. However,
the adaptive KNN method actually converges faster than the theoretical results from Theorem 4.5.
This phenomenon can be explained by the fact that all results derived in Section 4.3 are rates of

uniform convergence. For a specific distribution, the bound may not be tight.

4.5.2 Regression

Now we compare the empirical convergence rates of the adaptive and the standard kNN regression.

We first present results for one dimension case. In our numerical experiments, X follows
standard Laplace, ¢, and Cauchy distribution, respectively, corresponding to different tail strength.
For each distribution, we conduct simulations with n(z) = sin(x) and n(x) = = separately, in
which the former one is an example of bounded regression function, and the latter one is an
example of unbounded regression function. Similar to the simulation of kNN classification, we still
tune the parameter k£ and K optimally at N' = 500 first. Moreover, we fix ¢ = 2p/(d + 2p) = 0.8
and A = 0.5 for our adaptive method for all of these experiments.

Fig. 4.3 shows the log-log plot of the mean square estimation error against the training sample
size N, for some one dimensional distributions, in which each curve is averaged over 500 trials.
It can be shown that the expectation of mean square error is the excess risk R — R*. From Fig.
4.3, we observe that our new adaptive regression method significantly outperforms the standard
kNN method, especially for large sample sizes. For ¢, and Cauchy distributions, we only plot the
result with a bounded regression function. For the unbounded case, the curves are not plotted since
the estimated MSE error of both regression methods are unstable for these two distributions. This
phenomenon is reasonable, because for these two distributions, E[X?] is infinite, which violates
Assumption 4.5. As a result, R — R* is infinite.

Fig. 4.4 shows simulation results for distributions with higher dimensions. We focus on Laplace

distribution with d = 2 and d = 3. The parameter selection follows the same rule as the case with
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Figure 4.3: MSE of the proposed adaptive kNN regression method vs the standard kNN regression
with d = 1. Blue line corresponds to adaptive regression. Orange dashed line corresponds to the

standard kNN regression.
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d = 1, and the parameter ¢ of the adaptive method is selected according to ¢ = 2p/(d + 2p).

Moreover, we compare the empirical and theoretical convergence rates in Table 4.2. We use the

same methods to calculate these rates as are already used in Table 4.1.

The results in Fig. 4.3, Fig. 4.4 and Table 4.2 agree with our theoretical prediction. All of the

above results show that the adaptive kNN regression significantly outperforms the standard one,

and the empirical convergence rate agrees well with our theoretical prediction.
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Figure 4.4: MSE of the proposed adaptive kNN regression method vs the standard kNN
regression for higher dimensions. Blue line corresponds to adaptive regression. Orange dashed
line corresponds to the standard kNN regression.

Table 4.2: Comparison of convergence rates of KNN regression

Distribution Standard  Adaptive
Laplace, d = 1, bounded n  0.55/0.50 0.77/0.80
Laplace, d = 1, unbounded n 0.51/0.50 0.81/0.80
to, d = 1, bounded 7 0.42/0.40 0.65/0.66
Cauchy d = 1, bounded 7 0.34/0.33  0.50/0.50
Laplace d = 2, unbounded 0.48/0.50 0.66/0.67
Laplace, d = 3, unbounded  0.48/0.50 0.57/0.57

4.6 Conclusion

In this chapter, we have analyzed the convergence rate of the standard kNN classification and
regression, and derived a minimax lower bound for all nonparametric classification methods, under
some tail, smoothness and margin assumptions. Building on these analysis, which show that there
is a gap between the convergence rates of the standard kNN and the minimax bound, we have then
proposed an adaptive kNN method to close this gap, which can be used for both classification and
regression problems. In the proposed method, we select £ based on the number of training samples
in the fixed radius nearest neighbor of the test point. We have obtained an upper bound of the
excess risk of the proposed method that matches the minimax lower bound under some general

assumptions. For regression problems, we have extended our analysis to cases with unbounded
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regression function 7). Since the most important parameter of our adaptive kNN method, i.e., ¢,
can be selected without any knowledge of the underlying distribution, the parameter tuning of our
adaptive kNN method is simpler than the standard one. Moreover, numerical results illustrate that

our new method significantly outperforms the standard kNN method, especially for large training

datasets.
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Chapter 5

Conclusion and Extension

In this chapter, we summarize our contributions we have made in this dissertation, and propose
certain potential directions related to the application of kNN method in functional estimation and

machine learning.

5.1 Summary of the dissertation

kNN method can be used in many areas. This dissertation discusses the application of kNN method
in two main scenarios, i.e. functional estimation and machine learning.

Firstly, we have analyzed the performance of kNN method in the estimation of entropy and
mutual information. The results hold mainly for distributions whose densities can approach zero.
We provided minimax lower bounds, and the result shows that the gap between the convergence
rate of the kNN method and the minimax lower bound is only a log-polynomial factor, which
indicates that the kNN method is nearly optimal. Under our assumptions, we show that it is
necessary to make the Kozachenko-Leonenko entropy estimator to be truncated to ensure its
consistency.

Secondly, we have analyzed the kNN method used in the estimation of KL divergence. The
estimation of KL divergence between distributions with pdf f and g can be viewed as the estimation

of both the entropy of f and the cross entropy between f and g, in which the latter one is harder to
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analyze. We have bounded the convergence rate of the kNN estimator under two cases, including
the case in which the pdf is bounded away from zero, and the case in which the pdf can approach
zero. For both two cases, we have derived the corresponding minimax lower bound, and show that
the kNN KL divergence estimator is nearly minimax optimal.

Finally, we have designed and analyzed a new adaptive kNN method used in supervised
learning. For classification and regression problems, simple kNN method which uses the same
k for all samples may not be minimax optimal. We have proposed an adaptive KNN method, in
which different £ are used for different test samples. It turns out that our new method is minimax

optimal, and does not require the complete knowledge of underlying distribution.

5.2 Future Directions

The research in this dissertation can be extended in the following directions.

5.2.1 Estimation of Rényi entropy, mutual information and divergence.

Apart from Shannon entropy, Rényi entropy is another way to measure the randomness of a random
variable. For a random variable X, which follows a continuous distribution with pdf f, the Rényi

entropy is defined as

1
l—«

ha(X) = —1n / Fo(x)dx, 5.1)

in which @ > 0 is a fixed constant. Rényi mutual information and divergence are defined in
similar way as Shannon mutual information and divergence. Rényi entropy, mutual information
and divergence reduce to the Shannon counterparts at the limit « — 1. Despite that the estimation
of Shannon entropy, mutual information and divergence has been analyzed in many previous
literatures, the estimation of Rényi functionals are less discussed and requires further research.

An kNN estimator of Rényi entropy for continuous random variables was proposed in [55], and
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it was shown that this estimator is weakly consistent. [69] proposed a KNN method to estimate
the Rényi mutual information based on a copula transformation approach. There are also some
analysis on the estimation of Rényi divergence [51].

It would be interesting to design more efficient methods to estimate these Rényi functionals, as

well as a complete theoretical analysis.

5.2.2 kNN based Q learning

kNN method can also be extended to () learning algorithms for MDP (S, A, P, R,~) with
continuous state space S, in which the action space A can be both discrete and continuous.
While MDP problems with discrete state and action spaces have been widely studied(see [80]
and references therein), the continuous state space makes the problem more challenging. For
continuous state space, nearest neighbor based method is useful for approximating the state value
functions [75]. However, the method in [75] is not minimax optimal, and it is of interest to design
an improved nearest neighbor based () learning method.

Firstly, it is possible to design a new method based on nearest neighbor () learning such that
the convergence rate of the estimation of () learning is minimax optimal. As is shown in [75],
the minimax lower bound of sample complexity is €(1/e?*2), while the method in [75] achieves
@(1 /e?+3). Here, ¢ is the error bound on the learned () values. Therefore, there exists a gap between
the convergence rate and the minimax lower bound. We hope to close this gap by putting forward
a new method.

Secondly, it would be interesting to design a method that can achieve optimal sample
complexity in obtaining the optimal policy. In our first goal, we try to obtain the optimal
convergence rate of the () function estimation. Although getting an accurate () function will help
us to find the optimal policy, the optimal method for estimating () function is no longer optimal in
optimizing the policy. Intuitively, in order to get an optimal policy, one may only need to get an
accurate estimation of () function where the action is close to the optimal action. For actions that

are far away from the optimal action, we do not need to accurately estimate their () function values,
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since they are not competitive and can thus be ruled out with only a few number of queries. Hence,
there may exists a method that can directly get the optimal policy. Our main idea is to design a
method based on nearest neighbor () learning combined with UCB exploration. In [27,41], it has
been proved that () learning combined with UCB exploration is sample efficient for discrete space.
It is promising to extend such analysis to continuous space, and show that the nearest neighbor ()

learning method combined with UCB is sample efficient.
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Appendix A

Appendix of Chapter 2

A.1 Proof of Theorem 1: the bias of Kozachenko-Leonenko en-
tropy estimator

In this section, we analyze the bias of truncated Kozachenko-Leonenko estimator
2N

W(X) = =(k) + (N) +Incq, + ; In (i),

under Assumptions (a), (b) in Theorem 2.1, in which

p(i) = min{e(i), an}, (A.1)

and the truncation threshold is set to be ayy = AN 7, in which 8 < 1/d,. We hope to select a 3 to
optimize the convergence rate of bias.
We begin with deriving three lemmas based on Assumptions (a) and (b) in the theorem

statement.
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Lemma A.1. Under Assumption (a) in Theorem 2.1, there exists constant C'y, such that
|P(B(x,7)) = f(x)eq,r®| < Cyrdet?, (A2)

in which B(x,r) := {u| [Ju — x| < r}.

Proof.

’P(B(x, r)) — f(x)cq rd| =

T

[ ) - fedu). (*a3)
ueB(x,r)
Using Taylor expansion, we have

S 0 =

o (T30 ()7 ) (1)

/eB( )(u —x)"'V2f(£(u))(u — x)du

/ u— |2 du
u€eB>®(x,r)

dg+2
Cl’l“ * s

M

VAN

IN

for some constant ', in which B> (x, r) denotes the smallest L, ball (i.e. a cube) that contains
B(x,r). In the steps above, we enlarge the domain of integration from B(x, r) to B>(x, r) for the

convenience of calculation. O]

Assumption (b) controls the tail of distribution. We can show that the following lemma holds:

Lemma A.2. (1) Under Assumption (b) in Theorem 2.1, There exists ;¢ > 0 such that
P(f(X) < t) < pt, ¥t > 0; (A4)

(2) Under (A.4), for any integer m > 1, there exists a constant K, such that

K

/fm(x) exp(—bf(x))dx < b—:nn (A.5)
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Proof. Proof of (A.4):

} < eCt, (A.6)

in which the last inequality comes from Assumption (b) in Theorem 2.1. Hence (A.4) holds with
uw=-eC.

Proof of (A.5): Note that for all u > 0, u™ " < (2(m — 1)/e)™ 'e"/2, hence

/ ™ (x) exp(—bf(x))dx = E[f"}(X) exp(—bf (X))

_ bml_lE[(bf(x»mlexp<—bf<x>>]

(2<m - 1>)”“ [exp (gfoo) exp(-bf(XD]
)

1
E
e pm—1
5 2(m—1)\""" c
e pm’

IN

IN

Based on Lemma A.2, we can show another lemma. Define
V(t) =m({x[f(x) > t}), (A7)

in which m denotes Lebesgue measure. From (A.7), V (¢) is the volume of the region in which the

pdf is higher than ¢. Under Assumption (b) in Theorem 2.1, we have the following bound.

Lemma A.3. Under Assumption (b) in Theorem 2.1, for sufficiently small £,
1
V() <p (1 + In _t) , (A.8)
!

in which y is the constant in (A.4).

Proof. (Outline) Here we provide an intuitive explanation. As discussed in [83], roughly speaking,

assumption (b) requires the distribution to have an exponential tail. For exponential or Laplace

98



distribution, it is obvious that V' (f) = O(In(1/t)). Therefore it is reasonable to assume that this
bound holds generally for any distributions that satisfy assumption (b). The detailed proof is shown

in Appendix A.1.1. O

Now we analyze the convergence rate of Kozachenko-Leonenko estimator in (2.2).
E[i(X)] —h(X) = —(k)+$(N) +E [In (csp™)] = h(X)
—E[In P(B(X,¢€))] + E [In (cq,p™)] — H(X)
= —-EP(B(X,e)] +E [In(f(X)cq, p™)]

9 g [m ( PBX, ¢ >>) 1(X sg]

—~
S
=

P(B(X, p))
5 i (e ) 105<50] =2 [ (e ) 105 )
= I —IL—1I (A.9)

Here, (a) uses the fact that p(4)’s are identically distributed for all 4, thus

Eldy In p(2)], Vi.

Zlnp

From now on, we omit ¢ for convenience. In (b), we use the fact from order statistics [23] that

P(B(x,€)) ~ B(k, N — k), in which B denotes Beta distribution. Therefore

Elln P(B(x, €))|x] = (k) — ¢(N). (A.10)

(c) holds because h(X) = —E[In f(X)]. In (d), S; and S, are defined as:

S, = {xyf(x> /::CIAQN 7} (A.11)
dT

_ {x|f(X) <2 - v} (A12)
dy
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in which  is defined by

v =min{25,1 — fd,}, (A.13)
and
E+1

Roughly speaking, S; is the region where the f(x) is relatively large, while S, corresponds to

the tail region. Regarding the two regions S; and S,, we have the following lemma.

Lemma A.4. Under Assumptions (a) and (b) in Theorem 2.1, there exist constants C5 and Cj,

such that for N > k,

Ple>ay,X €S) < CyN~UFd) (A.15)
Ple>ay) < CyN-mnl-fdegim} (A.16)
Proof. Please see Appendix A.1.2. [

From (A.9), we know that the bias of Kozachenko-Leonenko estimator can be bounded by

giving an upper bound to 1, I; and I3 separately. Recall that p = min{e, ay }.
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Bound of [,

|1 E[(In P(B(X,¢€)) —In P(B(X,p)))1(X € )]

—
S
N

E[(In P(B(X,¢€)) —In P(B(X,p))) L(X € S1,e > ay)]

—~
=
=~

IN

E[—In P(X, p)1(X € Sy, € > ay)]

—
3}
~

E[-In P(X,an)1(X € Sy, ¢ > ay)]

INE

—In[(k+ )N~ OHPLIP(X € Sy e > ay)

—
™
~

O(N~0=Fd) 1y ).

Here (a) uses the definition of p in (A.1), which implies that p, € are different only when € > ay.

(b) uses P(B(X,¢€)) < 1. (c) uses the definition of p again, which says that p = ay if € > ay. (d)

uses the lower bound of P(B(x, ay)) derived in (A.31). (e) uses (A.15) in Lemma A 4.

Bound of I,

| 15|

—
S
N

IA

E

E

—
<
=

E

INS

2% |

Here, (a) uses Lemma A.1. (b) uses Lagrange mean value theorem, and 1 —

el
fmx{
1

[$(X) f(X)ca,

P(B(X
Tnegt ) 106 5)
In (f (X)c, p= + Cypet?
f(X)ca, pt
f(X)eq, p* — Cyp™*?
f[(X)ea, p

2
G x e Sl)]

f(X)ea,p™ = Crp™*?
f(X)ea, p

)

IR

)‘1(}( € Sl)]

)‘}1(X651)

1

Cip°

fX)ea, 1D

1(X € Sl)] =O (N mN).

Ci1p?
TX)er, =

{X) <1

(c) holds because from the definition of S; in (A.11) and the choice of v in (A.13), we have

C’po S

Jf(x)ca,

C’la?\, o 01A2N72ﬁ
f(x)ca, f(x)cq,

< (A.18)

1
27
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for x € S;. Hence, we have {(X) > 1/2.

Bound of /5

- o () s

= E[ln(P(B(X,))1(X € $5)] — E[ln(f(X))1(X € S5)] — Efln(cq, p%)1(X € Ss)].

(A.19)
The first term of (A.19) can be bounded using (A.10).
E[ln(P(B(X,€))1(X € S3)] = E[n(P(B(X,¢)))|X € S3]P(X € )
= (k) = (N))P(X € 5)
= —O(NInN), (A.20)

in which the second step holds because according to (A.10), E[ln P(B(x, €))|x] = (k) — ¥(N)
for any x.
For the second term of (A.19), we define a random variable ' = f(X), with cdf F7, and a

constant Ty = %AQN ~7. According to (A.4), Frr(t) = P (f(X) <t) < ut, therefore

To
fr(t) Intdr
0

To 1
In 7 Bp() [0 — / FT(t)gdt‘
0
< WTo(|nTy| +1) = O(N"a N). (A21)

E[ln f(X)1(X € S9)]| = |[EInTUT < Tp)]| =

For the third term of (A.19), recall that p = ay if € > ay, then

E[ln(cq, p%)1(X € Sy,¢ > an)] = In(cg,a%)P(X € Sy, € > ay)

= —oN It iy N, (A.22)
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On the other hand, if € < ay, then for x € 95,

P(B(x, p)) f(x)ea,p™ + Crp™t?

IA

IA

)\ClAQN_Wpdw + Clpd”+2

IN

()\C’lAAQJ\/v_7 + C1&?V)pdm

IN

(A + 1)CLAZN Y pie

Therefore

E[ln(p™)1(X € Sy, ¢ < ay)]
> E[ln P(B(X, p))1(X € Sy, ¢ < ay)] — E[ln((A + 1)C1A2N")1(X € Sy)]
= E[ln P(B(X,e)1(X € Sy, e < ay)] — In((A+ 1)CLA2N)P(X € Sy)
> E[lnP(B(X,e)1(X € S3)] — In((A+ 1)C1A2N ) P(X € S,)

= —O(N7"InN)—-O(N7InN). (A.23)

Combine (A.22) and (A.23), and note that for sufficiently large N, In(cy, p%)1(x € Sy) <

In(cyg,a%) < 0 because ay = AN~ < 1, we have

0 < —E[ln(cq,p™)1(X € S)] = O(N""InN). (A.24)

Plug (A.24), (A.20) and (A.21) into (A.19), we have

I3 = O(N""In N). (A.25)

The bound of bias of Kozachenko-Leonenko entropy estimator can be obtained by combining /5,

I,, and I3. Recall that y is defined as v = min{2/3, 1 — 3d, }. We can then adjust 3 to optimize the
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convergence rate:

EA(X) = h(X)]| < |L|+ L]+ |L]

= O(N U N) + O(N"InN) + O (N~ 2817503 1 N |
Select 5 = 1/(d, + 2), then the overall convergence rate of Kozachenko-Leonenko estimator is:

IE[h(X) — h(X)]| < O (N—dfﬁ In N) . (A.26)

A.1.1 Proof of Lemma A.3

In this section, we prove Lemma A.3 under tail assumption (a) in Theorem 2.1. Define a random
variable 7" = f(X), with cdf Fr. From Lemma A.2, Frp(t) < ut for all t > 0. Define another

random variable U = Fip(T'). Recall the definition of function V. For any § > 0,

Fr(t+0)— Fr(t) = Pt < f(X)<t+9)

- / F(x)dx € [1(V(£) = V(E +8)). (t+ §)(V(E) - Vit + )]
t< f(X)<t+0
The above equation can be converted to differential form by letting & — 0:
—tdV (t) = dFrp(t). (A.27)
Moreover, V (c0) = 0. Therefore
>1

vin = [ zare = [

t

1
() qr(u)

du, (A.28)
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in which g7 is the quantile function of T', so that g7 (F;(t)) = t. Fr(t) < ut implies ¢r(u) > u/p.

Therefore

ﬁtl G Lt = Fr(t))
dug/ . _du=-(ut— Fp(t) <p,
Fr(t) qr(u) pr() 9r(Fr(t)) t

and

1 1
/ 1 du < / ﬁdu = pln i
it qr(u) pt U pt

Combine (A.29) and (A.30), the proof is complete.

A.1.2 Proof of Lemma A.4

The proof is based on Lemma A.2, as well as Assumption (a) in Theorem 2.1.

Proof of (A.15). Recall that v = min{2p, 1 — 8d,}. For x € 5,

P(Blx.an)) > f()es,afs — Cray* 2 L flx)e,ay.

Moreover,

1 b ACy

k+1
§f(x>cdz@1v i

©
T APN Tegal > (k4 1)N-OHBde) >
QCd

T

N

(A.29)

(A.30)

(A.31)

(A.32)

In equations above, (a) comes from (A.18), (b) comes from the definition of S} in (A.11), (c) comes

from (A.14).

Given the condition that one of N samples (sample 7) falls at x, the number of points that

falls in the ball B(x,ay) from the other (N — 1) sample points follows binomial distribution

Binomial(N — 1, P(B(x, ay))). Denote

n(x,ay) = Z 1(x(j) € B(x,ay))

JF
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as the number of points that fall in the ball B(x,ay) except point x itself. Based on Chernoff
inequality, for all x € Sj, denote N’ = N — 1, then according to (A.32), if N > k, then
N'P(B(x,ay)) > k. Hence

P(e > anlx) < P(n(x,ayn) <k))

o~ N'P(B(x.ax)) <€N’P(B(X7 ay)) ) :
k

IN

1 / d eN’ d ‘
o |-V st (i) @

in which the last step comes from (A.31), and the fact that e ~*(et /k)* is a decreasing function over
tif t > k. Therefore

/
eN 4

Ple>anXes) < [ o|-3Nid] (oo aN)kﬂx)dx

n

1

k
/ exp{ 1 (X)cg, A" N'N~ ﬁd} {ﬂlf( )cdzAdNﬁdzl f(x)dx
St

—
INs

)" 2K —(1-Bd.)
(E) e At N = O : (A.35)

in which (a) uses (A.5) in Lemma A.2, withm = k + 1 and b = ¢4, AYN'N %,

Proof of (A.16):

P(€>CLN,X€SQ) < P(XGSQ)

_ P(f(X) Gz )
Cdx
< MO 2y (A.36)
Cdz

in which we use (A.4) in Lemma A.2 for the last step.

Based on (A.35) and (A.36), as well as the definition of v in (A.13), we have

Ple >ay) < CaN~min{l=5ds28} (A.37)
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for some constant C'3.

A.2 Proof of Proposition 2.2

In this section, we prove that there exist distributions that satisfy Assumptions (a), (b) in Theorem
2.1, such that the original Kozachenko-Leonenko estimator without truncation is not consistent. We
will construct two distributions whose entropy are the same, but the difference of the expectation
of the estimated result using original Kozachenko-Leonenko estimator does not converge to zero.
For simplicity, we first discuss the case of £ = 1 and d = 1.

To begin with, we pick an arbitrary function g that satisfies the following conditions:

(1) g(x) is supported on [—1/2,1/2],i.e. g(z) = 0forz ¢ [—1/2,1/2];

(2) |[¢"(z)| < M,Vz € R, in which M is the constant in Assumption (a) of Theorem 2.1;

3)

: 90
/—% g(x)dx = 3 (A.38)
(4) g(x) > 0 everywhere.
Let X; be a random variable with pdf
|
Aile) =) 590w —ay), (A.39)
j=1 "
in which j € N,
n—1
2 1
= — 4+ — A4
Qp, yy + N (A.40)
J=1
and
A = ji. (A.41)
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The choice of a,, here guarantees that regions S; := (a; — 1/(2\;),a; + 1/(2);)) for j =
1,...,n are mutually disjoint. Using (A.38) and (A.41), it is easy to check that f; is a valid pdf.
We now verify that it satisfies assumptions (a) and (b) in Theorem 2.1.

For (a), we need to show that f{' (x) < M. With the selection rule of a,, specified in (A.40),
g(X\j(xz — a;)) can be non-zero only for one j. As a result, for any z, there exist j € N such that

1 d? ’

A—?@Q(Aj(fc —a;))| = 9" \j(x —a;))| < M. (A.42)

11 ()| =

Therefore Assumption (a) in Theorem 2.1 holds.

For (b), we need to show that there is a constant C' such that
/ fi(x)e @ de < /. (A.43)

Note that g(z)e ) < L with equality when g(z) = 1/b. Recall that g is supported at

[—1/2,1/2], thus

o 1
/ g(x)e @z < = (A.44)

From (A.39), for any z € R, g(\;j(z — a;)) is nonzero only for one j. With this observation,

we have

— [ 1 1
/fl(x)ebﬁ(x)dx = Z/ﬁg()\j(x—aj))exp [—bﬁg()\j(x—aj)) dx (A.45)

=1 j J

= i%/g(t) exp {—%g(t}] dt (A.40)
j=1 AJ’ )‘j
1A T

< ZA_jee_zja:EZ] 5. (A.47)
j=1 j=1

108



4
3

Since Z;; Jj 3 < oo, there exists a constant C', such that

/ fi(x)e @ de < b1, (A.48)

Hence Assumption (b) holds.

We then define another random variable X5:
Xo=X1+ (5]', if X; € Sj,j c N+ (A.49)

in which §; = 27" Then h(Xs) = h(X;), since the probability mass for X, is just being moved
around, but otherwise the distributions are the same.

Now we compare fLO(Xg) and ﬁg(Xl). Here we assume that Xi,..., Xy are N samples
generated from fi(x), and Xoy,..., Xon are generated by Xo = X; + Zj; 6;1(Xy; € S)).

Recall the expression of original Kozachenko-Leonenko estimator in (2.1), we have

~ ~ 1

ho(X2) = ho(X) = + D (ne(i) —Ine (i), (A.50)

i=1

in which € (¢) and €5(7) are the 1-NN distances of X;; among { X1, ..., X 5} \ {X1:}, and that
of Xo; among { X1, ..., Xon} \ {Xo;}, respectively.
Note that e,(i) > €, (i) always holds. As a result, ho(X;) > ho(X;). In particular, if X1, is the

unique point in S;, then ez (i) — €1(¢) > 0; — §;_1 > 0;/2.
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Then for any positive integer m,

—

a

ilo(Xz) - iLO(Xl) >

=

==

@
Il
—

n 20 1(X1; € Sy, iy = 1)} (A.51)
L eld)

|
==

s
I
—

- 5m -

® 1 LT S
> N; _ln Lt 57 ) 1(X0 € Sy = 1) (A.53)
= 11 1+5m 1(n, =1) (A.54)
= ¥ n 5T Ny = 1). .
In (a), n,,, = Zszl 1(X1x € S,,) is the number of samples in S,,. In (b), we define L = lim a,,,
n—oo
which is finite according to the definition of a,, in (A.40), thus ¢;(i) < L. Then
R “ 1 Om
N 2L
Define p,,, as the probability mass of set S, then
am+Am
pm = / fi(z)dx (A.56)
Am—Am
am+AIm 1
= / 5 9 Am(r = an))dx (A.57)
Am—Am )‘m
1 90

Let

m = [(g)] , (A.59)

then Np,, — 1 as N — oo, thus

lim P(n, =1) = lim Np,(1 —p,)" " (A.60)
N—o00 N—o00

_ : o \N-1_ -1

= z\}l—rgoNpmz\}l—rgo(l Pm) e . (A.61)
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Since we have assumed that 9,,, = 2’”4, from (A.55), we know that

lim E[ho(X5)] — Efho(X1)] # 0. (A.62)

N—o0

However, the real entropy are equal, i.e. h(X3) = h(X;). Therefore for at least one pdf out of f;
and f5, the original Kozachenko-Leonenko estimator is not consistent.

The above result can be generalized to any fixed k. For any fixed k, €2(i) > €;(¢) always holds,
and €2(i) — €1(7) > 0, if there are less than or equal to & points in .S;. We can then follow similar

steps above to obtain the same result.

A.3 Proof of Theorem 2.3: the variance of Kozachenko-
Leonenko entropy estimator

In this section, we prove Theorem 2.3 under Assumptions (c) and (d). Recall that in (2.2),
p(i) = min{ay,€(i)},i = 1,..., N, in which €(i) is the distance between x(i) and its k-th
nearest neighbor. In order to obtain a bound of the variance of Kozachenko-Leonenko entropy
estimator, we let x’(1) be a sample that is independent of x(1),...,x(N) and is generated
using the same underlying pdf. Denote p'(i) = min{ay,€'(i)},i = 1,..., N, in which €(7)
is the k-th nearest neighbor distances based on x'(1),x(2),...,x(N), i.e. the first sample is
replaced by another i.i.d sample, while other samples remain the same. Furthermore, denote
p"(i1) = min{ay,€”(i)},i = 2,..., N, in which €”(7) is the nearest neighbor distances based
onx(2),...,x(N). Then denote

N

h'(X) = —¢p(k) + Y(N) +1ncq, + d—]\g; Z In p'(4), (A.63)
i=1
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which is the Kozachenko-Leonenko estimator based on x’(1),x(2),...,x(N). Then according to

Efron-Stein inequality,

Varlh(X)] < g]E[(ﬁ — iy
= g]E (d_]\:,; Zz:;hqp(z') — %;lnp'(z’))
Denote
U(i) =In (N(p(i))dzcdz) i=1,...,N;

U'(i) =In (N(p'(i))%cq,) i =1,...,N;

U"(i) =In (N(p"(i))*cq,) i =2,...,N, (A.64)
then

7 N 1 Y Y // // Y i
Varlh(X)] < JE |+ (ZU ZU +ZU Z ())

INE I
s
— I—l

= MZ
Q
\/
5+
+ L=
2|~ q
ﬁ \
™
=
S| MZ
T q/
MZ N
S|
i/

INS

[ po

=
/\
»» Mz

in which (a) is based on Cauchy inequality, (b) uses the fact that x(1) and x’(1) are i.i.d. Note that

p(i) and p” (i) are equal if x(1) is out of the k-th nearest neighbor of x (). Denote

S={ie{2,....N}p(i) # p"(1)}, (A.65)
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then we use the following lemma:

Lemma A.5. (Lemma 20.6 in [10] and Lemma 11 in [34]) If ||x(i) — x(1)]| are different for

1=2,...,N,then

1S < kva,, (A.66)

in which 7,4, is the minimum number of cones of angle 7/6 that cover R%,

For continuous distribution, ||x(7) — x(1)|| are different for different ¢, with probability 1. As a

result, we can claim that |S| < k4, with probability 1.

Var[h(X)]

IN

)+ > (UG) - U"(i)
ieS
)+ U+ > (U

€S €S

IN

(2|5 |+ 1E , (A.67)

in which the last inequality is based on Cauchy inequality. Now we bound the right hand side of

(A.67).
E|> U(i)| = E ZUQ(i)l(ieS)]
€S =2
< NTEU0)PG € S)

—
=

= (N - 1DE[U*(1)|P(i € S)

INZ

KE[U?(1)]. (A.68)

In (a), we need to show that 1(: € S) is independent with U (7). Since U (¢) is totally determined
by p(i), it suffices to show that P(i € S|p(i)) = P(i € S) fori = 2,..., N. For simplicity, we
only show that P(N € S|p(N)) = P(N € S). For other points (i = 2,...,N — 1), the proof
is similar. We denote x/)(IV) as the j-th nearest neighbor of x(NN). Since x(1),...,x(N) are

iid, xW(N),...,xN=1(N) are actually a random permutation of x(1),...,x(N — 1). Denote
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o:{1,...,N—1} — {1,... N —1} as the random permutation rule, such that x(i) = x(“@) ().
Also note that

p(N) = min {Hx(k)(N) — X(N)H ,an},
hence

P(N € S|p.x(N)) = P(p(N) # p"(N)[x(N),x" (N))

= E[P(p(N) # ¢"(N)x(N),xD(N), ... xTD(N))[x(N), x™ (N)]

= — (A.69)

Find expectation over X(NV), we then get P(N € S|p) = k/(/N — 1), which does not depend on
p. The proof is complete.
In (b), we use the fact that U (i) are identically distributed for all 7. In (c), we use (A.69).

We can get similar result for E [}, ¢ U”Q(i)] . Hence,

Varlh(X)] < = (2kva, + 1) [k + DB ()] + KED"(1)].

=

Now it remains to bound E[U?(1)] and E[U”?(1)]. From now on, we omit the index for

convenience. According to the definition of U in (A.64),

E[U% = E[(InNp¥cy,)?]
sl g - FBXD) Y
- E (1 (NP(B(X,€))) —1 F(X)cq - 1 f(X)>]
< 3 |E[(In(NP(B(X,¢))))?] +E <m%) +E[(lnf(X))2]].

We have the following lemma:
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Lemma A.6. The following equation holds generally, without any assumptions:

lim E[(In NP(B(X, €)))?] = ¢/ (k) + (k). (A.70)

N—oo

Lemma A.7. Under assumption (c) and (d) in Theorem 2.3, with 0 < 5 < 1/d,,

(m wf] = 0. (A.71)

Iim E
f(X)ea, pt

N—oo

Proof. Please see Appendix A.3.1 for the proof of Lemma A.6, and Appendix A.3.2 for the proof

of Lemma A.7. [l
With these two lemmas, we can bound E[U?]. Similar result holds for E[U”?]. Therefore

according to (A.70),

lim N Var[h(X)] < 6(2kya, +1)(2k + 1) {w’(k) + (k) + / f(x)(In f(x))?dx| .

N—oo

According to Assumption (d), [ f(x)(In f(x))*dx < oo. Therefore the right hand side is a

constant, hence
Var[h(X)] = O(N 7). (A.72)

A.3.1 Proof of Lemma A.6

Define V= NP(B(X,¢)). Since P(B(x,¢)) is equal in distribution to the k-th order statistics of

uniform distribution for any x, we can derive the pdf of IV when the sample size is N [23]:

o= i (7 e
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As aresult,

oh1
z\}lgéofN(U) = = 1)!e : (A.74)
Therefore
A}im E[(InV)?] = A}im (Inv)? fx (v)dv

In (a), we exchange the order of integration and limit based on Lebesgue dominated convergence

theorem. Note that

vkl v\ N-k-1 vkl N—-k—-1
< 1— —) < _ , A5
fwlv) < (k;—l)'( N —(k—1)'exp[” N ] (A75)
thus for sufficiently large N, fy(v) < g(v), in which
vht 1
g(v) = = exp [—év] : (A.76)

Obviously [(Inv)?g(v)dv < oo. Therefore the condition of Lebesgue dominated convergence

theorem is satisfied.

In (b), we use the definition of digamma function ) (t) = % The proof is complete.
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A.3.2 Proof of Lemma A.7

The proof is based on Assumptions (c) and (d) in Theorem 2.3, using monotone convergence

theorem. We begin with Cauchy’s inequality:

(1n B )

. F(X)ca

<2E

(m w) 2R

f(X)ca, p

Therefore it suffices to prove

. P(B(X,p))\
lim E | ( In —— =0 AT
p | (g gn) | o T
and
| (B(X, e>>)2
lim E (ln =0 (A.78)
N—oo (B(X, p))
We define the following two functions:
gn(x) = inf{ f(x,7)|r < an},
hy(x) = sup{ f(x,7)|r < an}. (A.79)
in which ||| is the same norm used in the Kozachenko-Leonenko estimator. For sufficiently

large N, ay < ro. According to assumption (c),(d) in Theorem 2.3, E[(In g (x))?] < oo and

E[(Inhy(x,7))?] < oo.

Proof of (A.77): Since p < ay, we know that

gn (%) < inf{f(x)| [lx = x'[| < p} < hn(x),
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hence for any x with f(x) > 0,

gv(x) _ P(B(x,p)) _ hx(x)
) = T = fx)
Therefore
P(B(X, )\ _ av(X)\* [, A (X))’
e | (1 f(X)cdzpdz)] = F _max{(ln i) (%) H
(L v\ () (X))
: E_(l i)+ f(X))]
— 0as N — oo, (A.80)

in which the last step holds, because according to assumption (c), (d) in Theorem 2.3, f is
continuous, thus both gy (x) and hy(x) converges to f(x). Moreover, E[(In gy (x))?] < oo and
E[(In hx(x))?] < oo. Therefore we can use monotone convergence theorem.

Proof of (A.78): To prove (A.78), we need the following lemma.

Lemma A.8. Under Assumptions (c) and (d) in Theorem 2.3, with 0 < < 1/d,, there exist two

finite positive constants C'; and Cs, such that

P(B(x,€)\* N o ()2
E (m P(B(Xw))) <O+ Cy (Ingn(x))*. (A.81)
Proof.
PBEIN | pros aix CPBEON
2| (= Hmi) X] = Pl | (o) s N]
< Ple > an|x)(In P(B(x,ax)))>. (A.82)

According to the definition of gy, P(B(x, ay)) > gn(x)cq,a%. For N > 2, define
de < L o _ L 4a 1-Bd;
u= (N —1)gn(x)cq,ay > iNgN(x)cdwa]\}” = §A “Ca, g (X) NP0, (A.83)
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Recall that in Theorem 2.3, we have assumed S < 1/d,, i.e. 1 — fd, > 0. Thus

P(B(x,ay)) > gn(x)cq, N77%

Bdy

g (x)cg, A% (2—1‘(}()) ~T—pdz

Adecy gy

v

1
= Cgu_%gfv‘ﬁd”” (x),
for some constant Cs. If u < k, then
Bdg _ 1 2
(A.82) < (In P(B(x,ay)))* < {ln (Cgk_l—ﬁdx gy " (x))} : (A.84)

If u > k, then according to Chernoff inequality, P(e > ay|x) < (eu/k)* exp(—u). Hence

eu\k _ Bd, 2
(A.82) < (?> e <lan - Inu+ In gN(X)) . (A.85)

1
1— 3d, 1— Ad,

Consider that (eu/k)*(Inu)? and (eu/k)* In u are bounded function over u, there are two universal

constants C and Cs, such that for both v < k and v > k,
(A.82) < C; + Cy(Ingn(x))*. (A.86)

The proof is complete. O

We now prove (A.78). According to Lemma A.8 and Assumption (d), for sufficiently large NV,

an < Tg, thus

x] f(x)dx < /(C’l + Co(In gn(x))? f(x)dx < oo0. (A.87)
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According to Lebesgue dominated convergence theorem,

e[ AR - o) o
- [ | (i) | oo

in which the last step is because (A.85) converges to 0 as u — oo, which is the same as N — oo.

A.4 Proof of Theorem 2.4: minimax lower bound of entropy
estimators

In this section, we prove the minimax lower bound for entropy estimators under Assumptions (a),
(b) in Theorem 2.1. Minimax lower bound for functional estimation is usually calculated using Le

Cam’s method [82]. Define

R(N) = i%ffes;:lp E[(h(X) — h(X))?]. (A.88)

In our proof, we show the following two results separately:

R(N) 2 (A.89)

1
N’

and

4dg+4

R(N) > N~ @ (In N) aie (A.90)

Proof of (A.89).

(A.89) is the parametric convergence rate. Let a be an arbitrary vector such that ||al| > 2. We
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construct two distributions:

fix) = 5909+ 390x ) (A1)
f0 = 250000+ 12 (- a), (A.92)

in which g satisfies three conditions:

(G1) g(x) is supported at B(0,1), i.e. g(x) = 0 for ||x|| > 1;

(G2) The Hessian of g is bounded, i.e. HV2gHop < M;

(G3) fB(o,l) g(x)dx = 1.

(G4) g(x) > 0 everywhere.

If M is sufficiently large, then such g exists. As a result, B(0, 1) and B(a, 1) are disjoint. For
these two distributions, we have |V>fi[|,, < M and [[V*f,||,, < M. Moreover, since te~" <
1/(ed) for all ¢, and the volume of the support sets of f; and f, are no more than 2V (B(0,1)) =

2cq,, we have

2
/ Fi(x)e i gx < %z = 1,2. (A.93)

Therefore, for sufficiently large M and C, we have f1 € Fuyc and fo € Faqce. The entropy

functionals are

W) = h<g>+H(§>, (A.9%)
i) = hio) i (S50, (295

in which H(p) = —plnp — (1 — p)In(1 — p) is the entropy function for discrete binary random
variable.

From Le Cam’s lemma [82],
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R(N) > —(h(f1) — h(f))?e NPUlIF), (A.96)

o

Note that H'(p) = In((1 — p)/p), H'(1/3) = In 2, thus there exists an &y, such that for all 6 < J,

In2

h(fa) = h(fr) 2 =0 (A.97)
In addition,
D(f1||f2):§ln235—l—§ln1i5§(52. (A.98)
Let § = 1/+/N, then for sufficiently large N, § < &, we have
R(N) > i (%m 2)25%1, (A.99)
thus
R(N) > . (A.100)
N
Proof of (A.90).

The proof of (A.90) follows [90] closely. [90] derived the minimax convergence rate of entropy
estimation for discrete random variables with large alphabet size. Motivated by the proof in [90],
we provide a minimax lower bound for entropy estimation for continuous random variables. The
basic idea is to convert the minimax bound of continuous entropy estimation to a discrete one.

In the following proof, we still let g be a function that satisfies condition (G1)-(G3), but f; and
f2 are defined differently comparing with the proof of (A.89). The notations in the following proof

are basically consistent with those in [90], although some of them are changed to avoid confusion.
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To begin with, we define a set Fy:

Fo= {f‘f(X) — (- a0 + Y0 g (X ;ai) O<a<l,

EZui:&,1<mD <Cl,m<1}, (A.101)
=1

in which (' is a constant, o and m increase with sample size N, D decreases with N. a;,i =
1,...,m are selected such that ||a;|| > 1 forall 7 € {1,...,m}, and ||a; — a;|| > D for all
i,j € {1,...,m}. Note that for any f € Fo, [ f(x)dx = 1, therefore F, can be viewed as a set of

pdfs. Moreover, for any f € F,, we have

1 1
/ f(x)e M ®dx < — (14 mD%)¢y, < + G Ca, . (A.102)
eb eb
Therefore, if C' > ¢4, (14 C1)/(eb), f € Farc, and thus Fo C Fyyc.
Define
Ry(N) = infsup E[(A(N) — h(X))?], (A.103)

h feFo

in which /() denotes the estimation of h(X) with N samples. Since Fo C F, M,c» We have

R(N) > Ry(N). (A.104)

To derive a lower bound to R;(/N), we still use Le Cam’s method [82]. This method requires
a bound of the total variation between two distributions, which is hard to calculate directly. To
simplify this problem, we use Poisson sampling technique here. Such a method has been used in

[84,90] for the minimax lower bound of entropy estimation for discrete random variables. Define

Ry(N) = i%f?él}_)E[(ﬁ(N’) — h(X))?], (A.105)
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in which N’ ~ Poi(/N). Comparing with the definition of R; in (A.103), we use N’ to replace N,
such that the number of samples is random. Ry (V) is easier to calculate than R;(N), because N’
follows Poisson distribution, hence for any disjoint intervals /; and I, denote n(1;), n(l) as the
number of samples falling in [; and I5, then both n(/;) and n(/3) follows Poisson distribution with
parameter N P(I;) and N P(I,), respectively. Moreover, n(/;) and n(I;) are independent. Such
independence significantly simplifies the calculation of total variation distance. However, we need
to show that R, (V) is a reasonable approximation to R;(/N), so that the convergence rate derived
for Ro(NN) can be used to bound R;(N) too. Intuitively, for large N, N’ concentrates around N,
therefore R, (N) and Ro(NN) converges with the same rate. The formal statement is provided in the

following lemma.

Lemma A.9.
1
Ri(N) 2 Ro(2N) = £ (1 + Cy)%e"(I-n2N, (A.106)

Proof. Please see Appendix A.4.1 for detailed proof. [

The second term in (A.106) converges exponentially to zero as /V increases, hence we can
claim that R, (/N) and Ry(/N) converges with same convergence rate.

Now define F., which depends on € > 0:

{f’f (1—-a)g +Z Dd (X_az>,0<a<1,
1 m

13 u-a
m

i=1

<e,1<mD% < C, % < 1} (A.107)

Comparing the definition of F; in (A.101), now we allow (> ", u;)/m to deviate slightly from «.
As aresult, f € F. is not necessarily a pdf, since it is not normalized. However, we can extend the

definition of entropy h(f) = — [ f(x)In f(x)dx to an arbitrary function f, without the constraint
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| f(x)dx = 1. Define

Rs(N€) = inf supE[(h(N') — h(f))?], (A.108)
h feFe

in which h(N') is the estimation of functional h(f) with N’ samples, N’ ~ Poi(N [ f(x)dx). As
a result, for any interval 7, let n(/) be the number of samples in I, we have n(I) ~ Poi(NP(I)),

in which P(I) = [, f(x)dx. For two disjoint intervals /1 and I, n(I;) and n(I5) are independent.

Lemma A.10. There exists a constant C, such that
1
Ro(N(1—¢€)) > §R3(N, €) — 2C3 — (1 +€)?In(1 + ¢). (A.109)

Proof. Please see Appendix A.4.2 for detailed proof. [

This lemma shows that Ro(/N) and R3(/N) have the same convergence rate if € is carefully
selected. With Lemmas A.9 and A.10, the problem of finding R(/V) can be converted to giving a
bound to R3(N,€). Using Le Cam’s method, we can get the following result, which is similar to

Lemma 2 in [90].
Lemma A.11. Let U, U’ be two random variables that satisfy the following two conditions:
(1) U, U’ € [0, A], in which

A < min {@,dew”} : (A.110)
e

QE[U]=E[U]=a<1.
Define

) (A.111)

A= ']E {Ulné] —E [U/ln%]
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Let € = 4)\/y/m, then

A? [31 64X (In ) NU NU'
> - i —A - . Y .
R3(N,e) > 6 |3 % mTV (E [P01< p- >} ,E{Pm( = )})

_ 1612
mAZ?

(dyIn D + h(g))Q] : (A.112)

in which TV denotes the total variation distance.

Proof. The proof follows the proof of Lemma 2 in [90] closely, but since we are dealing with
continuous distributions, there are several different details. The most important difference is that
the bound in [90] holds for all discrete distributions without constraints, while we have to construct

two functions fi, fo € F. We provide the detailed proof in Appendix A.4.3. ]

In the following proof, we use some steps from [90] directly.
To use Lemma A.11, we construct a particular pairs of (U, U’). Our construction follows [90].
Given n € (0,1), and any two random variables X, X’ € [n, 1] that have matching moments to

L-th order, construct U and U’ in the following way:

Py(du) = (1 K [%D So(du) + %Pax/n(du), (A.113)
Py(du) = (1 _E [%D So(du) + %PQX, (), (A.114)

in which Jy denotes the distribution such that if ' ~ §y, then P(T" = 0) = 1. Define A = a/7.

These distributions are supported on [0, A]. Then from Lemma 4 in [90],

1 1 1 1
E{UIHE—UIHE}—&(E{lni}—ﬂi[ln?}), (A.115)

and E[U’] = E[U"]. In particular, E[U] = E[U’] = o. When X and X’ are properly selected,
according to eq.(34) in [90],

1 1 .
‘E {ln Y} —E {ln ?} = 2inf sup |lnz — p(z)|, (A.116)

PEPLye[n,1]
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in which Py, is the set of polynomials with degree L.

According to Lemma 5 in [90], there are two constants ¢, ¢, such that for any L > Ly,

inf sup |lnx—p(z) >C. (A.117)
pepLxG[CL*Q,l}

Based on the definition of A in (A.111), as well as (A.115), (A.116) and (A.117), let n = cL ™2,
then

A = 2ac, (A.118)

in which ¢, ¢’ are constants in (A.117).
Recall that we have lower bounded R3(N, ¢€) in (A.112) in Lemma A.11. To calculate the total

variation distance in (A.112), we use the following lemma.

Lemma A.12. ([90], Lemma 3) Let V and V"’ be random variables on [0, A]. If E[V/] = E[V"],
j=1,...,L,and L > 2eM, then

TV(E[Poi(V)], E[Poi(V")]) < (%) . (A.119)

Substitute V', V' in (A.119) with NU/m and NU'/m. Let A = N\/m, then recall that n =
cl?,

o (ofes (5] 2 e (50)]) < () - Ce) - (50

Let L, a changes with m, N in the following way:

L = 2|lnm], (A.120)
cm

= —— A.121

2e2NL’ ( )
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then as long as

(Inm)*(In N)?

—~ coas N — o0, (A.122)

the second, third and fourth term in the bracket in (A.112) converges to zero. For the second term,

mA? m(2ac’)? m(2c)? m nm

o2 mn\ 2 1 2¢2N ?
22 (ln%)z @ n_g(lnf) ®) (111 L ) - (lnm)4 ((1ni)2+1> — 0asm — oo
1 .

Here (a) uses (A.118) and A\ = «//7. (b) comes from (B.155).

For the third term,

!
mTV <IE [Poi (ﬂﬂ E [Poi <"U )D —me 2 L gasm s 00, (AL123)
m m

In addition, it is straightforward to show that the fourth term in the bracket of (A.112) also

converges to zero. Using these bounds for each term, we have

2
Ry(N,€) > A2 ~ 0 ~ (Nﬁm) , (A.124)

in which e = 4\ /y/m, according to Lemma A.11.
Note that m can not be arbitrarily large. According to (A.107) and (A.110), we have two
constraints: 1 < mD% < () and A < mD%7*2 The first constraints yield m ~ D~% For

the second one, we have

Inm
N Dd=+2"

A o 1 m (Inm)?
= ~ nm ==
mD%+2  mDdet2y  mD%+2 Ninm

(A.125)

1 1 dg _ _dg
Hence we can let D ~ N~ @+2(In N)@%+2, and m ~ D% ~ N+z(In N)” %+2, then these two

conditions are satisfied, and (A.124) becomes

4dg+4

Ry(N,e) > N @ In~ @52 N, (A.126)
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Note that

4\ a mL> Vvmlnm
vm  nym Nymlnm N

(A.127)

€ =

in which we use A = a/n, n = cL ™2, as well as (B.151) and (B.155).
From (A.109), it can be shown that Ry(NN) converges with the same rate as R3(V,¢). In

addition, consider (A.106) and (B.135), we get

4dg+4

R(N)> N %+ In~ a2 N. (A.128)

The proof of (A.90) is complete.
Combine (A.89) and (A.90), we get

R(N) > N™@%e In~a%2 N + % (A.129)
The proof of Theorem 2.4 is complete.
A.4.1 Proof of Lemma A.9
Let N’ ~ Poi(2N), then
Ry(2N) = infsupE[(h(N') — h(X))?] (A.130)
h feFo
< infE {supE[(ﬁ(N’) - h(X))?\N’]} (A.131)
h feFo
= E lir}fsupE[(ﬁ(N’) - h(X))Q\N’]] (A.132)
h feFo
= E[R(N)] (A.133)

= E[R(N")|N' > NJP(N' > N) +E[R,(N)|N' < N]JP(N' < N).

(A.134)
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R1(N) is a non-increasing function of N, because if N; < Ny, given N, samples, one can always

randomly use /V; samples for entropy estimation, thus R;(N2) < R;(N;) always holds. Therefore

E[R,(N')|N" > N] < R,(N). (A.135)

For the second term in (A.134), recall that N’ ~ Poi(2/N), use Chernoff inequality, we get

P(N' < N) < e~ (2N, (A.136)

From the definition of F;, we know that

int h(7) = hlg) =~ [ g mgtx)ix, (A.137)
and
fsg%h(f) = h(g) + H(a) + aln(mD™) < h(g) + 1 +1InCy. (A.138)
Therefore for any IV,
Ri(N) < i(l +1nCy)?, (A.139)

since we can always let i(N) = (suph(f) + finjﬁ (f))/2. Based on (A.135), (A.136), (A.139)
feFo €50

and (A.134),
1
Ry(2N) < Ry(N) + £(1 +1n Cy)%e-nDN, (A.140)

The proof is complete.
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A.4.2 Proof of Lemma A.10

For any f € F., which is not necessarily normalized,

— _/f(x)lnf(x)dx (A.141)

h f(];)dx) - (/f(x)dx) ln/f(x)dx. (A.142)

Based on the definition of F., we have

(A.143)

For any estimator h,

E |(A(N') = h(f))?]

< s ) f )|

- efir-rss) (e )
fromon)

o] o)

(o) (o f )

f

< 3E
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in which the last step uses Cauchy inequality. Define f* = f/ [ f(x)dx, then f* is a valid pdf, and
we can check that f* € F. Recall that N’ ~ Poi (N [ f(x)dx), and [ f(x)dx > 1 —¢,

R3(N,e) = infsupE[(A(N') — h(f))? (A.145)
h feFe
2
< 3inf sup E [(E(N’) - h(f*))ﬂ + 3sup (1 - /f(x)dx) R2(f*)
h f*eFo feFe
+3sup </f dx) (ln/f dx) , (A.146)
fEFc
< 3Ry((1— €)N) + 3€C2 + 3(1 + €)*(In(1 + €))?, (A.147)
in which
Cy = suph(f*) = sup h(f*) < h(g) +InCy +1, (A.148)
fEFe f*eFo

with the last step in (A.148) comes from (A.138). The proof is complete.

A.4.3 Proof of Lemma A.11

Define

x) = (1-a)gx)+ Z m%dzg (x Z)az) | (A.149)

fx) = (1-a)g +Z de (X_az), (A.150)

in which U;, i = 1,...,m are i.i.d copy of U, and U are corresponding i.i.d copy of U’.

Since U; € [0,\] and we have restricted A\ in (A.110), so that U; < mD%*2 always
holds. Recall the definition of F. in (A.107), fi, fo satisfy all the requirements of JF. except
(21 Ui)/m —al <eand (322, Uj)/m — af <e.

Note that now h(f;) and h(f>) are both random variables because U; and U/ are random. We
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define the following random events:

5 - {%ZUi—a < e |h(f2) — E[A(f)]
B {%ZU{—@ < e, [h(f2) — E[A(S)]

P(E) < P ( =Y -al > ) +7 (Ih() - BRI > )
Var[U] 16
Al 2 Varlh ()

For the first term, recall that we have the constraint 0 < U < A < m/e. Hence

1
Var[U] S 1/\2

Moreover, €2 = 16\? /m, therefore

Var([U] < A2 1
me2  ~ 4me? 64

For the second term, note that

Wp) = - / (1 - a)g(x) I [(1 - a)g(x)] dx

X —a;

_i/ Ul X —aq; In U,L
2o | mD=?\" D mD%?

m

U, U 1 U
= — n =22 — 1 —h -
;mnm Z(nDdz (g))m

i=1
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Since U; < A < m/e, U;/m < 1/e, therefore

2
Var {Z In Z} < E (U In g) < (iln i) , (A.158)
m m m m m m
and
RS
Var g < —. (A.159)
m 4m?
Then using Cauchy inequality,
U U 1 ? U
Var[h(f1)] < 2Var ;EIHE +2 <ln T, + h(g )) Var gg (A.160)
2)\2 2 2
N (m i) +2(dyIn D + h(g))* —. (A.161)
m m 4m
Plug (A.155) and (A.161) into (A.154), we get
P ) GV D N Ot )
P(E°) < 6 + A2 (ln %) + W(dx InD + h(g))=. (A.162)
The same bound can be proved for P(E¢):
, 13202 /0 A\®  8x?
(& < . -
P(E >_64+mA2 (lnm) +mA2(d In D + h(g))>. (A.163)

Construct two prior distributions: 77 is the distribution of samples according to f; conditional on
E, and 73 is the distribution of samples according to f, conditional on £’.

Recall (A.157), we can get similar result for A(f5):

U U & 1 U’
- —Z— 1 —h oy A.164
=X (e ) o
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Consider that E[U] = E[U’], we have

IE[R(f1)] — E[h(f2)]] = ’]E [Uln %} —E {U’ln i} > A (A.165)

U/

By the definition of 7} and 735, as well as the definition of £ and E’, under 7} and 73,

A
5

\h(f1) = h(f2)| = (A.166)

Now calculate the total variation distance between these two distributions. Total variation distance

satisfies triangle inequality. Hence

TV (71, 73)

IN

TV (73, m1) + TV(my, ma), TV (mg, 75)

IN

P(E°) + TV (my,m) + P(E')
1 642 ( )\)2 1672

IN

- A 1047 2
TV (my,m) + % + " In - + " (dyIn D+ h(g))=.

Now we bound the total variation distance between m; and 7. Recall that f; is constructed in

(A.149). Then

U; X — a; U;
dx = - L dx = = A.167
/B(ai7h) fl(X) X /deLg( D > X m’ ( )

and thus the number of samples in B(a;, h) follows Poisson distribution with mean nU;/m.

Therefore, TV (7, m2) can be expanded as

TV (1, m2) < mTV (]E [Poi (%ﬂ E [Poi (”T:/)D . (A.168)
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According to Le Cam’s lemma,

A2 |31 nlU nU’ 64)\2 A\ 2
o A8 (U . B A
R > 2[5 iy (2 oo ()] o ()] ) - 822 (1 2)

The proof of Lemma A.11 is complete.

A.5 Proof of Theorem 4: the bias of KSG mutual information
estimator

In this section, we analyze the convergence rate of the bias of KSG mutual information estimator,
under Assumption 2.1. In the following proof, constants C', Cy, ... are different from those in
Appendix A.1. Define B(z,r) = {u|||u — z|| < r}. According to Assumption 2.1, the joint pdf is

smooth everywhere. We have the following lemma, whose proof is the same as Lemma A.1.

Lemma A.13. Under Assumption 2.1(d), there exists constant C, C, so that

|P(B(z,7)) — f(z)ca.r®| < Crr®?, (A.170)
|P(Bx(x,7)) — f(X)cq,r%| < Cjrd=™2, (A.171)
|P(By(y,r)) — f(y)ca,r™| < Cirov™2. (A.172)

For KSG estimator, we fix § = 2/(d, + 2), therefore the definition of a in (2.3) becomes
2
ay = AN @=+2, (A.173)
Recall that the KSG mutual information estimator is I(X;Y) = % SN J(i), in which

i=1

J(i) = W(N) + (k) — ¥(na(i) + 1) — ¥(ny (i) + 1). (A.174)
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Since J (i) are identically distributed for all 7, we only need to analyze |E[J(i)] — I(X;Y)]| for one
1. Hence, from now on, we omit ¢ for notation convenience.

We conduct the following decomposition based on e:

E[(J - IXY)] < [E[(J = I(X;Y))1(e > an)]]

HEI(T — I(X: Y))1(e < an)]]. (A175)

To bound the first term of (A.175), note that n, (i) > k, therefore J < ¢(N) + (k) — 2¢(k + 1).

According to the property of digamma function, ¢)(/N) < In N. Therefore J < In N. Then
IE[(J —I(X;Y))1(e > an)]| < (InN + I(X;Y))P(e > ay). (A.176)
P(e > ay) can be bounded using Lemma A.4 with 8 = 2/(d. + 2). According to (A.16), we have
2
Ple > ay) < CoN %72, (A.177)
With (A.177) and (A.176), we know that
E[(J — I(X;Y))1(e > ay)]| = O (N—ﬁ In N) . (A.178)

To bound the second term of (A.175), we define J,, J,, J, as

J. = —(k)+¢Y(N)+Incg +d.Inp, (A.179)
Jo = —tp(ng +1)+(N) +1Incq, + dyInp, (A.180)
Jy = —t(n, + 1) +(N) +Incg, +d,Inp, (A.181)

in which ¢y, is the volume of unit norm ball in the X space, cq4, is for the Y space, and ¢y, is for

the joint space Z. p is defined in the same way as (A.1), i.e. p = min{e, ay}.
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Recall the definition of J in (A.174), we have
J=J,+J,— J,, (A.182)
therefore the second term of (A.175) can be decomposed as:

IE[(J - I(X;Y))1(e < ay)]|
<|E[(J. — h(Z))1(e < an)]| + [E[(J. — h(X))1(e < an)]|

HE[(J, — h(Y))1(e < ay)]|. (A.183)

Intuitively, here we design three truncated estimators for 2 (X), h(Y) or h(Z). To give a bound of

the first term, we apply the result of Theorem 2.1 to random variable Z:
E[J, — h(Z)]| = O (N—ﬁ In N) . (A.184)
In addition, recall that p = ay if € > ay, we have

|E[(J, — h(Z))1(e > an)]| = |—v(k)+¥(N)+Incg, +d.Inay — h(Z)|P(e > ay)

-0 (N—ﬁ In N> . (A.185)
Hence using the triangular inequality,
E[(J, — h(Z))1(e < ax)]| = O (N-fiz In N) . (A.186)

The following lemma gives a bound on the second and third term.
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Lemma A.14. Under Assumption 2.1 (a)-(e),

B[, — (X)1e < ay)]] = O(NFRIN)+0 (N—Z%> , (A.187)
E[(J, — h(Y))L(e < ay)]| = O (N—# In N) +0O (N—?%”> . (A.188)
Proof. Please see Appendix A.5.1 for detailed proof. 0

Plugging these three bounds in Lemma A.14 into (A.183), we know that
2 _ min{dg,dy}
E[(J — I(X:Y))1(e < ay)]| = O (N =¥ In N> ) <N e ) . (A.189)
Combining (A.189) and (A.178), and recall that E[/(X;Y)] = E[.J], we can conclude that

_ min{dg,dy}
7> . (A.190)

E[[(X;Y) ~ [(X;Y)] = O (N"#7 I N) + 0 (N~

A.5.1 Proof of Lemma A.14

The proof is based on Assumption 2.1. (A.187) and (A.188) can be proved using the similar steps.
Here we only prove (A.187), and omit (A.188) for brevity.
We decompose the left hand side of (A.187) as following.

[E[(J — h(X))1(e < an)]|
< |E[(In f(X) 4 ~(X)))1(e < an, X € 57)]
+E[(J, — M(X))1(e < an, X € 53 )]]

HE[(J, +1n f(X))1(e < an, X € S]], (A.191)

in which S;* is defined as

F(x) > TN

(A.192)

SiX:{X

6C1A2 }

Cq

x
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with C] is the constant in (A.171), and S5* = R \ S;* is the complement set of S;*. According

to (A.4),

/A2 5
6C1A™ -2 (A.193)

P(X e S)) <

Cd

€T

We now analyze these three terms separately.

The first term of (A.191)

Intuitively, the first term describes how accurate it is to only estimate the expectation of In f(X)

when € is not very large and x is not in the tail. We decompose this term in the following way:

[E[(In £(X) + 7(X))1(e < ay, X € 57 )]

< [E[(In f(X) + ~(X))1(X € ST)]| + [E[(In f(X) + h(X))1(e > ay, X € S7)]|.
The first term can be bounded using (A.21), with v = min{1 — 5d., 25} = 2/(d, + 2):

[E[(In f(X) + A(X)LUX € ST)]| = [E[(In f(X) +A(X))L(X € 53]

— 0 (N*dz% In N) , (A.194)

in which the first step holds because E[ln f(X) + 2(X)] = 0.
For the second term, from Assumption (f) and the definition of Slx in (A.192), we have the

following upper and lower bound of f(x) in S;:

CuN~%7 < f(x) < C. (A.195)
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Hence

IE[(In f(X) + h(X))1(e > ay, X € S;Y)]] = O(InNP(e > ay))

-0 (N—# In N) . (A.196)
Combine (A.194) and (A.196), we get
IE[(In f(X) + h(X))1(e < ay, X € SN)]| = O (N-ﬁ In N) . (A.197)

The second term of (A.191)

The second term describes the accuracy of estimation in the tail region. Recall that n, > k, thus

[E[(J. — h(X))1(e < an, X € S3)]]
< (WIN+1) =9k +1)P(X e 53) + |[h(X)|P(X € Sy)
+ ‘E[ln(cdlpdl)l(e <ayn,X € S§)]]

1A d
%N_dzzm + d—w|E[ln(cdzpdz)1(e <ayn,X €S
& z

< (InN + [W(X)])

N I A2
da 6uCiA” -2y (A.198)

d

+|lncg, — —Inecgy,
Cd

T

According to (A.22) and (A.23), we use v = 2/(d,+2), then the second term in (A.198) is bounded

by
dy d X -2
d—|E[ln(cdzp Nl(e<ay,Xe€S53)]|=0 <N T2 lnN> :
Plugging the equation above into (A.198), we have

E[(J. — h(X)1(e < an,x € SY)]| = O (N—ﬁ In N) O (N—f‘iz In N) +O (N_7>

-0 (N—ﬁ In N) . (A.199)
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The third term of (A.191)

The remaining part of this section focuses on the third term. We begin with the following lemmas:

Lemma A.15. For Vz(i) € {z| ||H;(z)| < C4}, the distribution of n,(¢) satisfies n,(i) — k ~

op

Binom(N — k — 1, p) with p being

P(Bx(x,¢)) — P(Bz(2,¢))

— A.200
b 1— P(By(z¢)) (4,200
Proof. We refer to Theorem 8 in [34] for detailed proof. ]
From (A.200), we can give an upper and lower bound of p:
P(Bx(x,¢)) — P(By(z,€)) < p < P(Bx(x,¢)). (A201)

Lemma A.16. For any z and ¢, from n, — k ~ Binom(N — k — 1, p), there exists two constants

a and b that depend only on £, such that

[Efp(n. + Diz.d - In(pV)] < 5 + 37> (A202)

in which p is the parameter of the binomial distribution defined in Lemma A.15.
Proof. Please see Appendix A.5.2 for detailed proof. U

Lemma A.17. Under Assumption 2.1 (d) and (e), for sufficiently large N, for all x € S;* and
r < ay, in which Sf{ is defined in (A.192),

1 d 3 d

Ef(x)cd.ﬂ‘ T<p< §f(X)CdJ “y (A.203)

in which p is defined in Lemma A.15.

142



Proof. To avoid confusion, here we use f7(z) to denote the pdf of Z.

lp— f(X)ca,r™| < |p— P(Bx(x,7))| + |P(Bx(x,1)) = f(x)ca,r]
< P(B(z,1)) + Cir?
< fr(2)cgr® + Cyrd=2 4 Ot
Using this, we have
= Jcar _ fo8), L, O O
f(x)ca,rd= f(x) f(x)ca, — f(x)eq,
dy+2 /2
< Cucgyal + Cray + Cray (A.204)

6C|A2N %= 6C|A2N @

in which we use Assumption 2.1 (e) that gives a bound of the conditional pdf, and the definition of
S¥in (A.192).

Recall the definition of ay in (2.3), the third term in (A.204) equals 1/6. In addition, the first
and second term converges to zero with the increase of N. Hence for sufficiently large NV, these two
terms will also be less than 1/6. Then the right hand side of (A.204) can not exceed 1/2. Therefore

Lemma A.17 holds. O]
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The third term of (A.191) can be further expanded as following

IE[(J, +1In f(X1))1(0 < e < ay,X; € 51)]
= |EEE,, [(—(n, + 1) + Y(N) + In(carp™) +In f(X1))1(0 < e < an, X; € S]]
< EE|E,, [(—¥(n, + 1) + %(N) + In(cap™) + In f(X1))1(0 < € < an, X; € S]]

= / / —E,, ¥(ng + 1) + ¥(N) + In(cgr®) + 1In f(x) ‘fe\z )f(z)drdz
S1

< / / = I(pN) + I N + In(car™) + I f(x1)| fopa(r) f (2)drdz

S1

/ / —E,, ¢¥(ny +1) + In(pN) + (N) — In N| fe(r) f(z)drdz (A.205)

S1
®) a—+ Yo
< —1 1 1 €|z d d
F YA
" / / Nl (v, (A.200

in which (a) uses the definition of .J, in (A.180); (b) gives a bound to the second term of (A.205)
using Lemma A.16, as well as the following property of digamma function: In N — 3 < ¢(N) <
In N, in which ~y is the Euler-Mascheroni constant.

Now we bound the first term in (A.206), and then bound the third term.
Bound of the first term in (A.206):

We need the following two additional lemmas.

Lemma A.18. Under Assumption 2.1(e), for sufficiently large N and r < ay,

P(B(z,r))

< 2C.cq,r™, (A.207)
p

in which C. is the bound of the conditional pdf in the Assumption 2.1 (e).
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Proof. According to the Assumption 2.1 (e), the conditional pdf is bounded by C..

P(B(z,r)) = / | IS

- / fEO ' [X)dy'dx'
max{||x’ x|y’ =y <7}

< / f(x"C.dy'dx'
maxc{||x’ —x||,|ly’ —y||<r}

< Cecq,r™ / f(x)dx’
[ —x||<r

= Cecq,rP(Bx(x,1)).

For sufficiently large N, Cccq,a z\? § , then according to (A.201),

P(B(z,r)) P(B(z,1)) Coeg B
< < Y < 2C, Y A.208
p ~ P(Bx(x.r) - P(B(z,r)) ~ 1— Cacqris = " (4.208)
The proof of Lemma A.18 is complete. ]

Lemma A.19. Under Assumption 2.1 (a),(c) and (d), for any d’ < d.,
/ d
E[p?] = O (N’E) _ (A.209)

Proof. Please see Appendix A.5.3 for detailed proof. [

With these two lemmas, the first term in (A.206) can be bounded by:

an
/ / |—Inp + In f(x)cq,r™
S¥Jo

2(1) f(z)drdz

(a) an 1 ]
< /Slx / }p - f(X)Cdz’/“dz (% + W) f€|z(7”)f(z)dfrdz

(®) » ! 1

= /Sf(/o )+ Cir ) <_ + m) fea(r) f(2)drdz

(o)

< /SX i Cir f|z drdz+/sx/ f|Z< ") f(2)drda.

1
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For each term, we have

/ / Cir 22f f€|z( r)f(z)drdz / Crax—————f(z)dz  (A.210)
S¥ Cd
/ aNch (A211)
@ o 3 enady(SY)  (A212)
QCd
© O(N—ﬁlnjv) (A213)

Furthermore, using Lemma A.18,

/ / fe|z( r)f(z)drdz < / /aN §C'ecdyrdyfdz(r)f(z)alrdz

SX Sf( 0 2

5) dy

G B PO (NE). a2

IN

Here, (a) uses the inequality [Inz — Iny| < |z — y| |&= + i‘ for z, 7y > 0. This inequality comes

from logarithmic mean inequality [18]:

‘”\/__y <(z—y) <i + i) . (A215)

Inr —Iny <

(b) uses Lemma A.13 and Lemma A.15:

p — P(Bx(x,7))| + | P(Bx(x,7)) = f(x)ca, "]

P(B(z,7)) + Cjré="2, (A.216)

lp — f(x)cq,r™]

IN

IN

(c) uses Lemma A.17. In (d), mx (S5¥) is the volume of S;*. (¢) comes from Lemma A.3:

60 A2
Cq

2 1
mx(S¥) =V ( N_dz+2> <pu 1+1n60,— =O(nN). (A217)

P N d+2

T
ch

(f) comes from Lemma A.19.
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Combine (A.213) and (A.214), we have

/SX/ |—Inp + In[f(x)cq, %]

_ (N 2 1nN)+O<N dz>_ (A.218)

2(1) f(z)drdz

Bound of the third term in (A.206).

We bound the third term of (A.206) using Lemma A.18 again.

I

B /SX/ NP(B )ZCecdyrdyfe\z(T)f(Z)drdz

: // NP—)QCeCddeyfe\z(r)f(z)drdz

/SX / NP ) 2C’ecdya’(]j\//g fe\z(r>f(Z)dez

20 Cdy B 1 pdy

N T [P(B(Z,e))
@ 2Cyeccl b 1
< VTR B d,
N N [ (B(Z,e))l 2
(b _dy
= 0 (N dz) . Ao

To show (a), we need to prove that m and pdy are negatively correlated. According to the

law of total covariance,

o (smzar) = Bl (mmmar 7).
+ Cov (E [mm} E [pdyyz]) . (A220)

Recall the definition of p in Lemma A.19, p is a non-decreasing function in 7, and for any given z,

1
P(B(z¢))

is a non-increasing function in r. Thus Cov (m, pd’y|Z) < 0. For the second term,

recall that according to order statistics [23], condition on all Z = z, P(B(Z,¢€)) ~ B(k, N — k),
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thus
|Z = z} = — (A.221)

which is a constant with respect to z. Thus Cov (E [%M} ,E[p ]Z]) = 0. Plug this into

(A.220), we have that Cov (ﬁ, ,ody> < 0, therefore (a) holds.

In (b), we calculate two expectations separately, according to (A.221) and Lemma A.19.

Combining (A.218) and (A.219), we get
E[(J, — h(X))1(c < an,x € §X)]| = O (N—ﬁ In N) +O (N—%) L (A222)

Substituting the three terms in (A.191) with (A.197), (A.199) and (A.222) respectively, the

proof of (A.187) in Lemma A.14 is complete, i.e. we have

B[ — h(X)1(e < ax)]| = O (N =2 I N) + 0 (N_%> . (A.223)

A.5.2 Proof of Lemma A.16

In this section, we prove Lemma A.16 with n, — k ~ Binomial(N — k — 1, p).

(1) Upper bound.
E[Y(n, + 1)|z,¢] < E[ln(n, + 1)|z, €] < In(E[n,|z,e] +1) =In((N —k —1)p+ k+ 1).
(2) Lower bound. Use Taylor expansion,
1 1

E[¢(n, + 1)|z, €] > E[lnn,|z,e] = InE[n,|z, €] — §E g(nx — E[n.|z, €)%z, €| ,
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in which ¢ is between n, and E[n, |z, €]. Thus

E é(ngg — E[n.|z, €)?|z, e} < WE [(ne — E[n.|z, €])?|z, €]
+E {ﬂ%(nx — E[n.|z,€))?|z, €| .

Since n, — k ~ Binomial(N — k — 1,p), we have Var[n,|z,¢] = (N — k — 1)p(1 — p) and
Var[l/n,|z, ] = O(1/Np). Combine the upper and lower bound, there exist two constants a and

b such that

IE[¢(n, + 1)|z,¢] — In(Np)| < % 4 Nip. (A.224)

The proof is complete.

A.5.3 Proof of Lemma A.19

In this section, we give a bound to E[p?], d’ < d., under Assumption 2.1 (c), (d). To begin with,

we prove the following lemma.

Lemma A.20. Under Assumption 2.1 (c), for any integer d’ < d.,

/ f2)"Edz < 1“—dd (A.225)

for some constant /.

Proof. Similar to the Lemma A.2, we can prove that P(f(Z) < t) < ut for some constant x and
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all ¢ > 0, based on Assumption 2.1 (c). Thus

pdz 00
— /ﬂ P(ﬂzy<f?)ﬁ+/?}%j@)<f?>ﬁ
0 niz
d/
& <4 =
< s +/d, pt—a dt = [T (A.226)
pdz T4
0
Now bound E[p?]:
E[p?] = /E[pd,|Z = z|f(z)dz. (A.227)
Here we divide the support into z € S7 and z € S}. S| and S}, are defined as following:
2C
5= {alr@ = 20 ). (A228)
Cdz
2C
Sh = {z\f(z) < C—laﬁv} (A.229)
d-
in which ay = AN=?, 3 = 2/(d. + 2). According to (A.4) in Lemma A.2,
2 2 2
P(ZeS) =P ( £(Z) < ﬁA?N%) < 2O oyt (A.230)
Cd. Cd.

For z € S}, from order statistics [23], conditional on any z, P(B(z,€)) ~ B(k, N — k), in

which B denotes the Beta distribution. Hence

EP@@WMZ:ﬂgEPw@@MZ:ﬂ:%. (A.231)

Moreover, from the definition of S| in (A.228) and Lemma A.13, we have P(B(z,p)) >
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f(z)cq,p? /2, thus

2k

E[p*|Z = 2] < ————. (A.232)
[p*| ] New 7(2)
Therefore for all ' < d.,
E[p”|Z = 2] < (—% )j (A.233)
=7 . .
P = \New.f(2)
Forz € S,
E[|Z = 2] < af, = AYN"T5. (A.234)
Plugging (A.233) and (A.234) into (A.227),
a 2k \ 1-4£ & n-7ts /
E[p?] < ~ /f i (z)dz + AY N~ %72 P(Z € S}) (A.235)
Cdz
-0 (N’%> o) (N*%) —0 <N’%> , (A.236)

The proof of Lemma A.19 is complete.

A.6 Proof of Theorem 2.7, Theorem 2.8 and Proposition 2.9

In this section, we analyze Kozachenko-Leonenko estimator and KSG estimator under heavy tail

conditions (2.23), with 7 < 1.

A.6.1 Proof of Theorem 2.7 and Theorem 2.8

Since the proof steps are very similar to the case of 7 = 1, which is proven in Appendix A.1 and

Appendix A.5, we only show some important steps where the proof is different from the previous

151



sections. 1. Lemma A.3 is replace by: for all ¢ > 0,

V(t) < ™t (A.237)

1—71

Proof. Under original assumptions, g7(u) > p/u. Under new assumption, we can similarly get

qr(u) > (u/p)/™). Then

! 1 ! N T T
V(t) = / du < / (-) du < ut™ 1, (A.238)
Fr(r) (W) Fr() U 1-7
The remaining steps are the same. 0
2. (A.5) in Lemma A.2 is replaced by:
K,
/ e Mdx < S (A.239)

Proof. Divide the support into two regions, with f(x) > t and f(x) < t.

/fm(x)e_bf(x)dx = / fm(x)e_bf(x)dx—i—/ fm(x)e_bf(x)dx
f(x)>t f(x)<t

/ <T> e "dx + / "1 f(x)dx
s>t N b F<t

= v (5) e et

4grmel (A.240)

IN

tT*l

bm

N

Note that the above derivation holds for arbitrary ¢ > 0. Let t = 1/b, then the proof is complete.

]

3. Lemma A .4 is replaced by: there exist constants C5 and Cj, for sufficiently large N,
Ple>an, X €Sy) < CpN 7170, (A.241)
Ple>ay) < CyN Tmin{i=fdegis} (A.242)
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The proof follows the same steps as the proof of original Lemma A.4 in Appendix A.1.2.

4. Lemma A.19 is replaced by:
d _d _d4eor
Elp"] =0 (N7 ) + 0 (N EE mN). (A.243)

Proof. We define S}, S} in the same way as (A.228) and (A.229). Define C' = 2C, A?/c,,. Then
(A.225) in Lemma A.20 is replaced by:

i foEdn = E[fE(Z)1(f(Z) > ON“)]

pdz
— / P(f(Z) <t—d‘f)dt+/d, P(f(z) <t‘7> dt
0 u@
S C dZNB%
< p +/d, pt = dt
ndz
O(1) it 7d,>d

= O(InN) it 7d,=4d
10) (N%(i”)) it rd, < d.

- 01)+0 <N25(5;T) In N) . (A.244)

The remaining steps follow Appendix A.5.3.

A.6.2 Proof of Proposition 2.9
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We now derive the range 7 such that assumption (2.23) holds under moment assumption E[| X |*] <

oo. Using Holder inequality,

1

/flT(X>dX — /(1 + ’X|a)177—f177(x>mdx (A245)

< (/(1+|x|a)f(x)dx)7</ (ﬁ)ﬁ) (A.246)

The first factor is finite because E[|X|?] < oco. If 7 < a/(a + d,.), then a(1 — 7)/7 > d,, the

second factor is also finite. Then [ f!77(x)dx < co. As a result,
PUF(X) < 1) = P(f7(X) > 7)< CE{f7(X)] i= ", (A247)

in which g 1s a constant. The proof is complete. 0

A.7 Proof of some statements

A.7.1 Proof that Assumption (a), (b) in Theorem 2.1 implies Assumption (c)

(d) in Theorem 2.3

In this section, we prove that Assumption (a), (b) in Theorem 2.1 implies Assumption (c) (d) in
Theorem 2.3. It is obvious that (a) implies (c). Now we prove (d) using on (a) and (b).
We first show that f(x) must be bounded. From Lemma A.l, we have P(B(x,r)) >

f(x)cq,r% — Cyr®="2 Moreover, P(B(x,7)) < 1 always holds. Hence for any r > 0,

1 —+ Clrd““
cq, v

f(x) < (A.248)
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Therefore f must be bounded. We then show that E[(In f(X))?] < oo:

Bln/P1) < 1] = [P (g (%) < ~vE)

= /OOP (f(X) < e*ﬁ) dt < o0, (A.249)
0

in which P(f(X) < e~V")dt can be bounded using Lemma A.2. Since f is bounded, we also have
E[(In f(X))?1(f(X) > 1)] < oco. Therefore E[(In f(X))?] < oc.

Based on the above fact, we now prove Assumption (d) in Theorem 2.3. For any x, define

= \/d,f(x)ca,/(d, + 2)C;. We discuss two cases:

(1) If r < r,, then according to Lemma A.2,

2 2
P(B(x,r)) > f(x)ca,r® (1 - f&)’”cdz) > f(x)cq,r" (1 - f(il;ccd) > dx2+2f(x)cdzrdz.

Therefore, we have f(x,r) > (2/(d, + 2))f(x) in this case.

) If r. < r < rg, then

dxiQf(X)Cdz ((‘; fJ(r 2)%1)‘2

P(B(x,r)) =z P(B(x,1c)) = F(X)eqrle =

d, + 2
Therefore we have f(x,r) > C'f1*%/2(x). Combine case (1) and (2), we have

2
d, +2

inff(x, r) > min { f(x), CfHdI/Q(X)} . (A.250)

Hence

s (g < f 10 (g

which holds since [ f(x)(In f(x))®> < oo. Moreover, from Lemma A.l, we also have

f(x)> dx+/f(x) (lanHd””/Q(x))de < 00,

P(B(x,7)) < f(x)cq,r% + Cyr%+2, Therefore sup f(x,7) < f(x) + (C}/cq, )73, which ensures
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that

/f(X) <1H8upf(X, r)>2 dx < .

r

The proof is complete.

A.7.2 Proof of properties of joint pdf satisfying (2.20)

In this section, we show that under the Assumption 3 in [34], the joint pdf f(x,y) is bounded away
from zero, and must have a bounded support. Recall that z = (x,y), the Assumption (c) in [34]

says that for any b > 1,
/ f(z) exp(—bf(z))dz < Cee™ . (A.251)
With (A.251), for any ¢ > 0, we have
P(F(Z) <t) = P(exp(=bf(Z)) > exp(—bt)) < ME[e @] < (e,

in which the first inequality comes from Markov’s inequality. Note that the above steps hold for

any b > 1, we can let b to be arbitrarily large. Hence, if 0 < ¢ < (Y, then
P(f(Z) <t)=0.
For any random variable U, P(U < t) is left continuous in t. Hence we have
P(f(Z) < Cy) =0. (A.252)

For all the points on which f(z) is continuous, we have f(z) = 0 or f(z) > Cj. Otherwise,
if 0 < f(z) < Cp, there must be a neighbor B(z,r) on which the pdf is in between 0 and Cj,
which violates (A.252). According to the Assumption (d) in [34], the Hessian of f(z) is bounded

almost everywhere, which implies that f(z) is continuous almost everywhere, and thus f(z) = 0
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or f(z) > C, almost everywhere. As a result, f(z) is essentially bounded away from zero, and

must have a bounded support.
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Appendix B

Appendix of Chapter 3

B.1 Proof of Theorem 3.1

In the following steps, c, is the volume of unit ball, depending on the norm we use, and 1 is
the digamma function, ¢)(u) = dInT'(u)/du, with T" being the Gamma function. Moreover, since

E[lnv;] and E[ln ¢;] are the same for different ¢, we omit the index ¢ for convenience. According to

(3.2),

EID(fl9) - D(7llg) = “wBllny—lnd +ln
—E[In f(X)] + E[ln g(X)]

= —[~¥(k) + (N) +Incy + dE[In €] + E[ln f(X)]]
+ [~(k) + (M + 1) + Incg
+dE[In v] + E[ln g(X)]]
+In M — (M +1) — In(N — 1) + (N)

= —[1+[2—|—[3, (Bl)
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in which

L = —¢k)+¢(N)+1ne,

+dE[In €] + E[ln f(X)], (B.2)
I = —¢(k)+¢(M+1)+1ne

+dE[Inv] + E[ln g(X)], (B.3)
Iy = InM — (M +1) —In(N — 1) + (N). (B.4)

In the following, we provide details on how to bound /5. /; can then be bounded using similar
method.
To begin with, we denote P,(S) as the probability mass of S under pdf g, i.e. P,(S) =

J 9(x)dx. We have the following lemma.

Lemma B.1. According to Assumption 4.4 (f), which requires that ||V f||, and [|V?g]|,,, are both

bounded by Cy, there exists a constant C'y, such that, if B(x,r) C S,, we have

|Py(B(x,7)) — carg(x)] < Crr®*.

Proof.
A8 —gtca’l = | [ (o0 g
B(x,r
< / Vg(x)(u — x)du
B(x,r)
—l—/ Co(u —x)T(u — x)du
B(x,r)
< Cor*V(B(x,7))
= Coeqr®™?, (B.5)
in which the first inequality uses Assumption 4.4 (f). [
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From order statistics [23], E[ln P,(B(x,7))] = (k) — (M + 1), therefore

_ gy BBX )
I, = ]E{ln calg(X) } (B.6)
Define
Si = {x|B(x,an) C Sy}, (B.7)
Sy = 8, \ 51, (B.8)

in which ay; = A(ln M/M)Y4, and A = (2/(L,cq))"?. From (B.6), we observe that the bias is
determined by the difference between the average pdf in B(x, ) and the pdf at its center g(x).
S is the region that is relatively far from the boundary. For all x € S;, with high probability,
B(x,v) C S,. In this case, the bias is caused by the non-uniformity of density. With the increase
of sample size, the effect of such non-uniformity will converge to zero. Ss is the region near to
the boundary, in which the probability that B(x,v) ¢ S is not negligible, hence P(B(x,v)) can
deviate significantly comparing with c;v%g(x). Therefore, the bias in this region will not converge
to zero. However, we let the size of S, converge to zero, so that the overall bound of the bias

converges.
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For sufficiently large M,

=|(n ) roces|

< ‘IE Kln Pcifd(;EXV)))) 1(X € Si,v < aM)} '

Bl ax e

S [IDU( X >> v <o x50
—HnaTgP(XESl,I/>aM)

~ (11‘1]\?4)3 (B.9)

In step (a), we use Lemma B.1, Assumption 4.4 (b) and Assumption 4.4 (e). In step (b),
the first term uses the fact that for sufficiently large M, a,; will be sufficiently small, hence
C1v?/(cag(x)) < Cra3;/(cag(x)) < 1/2. The second term of step (b) comes from the Chernoff

bound, which indicates that for all x € S; and sufficiently large M,

P(v > ap|x)

k
< o~ MPy(Blxan) (GM Py(B(x, aM)))
B k

d k
o~ MLgcaal (GMLngaM )

IN

k

_ <£>’f (21;141;4)5 (B.10)
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Moreover,

‘E [ln %}&U)))l(x € Sg)} ' < In a%"gP(X € 5)

< m%UgV(SQ)

alyg

U
< In—LU,H,ay
CLLg g--g

In M a

In this equation, V/(.S2) is the volume of S5, and we use the fact that V' (.S;) < Hyays according to

the definition of S, and Assumption 4.4 (c). Based on (B.9) and (B.11),

In M\ “
lms(n ) - (B.12)

M

Similarly, we have |I;| < (In N/N)®/9) and according to the definition of digamma function 1),

|I3] < 1/M + 1/N. Therefore

lnmin{M,N})i (B.13)

ED(l9)] - DUl 5 (M)

B.2 Proof of Theorem 3.2

In this section, we derive the bound of the bias for distributions that satisfy Assumption 4.5. These
distributions are smooth everywhere and the densities can approach zero. Based on Assumption 4.5
(b) and (c), which requires that the Hessian of f and g are bounded by Cy, and P(f(X) < t) < ut?,
and P(g(X) < t) < ut?, we show the following lemmas, whose proofs can be found in Appendix

B.2.1, B.2.2, and B.2.3, respectively.

Lemma B.2. There exist constants Uy and U, such that f(x) < Uy and g(x) < U, for all x.
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Lemma B.3. There exists a constant C5, such that
E[lIn [ X]| [1(g(X) < )] < Cot” In(1/1)

for sufficiently small ¢, in which X follows a distribution with pdf f.

Lemma B.4. For sufficiently small ¢,

1 (1 +In i) if y=1
/ @dx < wt (B.14)
gt 9(X) Bl <L,

A

Similar to the proof of Theorem 3.1, we decompose the bias as E[D(f||g)] — D(f||g) = =11 +

Ig+]3.Then
P,(B(X,v))
L= |E |ln—+——21]. B.15
| 2| ‘ {n Cdl/dg(X) ( )
Divide S, into two parts.
2
S; = {x]g(x) > %aﬁJ} (B.16)
d
SQ - Sg\Sl, (B17)

in which ay; = AM~P, A = (k/C,)%/(@+2) 3 will be determined later. C, is the constant in

Lemma B.1.
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We first consider the region .S;.

P,(B(x,v))

E |In —Z
" cqvtg(X)

[ C’la?w
_ <
In (1 Cdg<X)> ]_(X € Sl, v < aM)} ’

1(X e Sl)”

1(X € Sl,l/ < aM):| ‘

INE
&=

(b

=

[ 201613\/[
_CdQ(X)

a3, / _f(x) dx
g(x)>%aﬁ4 g(X)

M2 if y<1

AN

NS

(B.18)
M=2InM if v=1,

in which (a) comes from Lemma B.1. For (b), note that according to (B.16), Cya?%,/(csg9(x)) < 1/2

forx € Sy, and |In(1 — u)| < 2u forany 0 < u < 1/2. (c) uses Lemma B.4.

For v > a;, note that according to Lemma B.1,

Py(B(x,anm)) > cdaﬁlwg(x) — C’laif > cdaﬁlwg(x). (B.19)

N | —

Based on this fact, if 5 < 1/(d + 2), we show the following two lemmas:

Lemma B.5. There exists a constant Cs, such that

P(v > ay,X € 5)) < CyM 09D, (B.20)

Proof. Please see Appendix B.2.4 for detailed proof. 0

Lemma B.6. There exists a constant C4, such that

EllnZ 1> an, X € )| < CuM—0—5d) 1y A, (B.21)
anr
Proof. Please see Appendix B.2.5 for detailed proof. 0
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Then

e

|E[ln P,(B(X, anm))1(X € Sy, v > ay)|

1(X € Sl,l/ > CLM):| ‘

IN

+|E[ln(cdaﬁ4)1(X € S1,v>ay)|
+E[ng(X)1(X € Sy,v > ay)|

+d ‘E {ln aLl(l/ > ay, X € Sl)} ’ . (B.22)
M

Note that

—_
v

Fy(B(x, an))

Cdaﬁlwg(x) - a?\jz

v

A%

d+2

C A2 N —Pld+2), (B.23)

Therefore
IE[ln Py (B(X,ay))1(X € S1,v > ap)]| S M D 10 M. (B.24)

The second and the third terms in (B.22) satisfy the same bound. The last term can be bounded

using Lemma B.6. Hence

E |In wl(){ € Siv>an)|| S MU0 M. (B.25)
cavtg(X)
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Now we consider x € S,.

’IE {m%ux e 52)”

< [E[ln By(B(X, v))1(X € 5y)]| + [E[lng(X)1(X € 5)]]

+|Incy|P(X € S3) + d|E[lnv1(X € S,)]|. (B.26)

From order statistics [23], |E[ln P,(B(x,v))|x]| = |¢¥(k) — ¢(M)| < InM. According to

Assumption 4.5 (b), the first three terms in (B.26) can be bounded by:

IE[ln P,(B(X,r)1(X € Sy)]| < InMP(X € Sy)

~ InMa5) ~ M~ In M, (B.27)

Eflng(X)1(X € S)] = E {m g&)1 (g(X) < 26—6;1@%4)1

Cd
+/ P(g(X) <e")dt
In 2C1(tiz%\/[
201 2 K Cq /OO
< 1 Tt
- ,u< Cd aM) HQC’la?V[ + I —d He
19
201 2 7 ] Cq 1
= —a n
ca M 2C1a%, v
~ M7%71n M, (B.28)
and
|Incy[P(X € So)| S M 2P, (B.29)
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The last term in (B.26) can be bounded using the following lemma, whose proof can be found

in Appendix B.2.6.

Lemma B.7. There exist two constants C'5s and Cj, such that for sufficiently large M,

|E[lnv|x]] < C5In M + Cg| In ||x|| | (B.30)

Using this lemma, we have

Elnvl(X € S)]| < |[E[(CsInM + Cs|In || X]| )1(X € Sy)]|

1
5 aﬁ}lna
~ M77InM. (B.31)
Therefore
P,(B(X,v)) B
E |[ln—L—"""1(X < M~2871n M. B.32
‘ [n cavtg(X) (X e % ! (532

Combining (B.18), (B.25) and (B.32), we get
1| < M2 In M + M~73=AD) 1y M. (B.33)
Since the above bound holds for arbitrary § < 1/(d + 2), we justlet 3 = 1/(d + 2), then
2y
|| < M~ In M. (B.34)

Similarly, we have || < N a2 In N, and according to the definition of digamma function, | /3| <

1/M + 1/N. Hence

E[D(fllg)] — D(fllg)| < (min{M, N})" %2 Inmin{ M, N}, (B.35)
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B.2.1 Proof of Lemma B.2

We only show that there exists a constant U, such that g(x) < U, holds for all x. The proof of the

upper bound Uy of density f will be exactly the same. From Lemma B.1

Py(B(x,7)) = g(x)car” — Cir*2.

(B.36)
Since P,(B(x,r)) < 1, we have
1 C d+2
gl < 1 (B37)
Cqr
for all r > 0. Define U, as the right hand side of (B.37) given r = (d/(2C,))Y/(4+2) ..
4 d
U, = _*e _ (B.38)
g \ @2
7)
then g(x) < U, for all x.
B.2.2 Proof of Lemma B.3
From Holder inequality, For any p, ¢ such thatp > 1,¢ > l,and 1/p+ 1/¢ =1
1 1
E [In [|x[| [1(g(X) < )] < (E[[In|x|[["])> (E[1(g(X) <)1)« . (B.39)
From Assumption 4.5 (b),
E[1(9(X) <t)!] =P(g(X) <t) < ut” (B.40)
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Moreover, from Assumption 4.5 (d), P(||X|| > ¢) < K/t*, then

E[| o | X 7]

/ P(|In||X|[|P > u)du
0

/ [ <HX|| >e“*’) (||XH <e—w’>} du
/ Ke_s“pdu+/ Ujcae™ du? du

/ Kpe 0P~ 1dv+/ Uycape™ doyr=ly
0

K U, gCd
= |
(Sp+ < )p (BAl)
Using Stirling’s formula p! < ep?*'/2e7P, we have
1 1 K U, p
Bl X 16(X) < 0] < ehpet (54 ) gy
sP dp
1
145 K Ugpcq\? yi-1
< p (Sp = ) (ut”)
1
Inp K\»r Ucd »
< pe [(@ +< 3 ) ](W)l z
~ pt'(=3) (B.42)

which holds for all p > 1. For sufficiently small ¢, let p = In(1/¢), then the right hand side of

(B.42) becomes et” In(1/t).
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B.2.3 Proof of Lemma B.4

dx =

B.2.4 Proof of Lemma B.5

For all x € 94,

P

o(B(x; an))

1
9(X)

E
_ /OOOP (@1@(}() S 1) > u) du

_ /O%P(g(X)<%)du

L7 i <
= ! (B.43)
1+ pln % if vy=1

| —

1(g(X) > t)}

IA
—

g(x)cda% — C’laﬁl\}rz

v

Vv

d+2
CléLM

Cl Ad+2M—ﬁ(d+2)

_ k.M*ﬁ(d‘i’Q)

k
- B.44
M’ ( )

v

in which we used (B.16) and Lemma B.1. Hence, according to (B.19) and Chernoff inequality,

P(v > apx)

IN

k

k
e~ MatIeunts (M)
2k

o(x). (B.45)

k
e*MPg(B(X,aM)) <6MPQ(B(X7 aM>>>
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Moreover, define a = Mcyad, /2, then

P(v > ap, X € 5))
k
= (7) E[™(agX))"]
e\k 1 1
= —5ag(X) —5tik
< () Bl upete
= 2FE [e’%“g(x)}

= 2’“/ P(e’%“g(x) >u> du
0
o 2. 1
= 2’“/ P(g(X) < —ln—) du
0 a u
1 1 vy
= 2’”7#/ (ln—) du
0 u

1 -
= 2"l (y + 1) (§MchdM5d) : (B.46)
The proof is complete.

B.2.5 Proof of Lemma B.6

From Assumption 4.5 (d), P(||Y|| > r) < K/r®. Hence P,(B°(0,7)) < K/r® in which
B¢(0,7) = R%\ B(0,7). Denote 1 as the KNN distance of x = 0 among Yy, ..., Y. Then
for sufficiently large M and r > (2K)'/*, we have P,(B¢(0,7)) > 1/2, hence

P(vy >r) = P(n(B0,r)) > M — k)

p <n(BC(O,'r)) > %M)

M

M
(ZGK ) . (B.47)

IN

IA
ml

S

i

IA
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Denote ny (S) as the number of samples from {Y1, ..., Y} that are in S. Then for any given x,

and r > (2K)Y* + ||x||, since ny (B(x,t)) > ny (B(0,t — ||x]|)),

M

1
2e K 2
Let
1+s
t6 —maX{ 2”X” T2 fK}. (B.49)
anr S Apr

It can be checked that aje®o > (2K)'Y* 4+ ||x||, therefore

E {ln Ll(l/ > aM)|x1
an

= / P(v > ape'|x)dt
0

to o0
= / P(v > apret|x)dt +/ P(v > apret|x)dt
0

to %M
< / P(v > ap|x) dt+ ( T ) dt
0 (ane ||X||

(a) 21+s K %
< ¢(x)to+/ ( . et) dt
ay e’

to
1
14s M

I
-
—~
L)
~
o
+
VRS
")

INZE
=
X
~
(=)
+
| b

(B.50)

In (a), we use (B.45) and the definition of ¢y, which implies that ||x|| < ase’/2. (b) uses the fact

that e*®* > 2'"$e¢ K /a5,. Hence

2
E lnil(u > ay, X € S1)| < E[p(X)to] +

—. B.51
apr o M ( )
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It remains to bound E[¢(X)t]. For any T' > 0,

E[¢(X)t0]

IA

E[¢(X)tol(to < T)] +E[$(X)te1(to > T)

IA

TE[6(X)] + E[to1(to > T)]. (B.52)
In Lemma B.5, we have shown that E[¢(X)] < C5M —7(1-64) For the second term,

E[tol(to > T)]

2 ||IX 1. 2'%eK 1
E [(mM +>In —6) 1 <||XH > —aMeT)]
ay S ajyy 2

o 2 ||IX 1
/ P (ln X 1 (X > —aMeT) > u) du
0 aps 2

1. 21FseK 1
4o “p (||XH > §aMeT>
S

s
M

T 1
/ P (HXH > —aMeT> du
0 2
& 1
+/ P <HX|| > —he“) du
T 2

2K ltse ¢
as et
25K

asesT's

IN

IN

IN

S
any

{sT+1—|—ln

IN

(B.53)

S

21+86K:|
> .

Let T = (1/s)In M, then
E[p(X)to] < M70=AD 10 M. (B.54)
Hence

E|In—1(v > ay, X € S)| < M0 1y 1, (B.55)
apg

173



B.2.6 Proof of Lemma B.7

E[nvi(v < 1)]x]|
_ /wmy<eﬂmﬁ

INE
C\S
g
<V
@
A
-

o
)
&

INS
N

-

5
QL
Py
+
&.\H\
g 3

= -k

N
<

=

o @)
IsH

Q)

&
N———
QL
~

(B.56)

In (a), we use Lemma B.2. (b) uses Chernoff bound. Moreover, let t, = max{In(2 ||x||), (1/s) In(2'"*eK), 0},

then

E[lnvi(v > 1)|x]
- /mmy>am)

2e K 2 M
dt +/ ( ) dt
/ K \(et = [IX])*

<
ltse | M
= t0+/ ( " ) dt
to e’
iy 20 1,

= t0+(21+86K)§Mme 3sMto
< max<{In(2 x| 11 (2'7%eK),0 ¢ + 2

max n X — In (& _—
- s ’ sM
< @ x| + L@ eR)| + —- (B.57)
- s sM’ )

Combining (B.56) and (B.57), the proof is complete.
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B.3 Proof of Theorem 3.3

From (3.2), we have

Var[D(fllg)] = Var

d d &
N E IDVZ'—N E 11161']

i=1 =1
d & d & ]
=3 e =Sy,
N2 "€ N £ ny

i=1

= 2L +2L. (B.58)

< 2Var + 2 Var

We bound /; and I, separately.

Bound of /;. I; is the variance of Kozachenko-Leonenko entropy estimator [49], which
estimates h(f) = — [ f(x)In f(x)dz. Here we use similar proof procedure as was already
used in the proof of Theorem 2 in our recent work [99]. [99] has analyzed a truncated
Kozachenko-Leonenko entropy estimator, which means that ¢; is truncated by an upper bound
ay. The variance of this estimator is actually equal to Var[(d/N)Y.~,Inp;], in which
pi = min{e,ay}. It was shown in [99] that if ay ~ N7 with 0 < B < 1/d, then
Var[(d/N) SN, Inp;] = O(N~'). In this section, we prove the same convergence bound for
the estimator without truncation, i.e. Var[(d/N) 3.~ In¢,].

Let X/ be a sample that is i.i.d with Xy, Xs, ..., Xy. Recall that ¢; is the k-th nearest neighbor
distance of X; among X;, X, ..., Xy. If we replace X; with X/, then the kNN distances will
change. Denote €, as the k-th nearest neighbor distance based on X/, Xs,...,Xy. Then use

Efron-Stein inequality [82],

Var

q N g q 2
N Zl,zl n 61] =2 (N Zi:l e =5 Zi:l n 6’) (859

Define U; = In(Ncged) and U! = In(Neg(€))?) for i = 1,..., N. Moreover, define ¢/ as the k

nearest neighbor distances based on Xy, ..., Xy, and U = In(Ncy(e/)?), i = 2,..., N. Follow
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the steps in Appendix C of [99], we have

Var

%Z In ei] < %(zm +1) [(k + DE[UT] + kE[(UY)?]], (B.60)

in which 4 is a constant that depends on dimension d and the norm we use. For example, if we
use {5 norm, then 7, is the minimum number of cones with angle 7 /6 that cover R<.

Now we bound E[UZ] and E[(U})?]. Define p = min{e, ay}, in which ay ~ N7, 0 <
[ < 1/d. Note that we truncate the estimator for the convenience of analysis, although we are
now analyzing an estimator without truncation. The deviation caused by such truncation will be

bounded later. In the following proof, we omit the index for convenience. E[U?] can be bounded

by
E[U?] = E[(In(Neleq))?]

B N o) — 1y LHBX €)

— | (v mx, ) - m 2
—i—dln——lnf(X)) ]

< 4E[(In(NPr(B(X,€))))’]

Pi(B(X,6)\>

+4E (111 FX)eap! )]
PR (m;) T 4E[(In (X)), (B.61)

in which P;(S) is the probability mass of S under a distribution with pdf f, ie. P;(S) =

| o f(x)dx.
According to Assumption 3.3 (b), E[(In f(X))?] = [ f(x)In® f(x)dx < oo. Moreover,

Lemma 6 and Lemma 7 in [99] have shown that

lim E[(In(NP;(B(X, ))))*] = '(k) + ¢2(k), (B.62)

N—oo
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and

(m Wﬂ — 0. (B.63)

It remains to show that E[In*(¢/p)] — 0:
0\ 2
p
e\ 2
(ln —> 1(e > aN)]
an

2E[In” €1(e > ay)] + 2E[In* ax1(e > ay)]

E

= K

IA

IN

2E[In® el(ay < € < 1)] + 2E[In* el (e > 1)]

+21In* ayP(e > ay)

IN

41n* anP(e > ay) + 2E[In® e1(e > 1)]. (B.64)
For sufficiently large NV, any < ry. From Assumption 3.3 (b), for sufficiently small ¢,

P(f(x,ay) <t) < P ((ln inf f(x, r))2 > 1n2t>

r<ro

1
_ <ﬁ) | (B.65)

in which we use small o notation, since for any variable U such that U > 0 and E[U] < oo,
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uP(U > u) — 0asu — oo. Since § < 1/d, pick 0 such that 0 < § < 1 — /3d, then

P(e > ay)
2k
< P(Pf(B(X,aN)) < Nlé)
2k
+P Pf(B(X,E)) > N 50 € > an

(B.66)

=
S
—
=
2 =
e
~_

In (a), we use the definition of f in (3.12) for the first term, and use Chernoff inequality for the
second term. (b) holds because N'=%a$, ~ N'=9=4 1 —§ — Bd > 0, thus N'7°=% — co. Then
we can get (B.66) using (B.65).

Moreover, we can show the following Lemma:

Lemma B.S.

lim E[In” €1(e > 1)] = 0. (B.67)
N—0

Proof. Please see Appendix B.3.1. [

Based on (B.64), (B.66) and Lemma B.8, E[In*(¢/p)] — 0. Therefore (B.61) becomes

lim E[U?] < 4 [w’(k) + 2 (k) + / £(x) In? f(x)dx] . (B.68)

N—oo

Similar results hold for E[(U")?]. Hence (B.60) becomes

=0 (%) . (B.69)

Bound of /;. Let Y| be a sample that is i.i.d with Yy,..., Y. Define v/, as the k-th nearest

Var

q
— Ing
N;ne

neighbor distance of X; among {Y",Ys,..., Yy} for7 = 1,..., N. Let X be a sample that
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is 1.1.d with X;, ..

{Y1,..., Y} Then from Efron-Stein inequality,

To bound the right hand side of (B.70), we first make the following definitions:

IN

i=1

2
Md> >
2]\?2 E (Z(ln v; —In V{))

2

+ﬁE[(ln vi — Invy)?]

Loy + Iss.

Definition 1. Define two sets S; C R%, S} C R¢:

S1

{x]Y is among the k neighbors of x in

{Yi,...,Yu}},

{x|Y] is among the k neighbors of x in

{Yy,....Yu}}.

Definition 2. Define two events:

Ey

max {max I, ma [ uYau}
1E€[N] €[ M]
5

>(M+N+1)s;

I

min {minl/i, minug} < (M + N)*%.
1€[N] 1E€[N]
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., Xy, and define v; as the k-th nearest neighbor distance of X/ among

(B.70)

(B.71)



We also denote £ = F; U Es.

The following lemma shows that the probabilities that these events happen are low.

Lemma B.9. The probabilities of F;, E5 are bounded by:

k

P(E,) < B.72
eUycq g 4
PE) < (X)) (4N (B.73)
Proof. Please see Appendix B.3.2. U

These bounds show that P(E) < (M + N)~*. Moreover, we show the following lemma:

Lemma B.10. There exists a constant C'; such that for sufficiently large M we have
E[ln* 7] < Cy In* M. (B.74)

Proof. Please see Appendix B.3.3. [
Based on Lemma B.9 and Lemma B.10,

E (i(lnm—lnﬁ)) 1(E)

=1

(Z(ln v; —In VZ{)?) 1(E)

=1

IN

NE

IN

2NE |} (In*v; + In® ) 1(E)

i=1

= 4N’E[n*v1(E)]

IN

4N?\/E[In* v|P(E)
N21n* M

<
~ (M +N)?

(B.75)

If E does not happen, then ||X;[, ||[Y4]|, ||Y}|| are all upper bounded by (M + N + 1)0/9),

Thus v; and v/ are all upper bounded by 2(M + N + 1)©/%), Besides, from (B.71), they are both
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lower bounded by (M + N ) . Define nx(S1) and nx(S7) as the number of samples among

{X4y,...,Xy}in S; and S}, respectively, then there are at most ny (S1) + nx (S7) points such that

v; # vi. If X; falls outside S; and S}, then v; = v/ since both Y; and Y are not among the k

neighbors of X; in {Y71,..., Y }. Hence

E (Z(lnm—ln%)) 1(E°)

i=1

IN
=

i=1

(Z (2 In(2(M + N + 1)

=1

IN
=

k45
+

5 k45 )
< [=+——) In*(2M + 2N +2
< (8+ o ) (2M + 2N +2)

E[(nx(S1) + nx(51))?]

k
< 2<§+ +5) In*(2M + 2N + 2)
S

= In(M + N)) 1(y; # y;))2 1(E°)

(Z(ln v —Inv)1(y; # V{)) 1(E°)

(E[n%(S1)] + E[n% (SD))- (B.76)
Now it remains to bound E[n%(.5;)] and E[n3 (S])]. We have the following lemma:
Lemma B.11.
16 ]A3N(N—1) kN
2 2 d o2
E[n%(S1)] {4(1{:—#1) + (1_1112)2] (M —1)2 tar
16 ]A2N(N—1) kN
! 2 d ver
E[n% (S7)] [4(k+ 1)°+ i 1n2)2} (M =172 + R
(B.77)
Proof. Please see Appendix B.3.4. U
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Combining (B.75), (B.76) and Lemma B.11, we have

1 1
]21 5 (M —|— N) IDQ(M—F N)

Then I35 can be bounded by:
1
I, = ﬁE[(ln(chuf) —In(Neg(V))]

< L (Bl )] + Bln(d et

2 d\\2
= Eln(Mcari))].

(B.78)

(B.79)

Similar to the analysis from (B.61) to (B.68), we can show that the limit of E[(In(Mcq2/{))?] can

also be bounded by the right hand side of (B.68). Therefore

1
122 5 N?

1 1
Ip=Ip+Ip<|—+—=)I3(M+N
2 21+ 22N<M+N>n< + )7

and

>

Var[D(fllg)] < 2L +2I

(% + %) In*(M + N).

AN

B.3.1 Proof of Lemma B.8

Similar to (B.48), we can show that for any given x, and t > (2K)"/* + ||x]|,

2¢e K )é(N_l)
(t — []x[)*

P(e > t|x) < (
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Then

o0

E[ln*el(e > 1)] = P(In*el(e > 1) > t)dt

o0

P(e > eVt (B.84)

J, 7
J

Therefore if (1/2)eV! > (2/)'/*,

P(e > V)
1 1
< P (HXH > §eﬁ) +P <||X|| < Eeﬂ,e > eﬂ)

1v-1)
< k n 2e K
= Gey T\ ey

— P Ke 7 4 (20 K) s WD as (N1 (B.85)

Define

" | if ¢< max {1n2(21+%K%), 2 1n(21+seK)}
) =
2 Ke 2% 4+ e if ¢ > max {1112(21*%}(%), 2 ln(21+seK)} :

It can be shown that P(e > eV?) < ¢(t). Since ¢(t) is integrable in (0, c0), according to Lebesgue

dominated convergence theorem,

lim E[ln®el(e > 1)] = / lim P(e > eV?)dt = 0. (B.86)
0

N—oo N—o0

B.3.2 Proof of Lemma B.9

Proof of (B.72). According to Assumption 3.3 (¢), forz =1,..., N,

E[J[X:|]

P(||X;]| >t) < :
(Il > ) < = < 2

(B.87)
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Similar bound holds for | X/ || and Y;, 4 = 1,...,M.Lett = (M + N + 1)®/%), and using the
union bound, we get (B.72).
Proof of (B.73). Since g is bounded by U, we have P,(B(x,r)) < U,cyr for any x and r > 0.

Letro= (M + N )_%, then for sufficiently large M, we have

k
Ugcar® < Ugea(M + N)™ 5% < e (B.88)
as Uy, cq and k are fixed.
Hence using Chernoff inequality,
MU, cqrd\"
P(vi <19) < exp[-MU,cari] (%)
da\ k
< (%) . (B.89)
Then (B.73) can be obtained by calculating the union bound.
B.3.3 Proof of Lemma B.10
Define
1
t; = max {1114(2 1), — ln4(21+seK)} : (B.90)
s
and
2. MUza\"
t2 = (C_i In kng> s (Bgl)
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then

[e.9]

E[ln*v|x] = P (In*v > t|x) dt

oo

S—>—

1 S 1
P y > et \x) dt +/ p (y <t |x> dt. (B.92)
0

=

o0 1 2e K
/ P(l/>eﬂ]x> a < / dt+/ e dt
0 (et — |xll)s
(a) 21+s€K M
< i1 +/ - dt
1 estt

1 00
u::t4 t1+(21+seK)§M/ ef%sMuzluSdu

1
tl

N

<t + (2MeK)2M

1
exp {— QM 1n(21+seK)]

13 3 6 6
< b+ (g A2151 + A4151 + 33
®) 4 1 4/01+s
< In (2||x||)—|—gln (27%eK) + 0u
< x|+ 1. (B.93)

1
In (a), we use ||x|| < e'* /2. This is true because of the definition of ¢; in (B.90). In (b), we use

(B.90) again, and ¢, is a sequence decreasing with M.
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Now we bound the second term in (B.92). Using Chernoff inequality,

/OOOP<V < e_t%> dt

< / P (P(B(x, v)) < Ugcde’dtl) dt
0

Ny
_ / T+ / © [ MUsaeplzdn]
0 to k

< In* M. (B.94)

Thus
Elln*v] <14 1In* M +E[n* [|X]||] ~ In* M, (B.95)

in which the last step uses (B.41).

B.3.4 Proof of Lemma B.11

Define P¢(S) = [¢ f(x)dx for any set S, then nx(S;) follows binomial distribution with

parameter N and Py (S;), thus
E[n% (S1)|Pr(S1)] = N(N — 1)P7(S1) + NP;(S1). (B.96)
From Assumption 3.3 (d), f(x) < Cg(x), thus

E[P}(S1)] < CPE[P}(S)], (B.97)

E[P;(S))] < CE[P,(S))]. (B.98)

It remains to bound E[P7(S;)] and E[P,(.S1)]. Recall that S; is defined as the set in which the

k nearest neighbors include Y. Since Y1, ..., Y, are all random, for any x, Y is among the &
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nearest neighbors of x with probability k£/M, thus

k
E[Fy(51)] = 77 (B.99)
Recall that v, is defined as the minimum number of cones with angle 7/6 that can cover R<.
Now we pick any y € R?, and divide R into 4 cones with angle 7 /6, such that y is the vertex of
all the cones. These cones are named as C, j = 1,..., 74, and then U]-ile = R?. Define r; as the

distance from Y to its k-th nearest neighbor among {Y5, ..., Y} N C;. If there are less than k

samples in C}, then let r; = co. Define
G1 = U;yilB(Yl, Tj) N Cj. (BlOO)

Then we show that S; C G. Since U2, C; = RY, for any x, x € C; for some j € {1,...,74}. If
x € C; and x ¢ Gy, then in B(Y,r;) N C}, there are already at least & points, Y;,, [ =1,...,k,
among Yy,..., Y. Then [|[Y;, — Y| <rjforl =1,...,k, while ||x —Y;|| > r;. Denote ¢ as

the angle between vector Y;, — Y; and x — Y. Since Y;, € C; and x € C}, we have § < 7/3,

and thus
Y5 = x| =[x = Yal[* +[[Y;, — Y4
—2|x — Y| ||Ys, — Y1 cosd
2 2
< x=Yal" + [[Yi, = Y4l
=[x = Y[l [[Yi, = YA
< Jx =Y, (B.101)
which indicates that ||Y; —x|| > ||Y;, — x|/ forl =1,...,k. Y,,l =1,... k are all closer to x

than Y, therefore Y; can not be one of the &k nearest neighbors of x, i.e. x ¢ (. Recall that x is
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arbitrarily picked outside G, thus S; C G. Therefore

E[P(S)] < E[P}(Gy)]

= E[PXULB(Y1,15)NC))]

< E (i Py (B(Y1,7;) N Cj))

Define

then given n;, if n; > £,

Py(B(Y1,r;) NCy)
Pg(Cj)

in which B denotes the Beta distribution. Hence

E[Py(B(Y1,7;) N Cj)lng, Y1] =

E[P}(B(Y1,7;) N Cj)ny, Y]
k(k+1) 9

= P(C5).

(nj+1)(n;+2) 9

If n; < k, then r; = oo, and

E[Py(B(Y1,7m;) N Cj)ln;, Y] =

E[PZ(B(Y1,r;) N Cj)ln;, Y] =

188

NB(kanj —k+ 1)a

(B.102)

(B.103)

(B.104)

(B.105)

(B.106)



Combine these two cases, we have

E[Py(B(Y1,75) N Cj)ng, Y

. k
= mm{nj—l—l’l}Pg(Cj)’ (B.107)
E[P}(B(Y1,75) N C;)lns, Y4
, kE+1)\2
— mln{(nj+1> ,1}Pg2(cj). (B.108)

Now we bound the right hand side of (B.107) and (B.108).

2 [{5 5]

= # (w2 500-0R(0)

3 (M = 1)Py(C5)
+P (nj < %(M - 1)Pg(0j))

< 2k
- (M -1)F,
5 (M=1)P4(Cj)
_ e . 2
o~ (M-1)Py(C (1 ))
3 (M ;)
_ 711 In2)(M—1)Py4(C ) B.109
G (A0
Similarly,
E+1)°
E min{( + > ,1}]
nj+1
A(k + 1) (- 2)(M=1)P,(C;)
< e 2071 9\~i), (B.110)
(M —1)2Fy(C})
Hence

E[Py(B(Y1,1m;) NCy)[Y1] < + Py(Cy)e 21 (M=1)P (C)

2k n 2
M—1 " (1-Wm2)(M—1)

IN

(B.111)



VAN

(

) 2 1-In2)(M—-1)P4(C;
=+ P2(C))e” 3(1=In2)(M—1)Py(C;)
(M —1)2 g
4(l<:+1)2Jr 16

2 (1—=In2)2(M —1)%

IN

(B.112)

From (B.107) and (B.108),

(Z Ylﬂ“] ﬂC))

[Py (B(Y1,m;) N C))|Y4]

= Y
+7a(va — DE[P,(B(Y1,75) N Cy)[Y1]

+E[Pg(B(Y1, T’l) N Cl)’Yl]

16 Vi
(1-— 1n2)2] (M —1)%

< {4@: +1)%+ (B.113)

Therefore, from (B.96), (B.97), (B.98), (B.102) and (B.99),

E[”%((Sl)]

= N(N —1DE[P}(S1)] + NE[Ps(5))]

16 YiN(N —-1) kN
_ 2 d A
= [4(k+1) +(1—ln2)2 (M =17 + o

(B.114)

Using similar steps, it can be shown that E[n% (S} )] satisfies the same upper bound.

B.4 Extension of the Variance Analysis

Proof of (3.20). Define

A(t) = sup Pp(9). (B.115)
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The proof of (3.20) follows similar steps as the proof in Appendix B.3, except that according to

Assumption (d’), (B.97) and (B.98) become the following:

E[PF(S)] < E[N(Py(S1))]

< GIE[P;™(S)

IN

C2(E[P2(S))])'?, (B.116)
and similarly,
E[P;(S1)] < C5(E[P,(S)])' . (B.117)

Follow the remaining steps, (3.20) can be proved.

Proof of the fact that two Gaussian distributions with same variances and different means
satisfy assumption (d’). It is enough to prove that (3.19) holds for sufficiently small . Without
loss of generality, assume f centers at aep, in which e; is the unit vector in the first dimension, and

g centers at 0. Then
) 71012 ax
— =e 2% " (B.118)

which increases with 2. To maximize P;(S) given P,(S) < ¢, S should be {x|z; > ¢~*(1—¢)},in
which ¢ is the cumulative distribution function of standard one dimensional Gaussian distribution.

Denote Z as a random variable following one dimensional standard Gaussian distribution, then for
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sufficiently small ¢,

At) = P(Z>¢'(1—1)—a)
P(Z> ¢ ' (1—1t)—a)

P(Z> o' (1-1)
@ (p'(1=t)+1

SR e ey

exp [—%aQ +agp (1 — t)}

(b) 1 / 1
< t1=0¢0 exp [—§a2 +ax/2In ;]

Cyt' =2, (B.119)

INT

for some Cj. In (a), we use a property of Gaussian distribution, i.e. for all u > 0,

1 u 1,2 1 1 1,2
— 2V < P(Z >u) < ——e 2. B.120
Va1l | SPEmw < ame (120

In (b), we use another inequality P(Z > u) < e~**/2, which yields ¢~ (1 — t) < 1/21In(1/t). For
(c), note that #° exp [—a2 /24 ay/2In(1/ t)} is continuous on a closed interval [0, 1], and thus has

a maximum value.

B.5 Proof of Theorem 3.5

In this section, we show the minimax convergence rate of KL divergence estimator for distributions
with bounded support and densities bounded away from zero. The proof can be divided into proving

the following three bounds separately:
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R,(N, M)

Vv

R,(N, M)

Vv

Rq(N, M) 2

Proof of (B.121).

L
N’

< gl-

<

Let X be supported on [0, 1]¢, and

fi(x)

fo(x) =

and g(x) = 1. Then

D(fillg) = / fi(3)1
%5) (
L
4

D(f2llg) =

+
3
2

N[—= Nw

2+
14

"

Therefore, for sufficiently small 6, D( f5||g) —

D(fillf2) = —

i) )

%(1+lnlnlw) 1

n 2N ln7(27§>(1n N),

if 0<a; <3

if §<a <1,

if 0<z <3
lf%<l‘1§1,

X) 3.3 1.1
dx==In-+-In=
X1ttty

)+ (-)n(i

( In 3) 5+ O(82).

D(fillg) =

3 2 1

02 Mn~(2 %)(lnM).

(In 3)d/4. Moreover,

(B.121)
(B.122)

(B.123)

(B.124)

(B.125)

(B.126)

(B.127)

By Taylor expansion, it can be shown that In(1 + 2§/3) > 26/3 — §2/9, and In(1 — 2§) >
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—26 + 242, thus

D(fillf2) < %52-

Therefore, from Le Cam’s lemma [82],

R,(N, M)

> £ (D(illg) = DUallg))* expl=ND(AlI 1)
1/1 2, 2

> 1 <Zln3) 0“ exp {—5]\&5 ] .

Let § = 1/v/N, then

Similarly, let

DO = N

for x € [0, 1]%. Then it can be shown that

1

SN, M) > —

The proof of (B.121) is complete.
Proof of (B.122).
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(B.129)

(B.130)

(B.131)
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The proof has similar idea with [90] and [99]. To begin with, define

Fo = Af,9lfx) =1 —-a)Qu(x)
+;m—l;l@a( - )

000 = (1= 0.9+ 3 25500 (5%,

1 m
— g w, =o,1 <mD! < O,
m

i=1

(B.133)

in which Q,(x) = 1/v, for x € B(0,1), v, is the unit ball volume, thus [ Q,(x)dx = 1. C; and ¢
are two constants. « € (0,1) and D decrease with N, while m increases with N. a;, i =1,...,n
are selected such that ||a; — a;|| > 2D forall4,j € {1,...,m} and ¢ # j. It can be checked that
both f and g integrate to 1. The condition u;/(mD?) € {0}U(c, 1) is designed such that the density
in the support is bounded away from zero, i.e. if f(x) > 0, then f(x) > c. Moreover, the surface
area of the support is s4(1 + de‘l), in which s, is the surface area of unit ball, and s; = dvy.
With the condition 1 < mD?4~! < (, the surface area of the supports of f and g are both upper
bounded by s,C. Therefore, for sufficiently large Hy, H,, Us, U, and sufficiently small L; and
Ly, F, € S,. Define

Ra (N, M) = inf sup E|(D(N, M) — D(f||g))’| - (B.134)
D (f,9)€Fa
Recall that R,(NN, M) is defined as the minimax mean square error over S,, hence

Ru(N, M) > Rt (N, M). (B.135)

To derive a lower bound of R,; (N, M), we use Le Cam’s method again, with Poisson sampling.
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Define

Ry =inf sup E|[(D(N', M) = D(f|l9))*) .

D (f,g)e]:a

(B.136)

in which N’ ~ Poi(/V), Poi is the Poisson distribution. Then we have the following lemma:

Lemma B.12.

1
R, (N, M) > Rpa(2N, M) — Zexp[—(l —In2)N].

Proof. Please refer to Appendix B.5.1 for details.

Furthermore, define

.F/

{(fglgﬂf(x) = (1 = @)Qa(x)
+;%Qa(xgai),
9(x) = (1 — a)Qa(x +Z —a@Q (X_%),
%gui—a

<e,1<mD¥t <y,

(c(1+¢),1 —e>}.

(B.137)

(B.138)

Comparing with the definition of F, in (B.133), the only difference is that we now allow

(1/m) > u; to deviate slightly from «. As a result, f is not necessarily a pdf, since

it is not normalized. However, we extend the definition of KL divergence D(fl|lg) =

[ f(x x)/g(x))dx here. Define

Rag(N, M, 6)

= inf sup E[(D(N', M) — D(f|l9))?],
(f.9)eF,
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in which N’ ~ Poi(N [ f(x)dx). Then the number of samples falling on any two disjoint intervals

are mutually independent. R,> can be lower bounded by R,3 with the following lemma:

Lemma B.13. If ¢ < a//2, then

Rag((l — €)N, M)

1 9
> ZRu3(N,M) -3¢ (In? In®a+ = ).
Z 5 3(N, M) 6<n devd+na+4)
(B.140)
Proof. Please refer to Appendix B.5.2 for details. [l

With Lemma B.12 and Lemma B.13, the problem of bounding R,(N, M) can be converted
to bounding R,3(M, N, €). We then show the following lemma, which is slightly modified from
Lemma 11 in [99].

Lemma B.14. Let U, U’ be two random variables that satisfy the following conditions:
1) U, U’ € [pA, A],in which A < (1 —e)mD%,0 < n < 1,and n\ > ¢(1 + ¢)mD?;
2)E[U] = E[U'] = .

Define

A= 'E [Umﬂ _E {ani}

: B.141
o ( )

Let

€ =4\/\v/m, (B.142)
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then

A? [31 64)% (In )
> | = N AT
= 16 |32 mA?

o (e e (22)] o [ (2]

2
- ;622 (dln D + h(Qa))Q} : (B.143)

Rag(N, M, 6)

in which h(Q,) = Inv, is the differential entropy of Q,.

Proof. The proof is exactly the same as the proof of Lemma 11 in [99]. Condition (1) is different

from the corresponding condition in [99], but such difference does not affect the proof. U

We construct U, U’ as following. Let X, X’ € [, 1] have matching moments to the L-th order,

and let

Py(du) = (1-1@7 [—Ddo(du)Jr%PaX/n(du),

Pui(du) = (1—1&:[—]

N
>
=
QL
S
+
SN
S
g
~
=
QU
=

in which J, denotes the distribution that puts all the mass on u = 0. Now we assume o < (1 —
e)mD. Let A\ = a/n, then U, U’ are supported in [0, \], and condition (1) in Lemma B.14 is
satisfied. Then from Lemma 4 in [90],

1 1
A = E |:UIDE—U,1HE:|

1 1
= « (E {ln }} —E {ln ?]) , (B.144)

and E[U’] = E[U"] for j = 1,..., L. In particular, E[U] = E[U’] = «. When X and X’ are
properly selected, according to eq.(34) in [90],

1 1 .
‘E {ln Y} —E {ln ?} =2inf sup |lnz — p(z)|, (B.145)

PEPLye[n,1]
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in which Py, is the set of all polynomials with degree L.

According to eq.(5) and (6) in page 445 in [81], fora > 1, L — oo,

_ 1+ 0(1)
inf sup |In(a —1t) —pt)| = .
pethE[—El}‘ ( il Lva? —1(a+ va? - 1)L

Letz =1—(t+1)/(a+1),andn = (¢ —1)/(a+ 1), then the above equation can be transformed

to the following one:

1 1
inf sup |[Inz —p(z)| = +oll) 7
PEPLae(n,1] Y5 (H_n i @)
1-n \1—y 1-n

i.e. there exist two constants ¢;(7) and cy(n) that depend on 7, such that

‘ c1(n)
inf sup |Inz — p(z)| > L

PEPLye[n,1] Leg(n)

Hence

2accq ()
= L)

To bound the total variation term in (B.143), we use the following lemma.

(B.146)

(B.147)

(B.148)

Lemma B.15. ([90], Lemma 3) Let Z, Z’ be random variables on [0, A]. If E[V’] = E[V"] for

j=1,...,L,and L > 2eA, then

TV (E[Poi(Z)], E[Poi(Z')]) < (%) .

Substitute Z, Z' with NU/m and NU'/m, and let A = N\/m, we get

(e ()] = () < (57) < (457)
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in which the last step holds because A < (1 — ¢)mD<.

Let L, D, m change in the following way:

L = LMJ (B.151)
In ¢ey(n)

D = (ﬂ)dN—é(Hi), (B.152)
2e

and from (B.133),

m ~ D@V ~ [~0-3) y(1=3)(1+1) (B.153)
and
A~mD4~ LiN—1(+1), (B.154)
a =Xy~ LiN-i(+1), (B.155)
Then
S -

Note that the second, third and fourth term in the bracket at the right hand side of (B.143) converge

to zero. In particular, for the second term,

M (Ing)* (N
mA2 m

— 0. (B.157)

For the third term,

TV <E [Poi (%)] E [P"i (Nn(z])D

2eND\ "
< (eL )m:%—>0, (B.158)
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and it is straightforward to show that the fourth term also converges to zero. Therefore, from

Lemma B.14,

1

N-a(+g)
In> Nln’In N

v

Ru3(N,M,e) 2 A > L (B.159)

Pick 7 such that c5(n) = e®. According to condition 1) in the statement of Lemma B.14, this is

possible if ¢ is sufficiently small. Then

Rag(N, ]\47 6)

> N i (i) In =2 N o~ (273) (In V). (B.160)

From Lemma B.13, and note that from (B.142),

1 )\2 2D2d
2 1040 DT pen, (B.161)
m

€
m

which converges sufficiently fast, thus R,2(N(1 — €)) can also be lower bounded with the right

hand side of (B.160). From (B.135) and (B.137),
2

Ro(N, M) > N=1("miw) In2 N In~ (273 (In N). (B.162)

Proof of (B.123).
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Define

Go = {(f,9lf(x) =(1-0a)Qu(x)
+;deQa( 5 )

o) = (1= 0.9+ 3 25500 (5%,

1 & d-1 Ui
E;UZ’:&,1<WD <01,WE(C,1)}.

(B.163)
Then for any (f, g) € G,
o, « O &
D = —In—=alha— — Inv;. B.164
(fllg) ;mnvi alna m;nv ( )
Define
Ros(N, M) = inf sup E[(D(N, M) — D(f||g))’], (B.165)
D (f,9)€Ga
then for sufficiently large U, and sufficiently low L,, we have R, (N, M) > Rqs(N, M).
We use Poisson sampling again. Define
Ros(N, M) = inf sup E[(D(N,M") = D(f]|9))*], (B.166)
D (f,g)EQa
in which M’ ~ Poi(M). Then we have the following lemma.
Lemma B.16.
1
Ry (N, M) > Ru5(N,2M) — Zoﬂ In® cexp[—(1 — In2)M].
(B.167)
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Proof. Please refer to Appendix B.5.3.

Define

G, = {(fL9lfx)=(1-a)Qu(x)+
Zm ( ;) i)’

i=1

9 = (1 — ) Qu(x Z (X‘al),
%i_a

m%d E(c(l—i—e),l—e)},

<e,1<mD¥ <y,

and

Ras(N, M) = inf sup E[(D(N, M) = D(fll9))*],
D (f.9)€4,

(B.168)

(B.169)

in which M’ ~ Poi (M i g(x)dx). Then the following lemma lower bounds R,; with R :

Lemma B.17. If ¢ < «/2, then

Ros(N, (1 —€)M) > ~Rus(N, M) — 4€.

1
2
Proof. Please refer to Appendix B.5.4.

Now we bound R.s(N, M, €) with the following lemma.

Lemma B.18. Let V, V' be two random variables that satisfy the following conditions:

(1) V, V' € [n\, A],in which A < (1 — e)mD<,0 < n < 1and n\ > c¢(1 + e)mD4%;

Q) E[V] =E[V'] =
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Define

A = |[E[In V] — E[ln V]|. (B.171)
Let e = \/+/m, then
RaG(N, ]\47 6)
S a?A2 1 8In?ec
- 16 |2 mA?2

!/
TV (E [Poi <_MV>} E [Poi (M" )m .
m m
(B.172)
Proof. Please refer to Appendix B.5.5. [
Now we use eq.(34) in [90] again, which shows that there exist V, V' € [nA, \] that have

matching moments up to L-th order, such that

ElnV] —E[nV’]| =2 inf sup |Inz — p(z)]. (B.173)

PEPL e, 1]

The remaining proof follows the proof of (B.122). L, D, m, A and « take the same value as the
equations from (B.151) to (B.155), and then we can get similar bound as (B.122), replacing N
with M.
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B.5.1 Proof of Lemma B.12

Let N’ ~ Poi(2N), then

R (2N, M)

= inf sup E [(D(N, M) — D(ng))z}
D (f.9)eFa

< fE | sup E [(D(N, M) = D(f]|g))*|N']
D (f’g)e}—"‘ .
= E |inf sup E (D(N>M)—D(f”9)>2’N/]
D (f’g)ej:a .

- E[Ral(N/aM)]

= E[Ru1 (N, M)|N' > NJP(N' > N)
+E[Ra1(N', M)|N' < NJP(N' < N),

(B.174)

in which the inequality in the second step comes from Jensen’s inequality. Note that R, (N, M)
is a nonincreasing function of NV, because if N; < Nj, given N, samples {X;,..., Xy, }, one
can always pick N; samples for the estimation, thus R,i(Ny, M) > Ra1 (N2, M) always holds.

Therefore

E[Ra (N, M)|N' > N] < Ra (N, M). (B.175)

Moreover, since N’ ~ Poi(2N), use Chernoff inequality, we get

P(N' < N) < exp[—(1 — In2)N]. (B.176)

Now it remains to bound E[R,;(N’, M)|N" < N]. Note that we can always let the estimator
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be

D(fllg) =

hence

E[R, (N, M)[N' < N] <

DN | —

(( sup D(fllg) + (ﬁigl)lef]__aD(ng)) ;

[,.9)€Fa

o |

f29)EFa (f.9)eF,

From the definition of F, in (B.133), for all (f, g) € F.,

D(fllg)

and

= /f(x) lnf(x)dx—/f(x) In g(x)dx
= ~h()~ [ Feomgoix

/f(x)lng(x)dx = /Zm%an (X;ai)lnmgdvd

which is the same for all (f, g) € F,. In addition,

W) =

- [ mx

(1—a)lnv—d——Zuzln Do,

1—a)l In(mD%y) — — i In .
(1 —a)lnvg + aln(mDy) mZu nu
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(B.177)

(B.178)

(B.179)

(B.180)

(B.181)



Hence,

E[Ra1(N', M)|N' < N]

2
< sup A(f)— inf A
< ((ﬁg)gﬁ (f) inf (f)>
1 1 & 1 &
= [sup {E;ullnuz\ul > O’E;ui = a}
1 & R ’
1
= Zaz In? o
1
—. B.182
< 37 ( )
From (B.174), (B.175), (B.176) and (B.182),
1
Rao2(2N, M) < Ry (N, M)+Zexp[—(1 —In2)N]. (B.183)
B.5.2 Proof of Lemma B.13
Recall that in (B.138),
e X —a;
=(1— - ! t B.184
f(X) (1 @)Qa(x) + 7 ; deQa ( D ) s ( )
and |(1/m) Y ", u; — o| < e. Define
EpY L} (B.185)
mao
and
. e X — a;
fr(x) = (1—a)Qa(x)+5ZdeQa< 5 ) (B.186)

=1
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, [ f*(x)dx =1, and f* € F,. Hence

Rus(N,M,e) = inf sup E|(D(N, M) = D(flg))"

D (f9)eF,
< 2l sup E (D, M) = D(lg))?] +2 sup_(D(fllg) — D(F]|9))"
D (f.9)€Fa (f.9)€Fa
< 2Rup((1—€)N, M) +2 sup (D(f|lg) — D(f*||9))*- (B.187)
(f,g)E]—‘a
Now we bound the second term.
Do) - Dl < 1000 = 1)+ [ om0 - [ 76 maax].
(B.188)
According to (B.181),
Ih(f) — h(f")|
1 P Uy
= — w; Inu; — —Zln—Z
TR
1 o U;
= —|q ln——l—lnq) —In—
m Z < ; q q
< Ly 1)§: In 1
< —|a- —In— ngq
m i ¢
(a)
< 1 —gqllalnal+ a|glng
(b)
< elnl—i-a(l—i-E)ln(l—i-E)
« o Q
(c) 1
< eln——|—§€, (B.189)

a 2
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in which (a) is obtained by maximizing | > """ | (u;/q) In(u;/q)| under the restriction (1/m) > 7"  (u;/q) =

a, (b) comes from |¢ — 1| < €/, and (c) uses € < «/2. Moreover,

'/f )Ing(x dX—/f ) In g(x)dx

= '( Zuz—a>ln T

< ¢|n mgdvd . (B.190)
Hence
D(fllg) — D(f*|lg)| < € [In ‘+eln1+§e. (B.191)
mDdy, a2
Therefore

9
Rui3(N,M,e) < 2Ru((1—€)N, M) + 6¢ (1112 mDO‘dvd +1n® o + Z) :

B.5.3 Proof of Lemma B.16

Similar to the proof of Lemma B.12,

Ros(N,2M) < Rus(N, M) + exp|—(1 — In2) M|E[Rau(N, M")|M' < M],
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and

E[Rus(N, M")|M' < M]

2
1
< — | sup D(fllg)— inf D(f||g
1 ((ﬁg)ega (Fllg) = inf - D(fllg)
_ ! gS.Ulp Zm:hw-h)- € (emD* mD?), izmzv =«
4 m p (2 (2 9 m — (2
~ % inf zm:hlvh}- (emD?, mD?) liv
m =1 o mz:l Z
1
< Zoﬂ In®c. (B.192)
The proof is complete.
B.5.4 Proof of Lemma B.17
Similar to the proof of Lemma B.13, consider that
a.
9(x) = (1= a)Qu(x) deszQa( 5 > (B.193)
define ¢ = (3", v;)/(ma), and
% 1 “ V; X —a;
g (x) = (1—a>@a(x)+5;deQa< 5 ) (B.194)
Similar to (B.187),
Rug(N, M, €) < 2Rus(N,(1—e)M)+2 sup (D(fllg) = D(fllg"))’,

(f,.9)€9,
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and

[D(fllg) = D(fllg")] =

IN
V)
“m

in which the last step holds since |¢ — 1| < ¢/« and € < /2. The proof is complete.

B.5.5 Proof of Lemma B.18

Let g1, g» be two random functions:

0t = (-0 + Y e (S5).

g(x) = (1-a)Qu(x fj ( Dai>.

Define two events:
= — —«
m :
E = { Z V! —«

|

Consider that | In V| € (In(1/A),In(1/(n\))), we have

< &, ID(fllg1) — EID(flg2)]] < iaﬂ} ,

SIH

< . ID(/g2) — EID(fllg )} < iaA} ,

then

1 m
EZ%_Q ~ 4me?

i=1

me2

) Var[V] A2 1
>e| < <

1
In?n < -In’¢,

Var[ln V] < <7

»-lklr—t
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(B.196)

(B.197)

(B.198)
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hence fori =1, 2,

p (|D<f||gi> —ED(fllg)]l > }m)
16

S A2 Var[D(f]]g:)]
16
= m Var[a In V]
41n’ ¢
_ B.200
A2 ( )
Therefore
ax{P(E), P(E¥)) < L 4 410 (B.201)
max , <1t oAz )
According to (B.164),
[E[D(f[lg1)] — E[D(fllg2)]] = aEmV]—E[nV|
= aA. (B.202)
From the definition of F, F’ in (B.196) and (B.197), if £/, E’ happen, then
1
ID(fllgr) ~ D(fllg2)| < o (B.203)

Denote 7} as the distribution of samples according to g; conditional on £, and 75 as the distribution

according to g, conditional on £’. Then under 7§, 73,

TV (n},75) < TV(my, 7)) + P(E) + P(E™), (B.204)

and

e e (o (4] o (2]
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Then according to Le Cam’s lemma,

1/1 2
R(N,M,e) > 1 (§QA) (1 =TV (ny,73))
a?A? 1 B 8In%c
— 16 |2 mAZ?

(e () e

The proof is complete.

B.6 Proof of Theorem 3.6

Similar to Theorem 3.5, the proof can be divided into proving the following three bounds:

1 1
Ry (N, M) > — 4+ —;
b( ) ) ~ M + NJ
Ry(N,M) 2 N #@(InN) o
Ry(N,M) 2 M~a(nM)™ "z
Proof of (B.206).
Let
1 1,
X) = e ——x7|,
g( ) \/% Xp|: 1:|
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(B.206)
(B.207)

(B.208)

(B.209)
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in which 02 = 1/2, and oy = (1 + §)09. Then

D(fllg) =
D(fallg) =
and
D(fillfe) =
<
From Le Cam’s lemma,
Ry(N, M)

> 1(D(fllg) = D(fillg)? esp-ND(AIf2)
> 411 (ln(l +9) — 2(25 + 52))Zexp[—N52]

2
> E (%(5 — §(52> exp[—N§?.

4 4

Let 0 = 1/+/N, for sufficiently large N, Ry(N, M) > 1/(32N). Similarly, let

—(6} 1) —Inoy,

(03— 1) — Inoy,

2 \ 03 g
1
5+§52—ln(1+5)

52

and
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(B.212)

(B.213)

(B.214)

(B.215)

(B.216)
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in which o1 = (1 + )09, then we can get R,(N, M) = 1/M. Hence

1

Ry(N.M) 2 5 + 77 (B.218)

1
N
Proof of (B.207).

To begin with, we construct ,(x) that satisfies the following conditions:
(G1) Qp(x) is supported on B(0, 1), i.e. Qy(x) = 0 for ||x|| > 1;

(G2) ||V2Qy|| < C for some constant Cl;

(G3) fB(O,l) Qp(x)dx = 1;

(G4) Qy(x) > 0 for all x.

Let

Qm = supQy(x). (B.219)

Define

Fy = {(f,g>|f<x>=<1—a>czb<x>+z T (X‘ai),

60 = (1=t + 3 - (S5,

I\ d+2(1—) Ui
EZui:a,1<mD V<O <1y (B.220)

=1

In (B.220), there are two conditions that are different from the definition of F, in (B.133):

1 < mD¥*20=7 < O, and u;/(mD¥*?) < 1. The first one is designed so that the distribution
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satisfies the tail assumption (Assumption 2 (b)). For¢ < 1,

tvg + mtvgD? if t < D?Q,,
P(f(X) <t)
tvg + « if t> D%Q,,

< tog + mDITTD QL

IA

pt?,

in which p = vg(1 + C1QL7).

Follow the analysis in [99], we can still get eq.(100) in [99], i.e.

R(N, M) > ( m )2.

Nlnm
Let
1 1
D~ N @z2(In N)arz,
then
m ~ D207 o N (1 N) -
Hence

_ 4d48—4y

Ry(N, M) > N~ a2 (In N) ™ a2
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Proof of (B.208). Define

G = {([,9lf(x) =(1—-a)Qu(x)
+; %Qb (X ;ai) ,

000 = (1= + - 0 (S5,

1 m
— Zvi = a,1 <mD™?0) < ¢,
mei

(%

W <1l,u; > C’ga}, (B.226)
m

in which C'; and C5 are two constants. Comparing with the definition of F; in (B.220), we add a
new condition v; > Cha, to ensure that f/g is always bounded by 1/C5. Similar to Theorem 3.5,
Let V,V' € [Cha, A], X = a/n, A < mD*2, Moreover, we still define A as was already defined

in (B.171). Then from Lemma B.18,

R(N,M) z o*A? E - iif — mTV (IE [Poi (%)} E [Poi (Mny/)D} :

and from (B.150),

()] () = (205 ()" e

From Lemma 5 in [90], there exists two constants ¢, ¢’ such that

A= inf sup |lnz—p(z)]>c. (B.228)
pepLzG[cL—Q,l}

Let L =2|lnm|, A\ =mlnm/e*M, and « = m/(M Inm),

then

2
Ry(N, M) > (Mﬁm> . (B.229)
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With the restriction 1 < mD'*20-7 < ¢} and A < mD%2, we have

D ~ M~ @2 In@2 M, (B.230)
m o~ D120 o i (In M)—idﬁ(i{”)’ (B.231)
hence
4~ 4d+-8—4~
Ry(N, M) > M~ a2 (In M)~ a2 (B.232)
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Appendix C

Appendix of Chapter 4

C.1 Proof of Proposition 4.1 (B)

Here, we prove that if the conditions in Proposition 4.1 (B) are satisfied, then with Assumption
1 (d), Assumption 1(c) is also satisfied. For presentation simplicity, in the following proof, we

assume that /5 norm is used. According to the definition of function 7, we have

1 1

In(B(x,7)) —n(x)| = ’W /B(x’r) fa)n(u)du — W /B(x,r) f(u)n(x)du| (C.1)

By Taylor expansion, we have n(u) = n(x) + Vn(x)” (u — x) + 5 (u —x)"V?3(¢(u))(u — x) for

some £(u) that is in between u and x. Hence

n(B(x,7)) = n(x)]

1 T —x lu—XT 2 W) (u — x u
= 5B /B(xﬂ,)ﬂu) (790970 =) + a2 T a - x) )
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Note that due to symmetry, we have fB(x " f(x)Vn(x)T(u — x)du = 0. Then for any r < D',

/B "

- / () = 60T (0 = x)

[ (s RN e
B(x,r) \veB(x,D’) f(X)

<
< Cor*f(x)V(B(x,1)). (C.2)
In addition,
1 T2 1 2
[ S x" Ve - xda < 3Cu [ fw) fu x| du
B(x,r) 2 2 B(x,r)
< %CHTQP(B(X, ). (C3)

Therefore,

2 1 2
(B0 <1001 < gy (G V(B ) + S0P )

(VAN
7 N

&

+

| —

=
N——

ﬁl\?

in which the last step uses Assumption 1 (d).

C.2 Proof of Theorem 4.2: Convergence rate of the standard

kNN classification

C.2.1 Upper Bound

In this section, we prove the convergence rate of an upper bound of the excess risk of the standard

kNN classification under Assumption 1. Recall that R and R* are defined as R = P(¢(X) # Y),
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R* = P(¢*(X) #Y), in which

g(x) = sign(i(x)), (C4)

g'(x) = sign(n(x)), (C.5)

>

and 7(x) is defined in (4.11).

Hence we have

R—R = E[P(g(X)#Y[X=x)-P(g"(X) #Y[X = x)]

= E[1(9(X) # g (X)) [n(X)]]. (C.6)

We divide the support into four regions:

S1 = {x|f(x) > N7, [n(x)| > 2A}; (C.7)
Sy = {x|f(x) = N7, |n(x)| < 24} (C.8)
Sy = {x|00%<f(x)<]\7_5}; (C.9)
5 = {X|f(x)§co%}, (C.10)

in which A and ¢ are two parameters that will be determined later, and Cy = 2/(CyvqD?).

Then we can rewrite the excess risk as
4
R—R =) E(gX)#gX)mX)XeS) =L+ L+I+1L,  (Cll)

=1

in which 1(+) is the indication function. In the following, we bound these four terms separately.

Firstly, for I, we have

I = E[1(g(X) # g"(X))n(X)1(f(X) = N7, [n(X)| < 24)]

< P(In(X)] < 24)2A < Cu(28)7*, (C.12)
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in which the last inequality uses Assumption 1 (a).

Secondly, for 1, we have

L = E[l(g(X)#gWX))\n(X)ll<f<X><C“%)}

k
< P <f(X) < CON)
L B
< Gy (OON> ) (C.13)
in which we use Assumption 1 (b).
Now it remains to bound /; and /3.
Bound of /;. Define
2%k a
an = < N‘H> , (C.14)
Cd’l)d

in which v, is the volume of the ball with unit radius, depending on the distance metric we use. For

example, if we use Euclidean distance, then v; = ' / F(;—l +1), in which I is the Gamma function,

I'(w) :/ t"eTtdt, u > 0. (C.15)
0
From now on, we assume that
lim AN°~1 = 0. (C.16)
N—o00

(C.16) will be checked after we finish the proof. With (C.16), for sufficiently large N, ay < D.
According to Assumption 1 (d), for all x € 51,

2% oot s 2k

P(B(x,an)) > Caf(x)v4a% = Cdf(X)UdCdvd Z N

(C.17)

in which the last inequality uses the definition of S; (C.7). Denote p as the distance from the test
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point x to its (k + 1)-th nearest neighbor, then according to Chernoff inequality, for all x € Sy,

k
P(p > ay|x) < e NP(BGoaw) (eNP(B(X> aN)))

k
e 2k (2e)k = g7k(1-In2), (C.18)

IN

Recall the definition of g and g* in (C.4) and (C.5), if sign(7)(x)) # sign(n(x)), then we must have

|n(x) — n(x)| > |n(x)|. Therefore, for all x € S}, the misclassification probability is bounded by

P(g(x) # g7 (x))
P(p > an|x) +P(p < an, [(x) — n(x)| > |n(x)|x)
e M) L P(p < a, [A(x) — n(B(x, p))| > In(x)| = [n(x) — n(B(x, p))|x),

(C.19)

IN

IN

in which the last inequality uses (C.18) and triangular inequality. For the second term, according

to Assumption 1 (c), and let A = C.a%:
In(B(x, p)) — n(x)] < Cep? < Cedly = Al (C.20)
1

Recall that 7)(x) = + Zle Y@, Here Y are not independent. However, we can show that the

Hoeftding’s inequality still holds. We provide a proof in Appendix C.11, Lemma C.7. Based on
Lemma C.7 in Appendix C.11, (C.19) and (C.20), we have for all x € S,
P(g(x) # g*(x)) < e F1-In2) 4 26_%]“("(")_&1, (C.21)

in which we define U, = max{U, 0}. Then for all x € S;, we have

1
nx)—A > En(x). (C.22)
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Plug (C.22) into (C.21), then /; can be bounded as following:

L = E[1(g(X) # g" (X)) n(X)[1(X € 51)]

IN

6-k(1—1n2)+2E[|77( )e 8/~c|77(X)|2]

(C.23)

The first term of (C.23) decays exponentially. For the second term, using Assumption 4.1(a),

E[|n(X)]e~sH0P)

Therefore this term decays with O (k:

Bound of /3. According to the definition of /3 in (C.11),

I3

Define ry(x) as:

vl

< \/_%E[ kln()l}

-

- f/( X <4
L

1/t)
K

e~ T6k(X)P? >t) dt

In(1/t)

k

) .

VEln (X)|e—1—16k|n<><)|2> e—%k\n(x)q

)dt

) Combine two terms in (C.23), we get

& [100%0 250D (0 < 50%) < N

(X) < N—é)] :

in which the inequality holds because ¢g(x) = sign(7(x)) and g*(x) = sign(n(x)).

E [WX) Xl

ra(x) = (

(00% <f

2k

NCquqaf(x)
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(C.24)

(C.25)

(C.20)

(C.27)



In S3, f(x) > Cok/N, thus it can be shown that ry(x) < D always holds if x € S3. Then
according to Assumption 4.1(d), P(B(x.rx(x))) > Cyf (x)vard(x) = 2k /N, and

k
P(p > r(x)) < e NPBOrN00) <€NP(B(>Z TN(X)))> < (-2 (C.28)

To give a bound of /3, note that

Elli(x) = n(x)[] < VE[(#(x) - n(x))?

< v Var[i(x)] + [E[§(x)] = n(x)]. (C.29)

For the first term in (C.29), define U; as a random variable drawn from f(:|X € B(x,p)), for

1=1,...,k.Uy,..., U are conditionally i.i.d given p. Then

k
1 ,
Var [ - Y®
ar k; p
(@) '1 k 1 k
(@) . (i) (1) (V) : (i) (1) (N)
= Var|,E ;Y 0, XV X +E | Var k;Y p, XM X ”
O v | 15 0 L
< Var E;U(X )| P T
_1 i 1
— Var | = =
ar ZU(UZ) Pt 2
L =1
(c) 1
= Var[n(Ul)lp]JrE

IN

) (C.30)

in which (a) uses the total law of variance. In (b), note that Y *) are conditionally independent given
p and the position of testing point and all training samples, and the conditional variance of Y is

no more than 1. (c) uses the fact that Uy, . . ., Uy, are conditionally 1.i.d given p.
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For the second term in (C.29),

[E[7(x)] = n(x)|
P(p > rn(x)) [E[7(x)|p > rn(x)] = n(x)| + P(p < 7y (x)) [E[(x)|p < ra(¥)] = n(x)]
< 2P(p > ry(x)) + [E[n(B(x, p))lp < rav(x)] = n(x)]|

2% a
ge k1) | o <—) | c31
NCyvaf (x) (€30

IA

IN

Therefore, using Lemma C.6 in Appendix C.11, we have

I - / EJii(x) — n(x)|f (x)dx

2 —k(1-1n2)
/53 \/;+2€ +CC<NC'dUdf ) ]f(x)dx

IN

@ (k*%N—/”) +0 ((%)5) it g<?
= o(kEN) Lo ((B) mN) if p=t (C.32)
O (K EN"3) 4 O (N-H(RNS1)E) if 5> 5.

Combine /4, I, I3 and I, the excess risk can be expressed as

ap kY’
R—R =0 (k" >+O(Aa+1)+0<<N)>+I3, (C.33)

in which I3 is expressed in (C.32). Moreover, according to (C.14), (C.20), we have A ~
( k N§ -1 ) p/d .
Adjust 0 as well as the growth rate of k over N, we get the following results.

The optimal growth rate of k is

28
N 28+a+1 if ﬁ <

ko~ (C.34)

ks alrs

2pB .
NBdFpe+28)  if [ >
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The corresponding convergence rate is:
(a

O (N*%) if g<2

R-R=¢ 0(N#mN) if 5=t

16 ( N‘im’fﬁ?ﬁ%m) if 8>

(C.35)

Ul Y|

The proof of an upper bound of the excess risk of the standard kNN classification is complete.

C.2.2 Lower Bound

We prove the following statements separately:

sup (R—R*) > k= (C.36)
(fmes

L B
sup (R—R") 2 <—) : (C.37)
(fm)eS N
sup (R—R*) > sup min{N‘B‘S(kN(S‘l)%,(k:N‘S‘l)LaJ ”}. (C.38)
(fmes 0<o<1

Proof of (C.36). Let X be uniformly distributed in AU B, and let 7(x) = a > 0 forall x € A,
n(x) = 1 forall x € B, in which A and B are two disjoint sets.

Then for any x € A,
1o,
P(g(x) # ¢g"(x)) = P(g(x) = 1) =P (E d v < 0) . (C.39)

If a ~ 1/Vk, then P(g(x) # g*(x)) — ¢ > 0.
Note that according to Assumption 4.1(a), P(|n(X)| < a) < C,a®. Thus P(A) < C,a®. Now

we set a ~ 1/v/k, and let P(A) = C,a®, then

R— R =E[1(g(X) # ¢"(X)In(X)]) = aP(A)P(g(X) # ¢"(X)) ~ a"**.  (C40)

Substitute a in (C.40) with 1/ Vk, the proof of (C.36) is complete.
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Proof of (C.37). Construct (n + 1) cubes Iy, ..., [,41:
L={x|4j—1<x <4j+1,z9,...,04 € [-1,1]}. (C41)

Let random variable X be supported in these cubes. Within each cube, the distribution is uniform.
Let m be the pdf value in the first n cubes. n and m will change with & and N. For the (n + 1)-th
cube, the pdf should be (1 — 2%nm) /2%, so that the total probability mass of all (n + 1) cubes is 1.
For any k and N, let m = k/(3 x 2¢N).

Let n(x) = (—1) forx € I;. For x ¢ U2/ I}, n(x) can be set arbitrarily as long as it satisfies
Assumption 4.1(c) with constant C,. It can be shown that for j = 3,...,n — 2, if 2k/3N <
P(B(x,p)) < 4k/3N, then B(x, p) contains more than 2 and less than 4 cubes among [, ..., I,.
In this case, the average value of 7 in B(x, p), i.e. n(B(x, p)), has opposite sign with 7(x). As a
result, if for a specific test point x, 2k/3N < P(B(x, p)) < 4k/3N,P(g(x) # ¢*(x)|P(B(x,p)) =

P(sign(n(x) # sign(n(x))) > 1/2. Hence,
Plax) 7 9°(x)) 2 3P (B < P(B(x.p) < 1) )

It can be shown that P(2k/3N < P(B(x,p)) < 4k/3N) — 1 as k — oo. Thus we have P(g(x) #

g*(x)) = 1/2forall x € I3,...,1, 2. Then
R R —E[L(g(X) £ g (XDnX) 2 PX € U UL o) ~nm.  (C43)
Assumption (b) requires that P(f(X) < m) < Cym?, thus
s (k)
R-R>mPn~|—) . C.44
e () i

The proof of (C.37) is complete.

Proof of (C.38). Construct (n + 1) cubes in similar way as the previous step, i.e. the proof of
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(C.37). However, now we use adaptive cube size. Let

L= % (kNO1) 4 (C45)

for some 0 < § < 1. Then construct (n + 1) cubes [y, ..., I, as following:
L ={x|(4j — 1)L <xy < (4j+1)L,z9,...,2q € [-L,L]}. (C.46)
Let the distribution be uniform within each cube, and the pdfin /3, ..., [,, are the same and denoted

as m. Similar to the proof of (C.37), m, n change with k and N. Here we let m = (1/3)N—°. Then
P(X € I;) = 2mL? = k/(3N) for j = 1,...,n. Moreover, let

n(x) = i(-1)j (kN?-1) (C.47)

for x € I;. For x ¢ I}, n(x) need to be set to satisfy Assumption 4.1(c) with constant C,. To
show that such 7 exists, define 77y(x) as the 1 constructed in the previous step, i.e. proof of (C.37).
Then let n(x) = LPno(x/L), then as long as |ny(B(x,7)) — no(x)| < Cer? for any x and r > 0,
In(B(x,r)) —n(x)| < C.rP also holds for any x and > 0.

The remaining proof is similar to the proof of (C.37). Forx € I;,7=3,...,n — 2,

2k 4k

Plalx) 7 (x)) > 3P ( oy < PUBOR ) < 51 ) c48)

Then

R—R" = E[1(g9(X) # g"(X))[n(X)[]

> P(X € LU... Ul ) (kN*)i

P
d

~ nm (kN°7") (C.49)

P
d

According to Assumptions 4.1 (a) and (b), P (]n(X] < (kNé_l)g) < C, (kN°71) 7, and
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P(f(X) < m) < CymP, thus nm < min{(kN°"1),m”}. Since we have already set m =

(1/3)N"°,
R — R* Z min {Nf” (EN°-1)4 | (kNO! )p(a“) } : (C.50)

The above equation holds for any 0 < ¢ < 1. Hence (C.38) holds.
Based on (C.36), (C.37), (C.38), we get

. —min{ SOt _pilaty)
1nf sup (R— R") = ( 2pFo+1’ Fdtp(at2p) ) ) (C.51)
k (fmes

C.3 Proof of Theorem 4.3: Minimax convergence rate of clas-
sification

The minimax lower bound of the convergence rate is defined as irglf sup (R — R*). To obtain this
bound, a common approach is to find an appropriate finite subset oéfg ?esf) that the problem can be
reduced to a hypothesis testing problem. The minimax rate among this subset can then be used as
a lower bound of the minimax rate over the whole class S. A detailed introduction of this type of
method can be found in [82].

In our proof, the construction of the finite subset S* of S is based on Assouad cube method,

which has been used in [5] and [31].

Let f(x) be supported on (ng + 1) balls, in which ny will be determined later:
=m Y 1(x € B(ay, L)) + mol(x € B(ay, Ly)), (C.52)

in which L and L, depend on the sample size N. m, m are also two parameters that need to be

determined later.
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We require that ||a, — a;|| > ro for all i # j, in which

ro = max { (C%) ’ ,2} L, (C.53)

in which C., is the constant in Assumption 1 (c). We arrange ag, . .., a,, in the following way.

0

Define

ry = inf{r|P(B(0,r),r9) > no}, (C.54)

in which B(0, r) is the closure of B(0,r), and P denotes the packing number. Since B(0,r) is a
closed set, we know that the packing number should be right continuous in r. As a result, we have
P(B(0,7)),70) = ng. We can then pick ay, .. ., a,,, so that the pairwise distances between them

are no less than 7. Besides, we pick ag such that ||ag|| > s+ Lo. Under this condition, B(ag, Lo)

does not intersect with any other n, balls B(a;, o).

We also let ag to be sufficiently far away from a;, j = 1, ..., ng. Furthermore, define
ng
nv(x) =) _v(j)L’1(x € B(a;, L)), (C.55)
j=1

in which v € {—1,1}". To ensure that (C.52) is a normalized pdf, we have the following

constraints:

nomug L + movgLd =1, (C.56)

in which, as defined before, v, is the volume of the unit radius ball.
Recall that S is the set of all pdfs and regression functions that satisfy Assumption 1 (a)-(d).

We have the following lemma:

Lemma C.1. (f,7,) satisfies Assumption 1(a)-(d) for Vv € {—1, 1} if: (1) ngmuvgL¢ < C,LP%;

(2) ngmugL? < Cym?; (3) L < 1.
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Proof. Please see Appendix C.3.1 for proof. [l

Define

St = {(fﬂ?v)|V € {_171}710}7 (C.57)
where f and 7, satisfy the requirements in Lemma C.1, then $* C S. For an arbitrary classifier g,

sup (R— R")> sup (R—R"). (C.58)
(fﬂ?)ES (f,n)ES*

To bound the right hand side of (C.58), we use the following lemma.

Lemma C.2. (Modified from [4], Lemma 5.1)

1—LPv/N
sup (R ) > V2

(fimes*

nowL?, (C.59)
in which w is the probability mass of B(a;, L) for j = 1,...,ng:

w = P(B(a;, L)) = mvsL". (C.60)
Proof. Lemma C.2 is similar to the Assouad lemma for classification ([4], Lemma 5.1), except

that some details are different. In Appendix C.3.2, we provide a simplified proof. U

Therefore, according to Lemma C.2,

1
sup (R—R") > 5(1 — L’V Nw)nowL? 2 (1 — vdm%L%ﬂ’N%)node“’, (C.61)
(fmes*

in which the second step comes from (C.60).

We then select a proper rule to let m, ng, L to vary with N. From Lemma C.1, we get the
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following bounds:

mnoL? = O(L*), (C.62)
mnoL? = O(mP), (C.63)
L = 0Q). (C.64)

In addition, we need to ensure that in the right hand side of (C.61), the expression in the bracket

is larger than a positive constant, i.e. 1 — vdm%L%“’N >0 > 0, then
NmL*™ = O(1). (C.65)

Based on these constraints, we can get a lower bound of the minimax convergence rate.

# _ 2a
Construct 1: Let L ~ N Bdtp(e+28) and m ~ N BaTp(aT20) , then

pB(at1)

R — R* ~ ngmL*P > N~ Fitpat2s) (C.66)
Construct 2: Let L ~ 1, m ~ N1, then
R—R* >N (C.67)
Combine these two bounds, we get
sup (R — R*) > N~ {staram A} (C.68)

(fimes*

We can check that when 8 < 1, both constructions (1) and (2) satisfy the conditions from (C.62)

to (C.64). The proof is complete.
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C.3.1 Proof of Lemma C.1

In this section, we prove Lemma C.1. In particular, we prove that the Assumption 1 (a)-(d) are
satisfied under conditions specified in the Lemma.

For (a). According to condition (1), we have

0 if ¢t <LP
P(0 < [n(X)] <t) = (C.69)
nomvde if t Z LP.

If ngmugL? < C,LP*, then P(0 < |n(X)| < t) < Cute.

For (b). According to condition (2), we have

0 if t<m;
P(f(X) <t) =4 ngmugL? if m <t <my; (C.70)

If ngmugL¢ < Cym? and mg > Cl:%, then P(f(X) < t) < Cyt’.

For (c). As Assumption 1 (c) holds only for x with f(x) > 0, we only need to discuss the case
where B(x,r) N B(a;, L) # @ for some j, or B(x,r) N B(ay, Ly) # @, i.e., among all (ng + 1)
balls, B(x, r) intersects with at least one ball.

To prove Assumption 1 (c), we discuss two cases:

Case 1: r > ry. According to (C.55),

n(x)| < LP. Recall that n(B(x,r)) is the average of
n(x) in B(x,r), therefore [n(B(x,r))| < LP.If r > rg, then C.r? > C.rf > 2LP. Therefore
In(B(x,r)) —n(x)| < C.r? holds.

Case 2: r < rq. In this case, it is obvious that B(x, r) intersects with at most one ball among
the (ng + 1) balls. Therefore the density is uniform, and |n(B(x,)) — n(x)| = 0.

For (d). Now we pick D < min{rys, Lo}, and show that there exists a constant Cy, such that
for any x with f(x) > 0, P(B(x,r)) > f(x)Cavgr® for any r < D. Despite that quantities such as

ro, L, Ly, m and ny change with the sample size IV, to ensure that our derivation of minimax lower
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bound is effective, we must give a universal constant C, independent of sample size N. Obviously,
iBn(f )V(B(u, 7) N B(c,r))/r? is a constant for all r and c. We use v/; to define this constant.
uens(c,r
We discuss two cases: 1) x € B(ay, Lo); and 2) x € B(a;, L) forsome j € {1,...,ng}.

For the first case, recall that the choice of D ensures that Ly, > D. Furthermore, the density is

uniform in B(ay, L). Then for any r < D,

P(B(x,r)) fx)V(B(x,r)N B(ag, L))

00"

—
S
N

r
d
LO

d
r .
FO) T, nf VBl Lo) 0 Bla, Lo)

f(x)ri), (C.71)

v

V(B(x, Lo) N B(ay, Lo))

vV

in which (a) holds because » < D < Lg, hence

LL[B(X, LQ) N B(ao, Lo)] = B(X, ’I") N B(a(), ’I") C B(X,’f‘) N B(ao, L()) (C72)
0

For the second case, if f(x) > 0 and r < 47y, then according to the definition of 7 in (C.53),

B(aj, L) C B(x,ry) for some j. Hence

P(B(x,4ry)) > f(x)vgL?. (C.73)
Then for r» < 4rq,
N
P(B(x,7)) > (4_7“0) P(B(x,4rg))
Ld
> f<X)Ud4d_Tgrd
> fx)uar 1 (C74)
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If r > 4r, define n':

n' =% 1(B(aj,L) C B(x,r)). (C.75)

Then

n' > P(B(x,7 —2r¢) N B(0,7),70). (C.76)

, in which the right hand side is the packing number of B(x,r — 2rg) using balls with radius 7.
We prove (C.76) by contradiction. Suppose (C.76) is not true, then we can add at least one

more ball with radius 7 in B(x,r — 7). However, according to (C.54), the n, balls B(a;, ),

j = 1,...,ng already form a maximum packing in B(x, 7). Therefore (C.76) holds. Hence for
all r < ryy,
P(B(x,7)) = f(x)val™n'

> f(x)vgLP(B(x,r — 2r9) N B(0,731),70)

(a) V(B(x,r — 2r¢) N B(0, 7))

> Ld ) )

2 V(B(0,70))

V(B (0,%r)) N B(—x,
+ gV (PO 0B )
V4T
(b) Ld ’I“d )
> f(x)—=— inf V(B(0,ry) N B(u,ry))

Tg QdT]dM uGB(O,Tzw)
1

oo (mac{ (2)711)

in which (a) uses the lower bound of packing number [87]. For (b), recall that for case 2, x €

fx)r (C.77)
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B(aj, L) C B(0,ry), hence ||x|| < rps. Therefore

?"d

inf ———V(B(0 NnB =
uEBIRJ,rM)QdT‘% ( ( 7TM) <U,TM))

<

<

ij%%f /2)1/ (B(0,7/2) N B (u,7/2))
inf V(B (0,7/2)N B (u,7))

ueB(0,rar)

V(B(0,7/2) N B(—x,71)) . (C.78)

(C.71), (C.74) and (C.77) show that there exists an universal constant C,; so that Assumption 1 (d)

is satisfied.

Now we have shown that Assumption 1 (a)-(d) are all satisfied, hence the proof of Lemma C.1

is complete.

C.3.2 Proof of Lemma C.2

Our proof is similar to the proof of Lemma 5.1 in [4]. To begin with, we give a bound of the

excess risk at a specific point x € B(ay, L). Define Py (+) as the probability under n = 7). Denote

N; as the number of training samples that falls in B(a;, L). N; follows Binomial distribution

Binom(N,w), in which w is defined in (C.60), and Binom denotes Binomial distribution. Then

S (Plg(x) #Y) = P(g"(x) #Y))

sup
v(1)e{-1,1},v(2)=...=v(ng)=0

= sup
v(1)e{-1,1},v(2)=...=v(ng)=0

sup
v(1)e{-1,1},v(2)=...=v(ng)=0

S

LPE

(Pv(g(x) #Y) =

Py(g"(x) #Y))

LPPy(g(x) # v(1))

LZE[P, (9(x) # v

(D)IN1)]

1 — TV (Binom (N, 1= Binom (N, 7))

2

sup
v(1)e{-1,1},v(2)=...=v(ng)=0

Here, (a) holds because v(1) € {—1,1},v(2) = ...

2
(C.79)

= v(ng) = 0 is more restrictive than S*

defined in (C.57). (b) comes from (C.6). (c) gives a lower bound of the error probability of binary
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hypothesis testing problem [82], in which 7'V denotes the total variation distance between two

distributions. The total variation distance between two Binomial distributions is bounded by

TV (Binom(N, p;), Binom(N, ps))

< H(B(N,p,), B(N,p,))

- <1 _ H?(Bern(p), Bern(1 — p)))N] 7 (C.80)

= 2

2

in which H is the Hellinger distance and Bern denotes Bernoulli distribution. Then we use (C.80)

to bound the total variation distance:

_ [P p
TV <Binom (Nl, %) , Binom <N1, L +2L ))

< \/2 [1 - (m)ﬂ < /N, IP. (C.81)

Plugging (C.81) into (C.79) and considering that E[v/N;] < \/E[N;] = v/ Nw, we have

» 1—+VNwLP
sup_(P(g(x) £ ) = Plg"(x) £ V) > P—— 2 (C.82)
(fm)es*
For x € B(a;, L) for j = 2,...,ng, we can obtain the same bound. Hence
sup (R—R") = sup (P(g(X)#Y)-P(g"(X)#Y))
(fmes* (f,n)es*
- 1—VNwL?
> P(X € B(a;, L)) [P ———
> 3 POX€ Blay L)L
1—+vVNwLP
— ngwl? 5 wE (C.83)

The proof of Lemma C.2 is complete.
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C.4 Proof of Theorem 4.5: Convergence rate of the adaptive

kNN classification

In this section, we prove the convergence rate of the adaptive kNN classifier. To begin with, define

) — 170

_ ) (C.84)
P (B(x, A))

In this section, without loss of generality, we will assume D > A, as the assumption D > A
does not impose further restrictions on the distribution of X. This can be seen from the fact that,
it D < A, P(B(x,7)) > Caf (x)V(B(x, D)) > Cq(D/A) f(x)V(B(x,r)) for D < r < A, we
can use Cy(D/A)? to replace C,, and use A to replace D.

According to Assumption 4.1(d), the following relation holds between P(B(x, A)), f(x) and
h(x):

P(B(x, A)) > CquaA’f(x) > (CovaA?) = h(x). (C.85)
Moreover, According to Assumption 2,

P(h(X)<t) = P <% < t1q> < CitP. (C.86)

(C.85) and (C.86) will be used frequently in the proof. Now we divide the support into four

regions:

Si = {xlh(x) > N7, |n(x)| > 24}, (C.87)
Sy = {x|h(x) > N7 |n(x)| < 24}, (C.88)
Sy = {x|CoN7' < h(x) < N7}, (C.89)
Sy = {x]h(x) < CoN'}, (C.90)
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in which 0 < ¢ < 1. § and A will be determined later, and

Co = 2(K + 1)74 (CaugA®) T4, (C.91)
Recall that
R— R =E[1(9(X) # ¢"(X))[n(X)|]. (C.92)
Define
I; = E[1(9(X) # ¢"(X))[n(X)[L(X € 53)], (C.93)

for: =1,2,3,4. Then we have
R—R'=>1I. (C.94)

Now we bound Iy, I5, I3 and I, separately.
Bound of /;. Define p as the distance from test point x to its (k + 1)-th nearest neighbor. In

addition, define r,(x) as

rp(x) = inf {r (C.95)

P(B(x,r)) 2k+2
P(B(x,4))  n [’
If the density is positive everywhere, then the distance r that satisfies P(B(x,r))/P(B(x, A)) =
(2k + 2)/n is unique. Otherwise r may not be unique, in which case we define r,(x) to be the

infimum. For both cases, since the distribution of X is continuous, we have

P(B(x,r,(x))) _ 2k 2.

P(B(x, A)) n (C-96)

We have the following lemma, which gives an lower bound of n and upper bound of p that hold
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with high probability.

Lemma C.3. We have
P (n < %NP(B(X, A))) < exp {—%(1 —In2)NP(B(x,A))| . (C.97)
Furthermore, if n > NP(B(x, A))/2, then for all x € 5,
P(p > r,(x)|n) < exp[—(1 —In2)(k + 1)]. (C.98)
Proof. According to Chernoff inequality,
P (n < %NP(B(X, A))) < e*NP(B(x’A))(26)%NP(B(X’A)) = exp —%(1 —In2)NP(B(x,4))]| .

Hence, (C.97) is true.
Now we prove (C.98). Recall (4.13), k is determined by k£ = | Kn?] + 1, thus k/n ~ n?!,
thus for sufficiently large N, k/n < 1 and hence r,(x) < A. If we know that a sample is already

in B(x, A), then the conditional probability of that point falling in B(x, 7,(x)) is

P(B(x,1(x)))

P(X € B(x,m(x))[X € B(x, 4)) = P(B(x, A))

(C.99)

Define n’ = Y.~ 1(X; € B(x,7,(x))). According to (C.99), n’ follows Binomial distribution
conditional on n, i.e. n’'|n ~ Binomial(n, P(B(x,r,(x)))/P(B(x, A))). Using Chernoff inequality

again,

P(p>ra(x)ln) = P(n' < kln)

P(B(x,rn(x k+1
< oxp |[-nPEEX)) Ny
- P(B(x, A)) 1
= e*(2k+2) (2€)k+1
= exp[—(1—In2)(k+1)], (C.100)
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in which the second last step comes from (C.96). The proof of (C.98) is complete. []

Now we bound I;.
I = E[1(9(X) # ¢"(X)In(X)[L(X € S)] < Py + Py + I, (C.101)
in which Py, P, and ] are defined as

P = P (n < %NP(B(X,A))) : (C.102)

P, = P (n > %NP(B(X, A)),p> rn(X)) : (C.103)

1
I :=FE |1(9(X) # ¢"(X))|n(X)|1 (X € Sy,n > §NP(B(X, A)),p < rn(x)>} . (C.104)
According to (C.97) and Assumption 1(d),

P, = E {P (n < %NP(B(X,A))‘X)}

1
< E [exp [—5(1 — In2)Cqug AN f(X)H : (C.105)
P; can be bounded by

P,

IN
=

P(p > (X))

1
n> §NP(B(X,A))]

A
INs

E -eXp[—(l —In2)(k+1)] |n > %NP(B(X, A))}

INZ

E -exp[—(l —In2)Kn?|n > %NP(B(X,A))}

—

2 E [exp [~(1 - In2)K2-9(Cog AN f(X)] ] (C.106)

Here, (a) comes from (C.98). (b) comes from (4.13), which implies that £ > Kn?. (¢c) comes from
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Assumption 1 (d).
Use Lemma C.6 to be shown in Appendix C.11, we know that P, and P, can both be bounded
by O(N—P).

Now we bound /. For any test point x € Sy, if p < r,(x) and n > NP(B(x,A))/2, then

2k +2
N n

P(B(x,7,(x))) P(B(x,A)) < C,N~U-9P1(B(x, A)), (C.107)

in which the second step uses k > Kn?and n > NP(B(x, A))/2.

In addition, from Assumption 1(d), P(B(x,r,(x))) > Cavard(x)f(x), hence

(i g PUB(x AT

< N (]. q)—’

Tn(X) - _Cdvd f(X)

0 R

< _(I_Q)

- _CdUdN hl_q(x)]

< Ch N(lq)(15)}d = ay, (C.108)
_Cdvd

in which the second step comes from the definition of Sy in (C.87).

Using Lemma C.7 that will be proved in Section C.11, and Assumption 1(c), we have

[E[7(x)[p] —n(x)| = n(B(x, p)) —n(x) < Cep” < Cerp(x) < Cealy. (C.109)

Recall that in the definition (C.87), we let |n(x)| > 2A for all x € S;. Now we define A as

A= C.db, (C.110)
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then there exists a constant Cs, such that for p > r,(x) and n > NP(B(x, A))/2,

P(g(x) # 9" (x)|p, n) P(sign(7)(x)) # sign(n(x)p)
P(|7(x) = n(x)| > [n(x)llp)
P(l1(x) = E[n()lp]l > [n(x)| = [E[7(x)|p] = n(x)]]p)

P(|7(x) — E[i(x)|p]] > [n(x)] = Alp)

IN - IA

IN

(a) 1

< 2exp |- gh(lno] - A

) o

< 2exp —gk”f(x)}

© SR

< 2exp |—=Kn'n*(x)

@ _

< 2exp [-CoNUpP(x)] . (C.111)

(a) uses Hoeffding’s inequality. For (b), note that in S, |1(x)| > 2A, hence n(x) — A > n(x)/2.
(c) comes from (4.13). (d) uses (C.85): n > NP(B(x,A))/2 = Nh(x) = N'~°. Hence (C.104)

can be bounded using the same method as was already used in the derivation of (C.24):

I < 2E[|n(X)|exp [~CoN (X)) 1(X € S1)] = O (Nf%“q(lfég .

(C.112)
Recall (C.101) and the fact that P, and P, are both bounded by O(N ~#),

I =0 (N-5100) L o(N ), (C.113)
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Bound of /5. From (C.93),

I = E[1(9(X) # ¢"(X))[n(X)[1(X € 52)]

Elln(X)[1([n(X)| < 24)]

IN

IN

2AP(In(X)] < 24)

(a) O(A*) O] O(a‘%aﬂ)) © O (N—%(l—Q)(l—‘s)) 7 (C.114)

in which (a) comes from Assumption 1(a), (b) comes from (C.110), and (c) comes from (C.108).

Bound of /5. Define

¢(x,n) == E[|7(x) = n(x)|[n], (C.115)

then

Iy = E[1(g(X) # ¢"(X))[n(X)[1(X € S3)]

< E[i(X) - n(X)1(X € S)] = E[6(X, n)1(X € S5)].

Then we give a bound of ¢(x, n).

Case 1): If n < 1NP(B(x, A)), we bound it with
¢(x,n) < E[[n(x)||n] + [n(x)] < 2. (C.116)

Case2):If n > %NP(B(X, A)), then according to (C.85), (4.13), (C.91) and (C.89), which requires
that h(x) > Cy/N, it can be shown that k£ < n. Recall that A is defined in (4.29). Then use Lemma

C.9 in Appendix C.11,

¢(x,n) < VE[(A(x) — n(x))?] < VCuh™ ()N (C.117)
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With (C.116) and (C.117), I5 can be bounded by:
1
I3 < 2P (X € S3,n < ENP(B(X,A))) +VOuERMX)L(X € S3)]N*. (C.118)

In the derivation about I;, we have shown that the first term decays with O(N ~#). The second term

can be bounded using Lemma C.6. If 5 # ), the bound of I3 can be expressed as
Iy = O (N A=079) L O(N—F). (C.119)

If 3=\ then I3 = O(N?In N).

Bound of /,.
I, = E1(g(X)#g"(X)nX)L(X € Sy)] <P(X €S, = O(N*ﬁ). (C.120)

Recall the expression of R — R* in (C.94), and combine (C.113), (C.114), (C.119) and (C.120), if
B # A

R—R = O(NTH1070) 4 0 (N7Her0=00=0) 1 0 (N0=0709) 1+ O(N )

= Q(N~@FAI=0)) L O (NM=9=08) L O(NP). (C.121)

The first and the second terms contain ¢. To optimize the overall convergence rate, let § =

ac/(ac + f3), then

_ AB(atl) AB(a+1)

R-R = O (N Xat? ) LON P =0 (N* min{8, 25 ) . (C.122)

Now consider 3 = ). In this case, R — R* = O(N?In N).
The optimal convergence rate. From (4.29), the maximal X is p/(d + 2p), which is attained

if ¢ = 2p/(d + 2p). Then the optimal convergence rate is
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— min B(a+1) .
O <N {ﬁdz-p(a-&-w)’ﬁ}) if 3# #ép

Ropt — R* = (C.123)

ONPIN),  if B— b
C.5 Proof of Theorem 4.7: Convergence rate of the standard

KNN regression with bounded 7

C.5.1 Upper bound

For any test point x, define p as the distance from x to its (k + 1)-th nearest neighbor among the

training dataset. Then

El(g9(x) —n(x))*lp] = (Elg(x)|p] —n(x))* + Var[g(x)|p]

. (C.124)

in which the last step comes from (C.203) in Lemma C.7.
Define the following two events:
Event 1: f(X) > 2k/(NCyvgD?) and p < D;
Event 2: f(X) < 2k/(NCyvgD?) or p > D.
Define a random variable £, E = 1 when event 1 occurs, and £ = 2 when event 2 occurs.
Case 1. If Event 1 happens, then according to Assumption 1(c), (n(B(x, p)) —n(x))* < C%p™.
For the second term in (C.124), we use similar steps as (C.30). In the derivation in (C.30), we
used |7(x)| < 1 and Var[y ®@|p, X . XM] < 1. Here these two bounds are replaced by M

and C,, respectively. Hence

(C.125)
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Therefore for all x that satisfies f(x) > 2k/(NCqvsD?),

E[(g(x) —n(x))*[x, p < D]

< C’g]E[p4|p<D,X]+Ca+TW.
P7 (B(x,p)) 5 Bix D Cy + M?
< Gl G P(B(x,p)) < P(B(x, D))| + ———

in which the last step uses Assumption 1 (d).
Using Lemma C.8 to be shown in Section C.11, we know that there exists a constant C'; such

that

Bl —nP1p < D < & () F e S caze)

- o((3) ) o ((5)) o h). 1

Here, in the last step, we Lemma C.6 shown in Section C.11. If § = 2p/d,

E[(g(X) —n(X))*1(E=1)]=0 ((%)ﬁln %) +0 (%) : (C.128)

Case 2. If Event 2 happens, then according to Assumption 4, |n(x)| < M for any x. Hence the

first term in (C.124) is bounded by (n(B(x, p)) — n(x))? < 4M?. For the second term in (C.124),
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note that forany i € {1,...,k},

VarY9lp] = E[Var[Y WX, ]| + Var[E[Y?|p, X?]]

IN

Cq + Var[n(X?)]g]

< C,+ M2 (C.129)

Using Cauchy inequality, Var [% S YO

p} < C, 4+ M?, and thus
E[(g(x) —n(x))?|p] < Ca +5M>. (C.130)

Now we can give an overall bound of the loss function under case 2:

(C.131)

From Assumption 1 (b), the first term in the bracket in (C.131) decays with O((k/N)?). Moreover,
if f(x) > 2k/(NCqvgD?), then P(B(x, D)) > 2k/N, and (C.18) still holds here. Therefore, the
second term in the bracket in (C.131) decays faster than any polynomial. With this observation,

and combine with (C.128), we have

2p
R— R =E[(g(X) — n(X))’] = ( SO ) o MR (SA E»)
O((%) ' my)+o@}) it s=%.
The fastest rate is attained if
N#% if B> 2
ko~ , - 4’ (C.133)
N7 if B< 2
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The corresponding optimal convergence rate is

% (N—min{%%p’%}) if B2

R— R = 5 (C.134)
O(N‘Wln]\f) it g=2.
C.5.2 Lower bound
We prove the following statements separately:
. 1
sup (R—R") =2 —; (C.135)
(Fm)es k
sup (R—R") 2 (—) ; (C.136)
(fm)es N
k B
sup (R—R") 2 (—) : (C.137)
(fm)es N

Proof of (C.135). Given arbitrary distribution with pdf f(X), let Y ~ N(0,0?), in which

0% < C,, C, is the constant in Assumption 4.1. Then 7(x) = 0 everywhere, and

k

% Sy

i=1

2

R— R* = E[(i(X) — n(X))?}] = Var[(X)] = Var - % (C.138)

Hence, (C.135) holds.

Proof of (C.136).

For simplicity, in the following proof, we assume that we are using max norm in kNN
regression.

Construct the following distribution. Let X = (X7,. .., X;) ~ Uniform([—1, 1]%), and

a:% +2x; if ;<0
n(x) =m(r) = (C.139)
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Note that | V?7]|| = 2 for z; # 0. Then define

In={x|-1+A<r<-AorA<z <1—-A} (C.140)

For this distribution,

R-R = E[H(X)-n(X))]

Vv

E [(E[(X)X] = n(X))*1(X € I4)] . (C.141)

[E[7(x) =n(x)ll = [En(B(x,p))] = n(x)]

For any x, we have E[7)(X)] = E[n(B(x, p))|, since || V?n(x)|| = 2 almost everywhere,
ffjf,,’)(m (1) — m (1)) day
2p

_ ‘E li / ’ %n”(xl)ﬁdt] 1(p < A)‘

2p ),

E

> E B,OQl(p < A)} —2P(p > A). (C.142)

Note that with max norm, for uniform distribution, P(B(x, p)) = 2¢f(x)p? if B(x, p) does not

exceed [—1,1]%. Here f(x) = 1/2¢, hence P(B(x, p)) = p%if B(x, p) C [-1,1]%. Hence

SHS]

E[p’1(p < A)] = E[Pi(B(x,p))1(p < A)]

= E[Pi(B(x,p))] — E[P1(B(x,p)1(p > A)]
T(k+1+5) D(N+1)

> T P<N+1+§)—P(p>A), (C.143)

in which the last step uses the fact that P(B(x, p)) follows Beta(k+1, N —k) distribution. Therefore

ID(k+14+3) TN+ 7
3 T(h+1) T(N+1+2) 3P(p > A). (C.144)

[E[A(x)] —n(x)| =

251



Since P(p > A) decays exponentially, |E[7j(x)] — n(x)| ~ (k/N)P/?, therefore

2p 2p
kE\ 4 E\ 4
TR~ (2] PXeln)~ (=)

Hence (C.136) holds.

(C.145)

Proof of (C.137). Construct (n + 1) cubes I,..., I, 1. X is supported by these cubes, and

is uniformly distributed within each cube. Let m be the pdf value in the first n cubes. For the

remaining cube, the density is (1 — 2¢nm)/2¢. This ensures that the total probability mass of all

(n + 1) cubes is 1. m and n change with k and N. The precise definition of each cube I, is

L={x[4j—1<x<4j+1z9,...,2q4€[-11]}

forj =1,...,n+ 1. Similar to the proof of (C.136), define

La = {x4j—14+A<z <4j—A

ordj+ A<z <4j+1—Azg...,xq€[-1,1]}.

In I, 41)a, let n(x) = 0. Otherwise, let

(21 —45)° +2(xy —4j) if 4j—1<uz; <4y
n(x) = m(z1) =
—(1 —45)2 +2(x; —4j) if 45 <ax<4j+1.

Then

R-R" = E[#HX)-n(X))]
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Ensure that in I;1a, P(B(x,A)) = 2(k + 1) /N, i.e. m2?A? = 2(k + 1) /N, then for x € I,

P(p>A)=P (P(B(x, p)) > w> < e~ (24D (C.150)

which decays exponentially.

The remaining steps are similar to the proof of (C.136). Since P(B(x, p)) = m2¢p?, for x €

L,

[E[7(x)] — n(x)]
= SE[p’1(p < A)] - 2P(p > A)
1 2(k+1)

— g P (oo ) < X5 | 2 ops ) casn

Note that P(p > A) decays exponentially, P(B(x, p)) ~ Beta(k + 1, N — k — 1), therefore there

exists a constant ¢, such that |E[7(x)] — n(x)| > ¢ for x € I;. Hence
R— R >nc®P(X € I15). (C.152)
Consider that the distribution should satisfy Assumption 4.1(b),

B
P(f(X) <m)=nP(X c ) <Cym’ =0, (%) : (C.153)

Therefore, by using an appropriate n, let nP(X € I1a) ~ nP(X € I;) ~ (k/N)?, then

E\”?
R—-— R~ (N) : (C.154)

Hence (C.137) holds. The proof is complete.
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C.6 Proof of Theorem 4.8: Minimax convergence rate of re-
gression with bounded 7

The proof of the minimax convergence rate for the regression is similar to the proof for the
classification. Define f(x), 1o, Lo, 7v(X), ', and S* in the same way as (C.52), (C.53), (C.54),
(C.55) and (C.57). Then (f,n,) satisfies Assumptions 3 and 4 if nomvsL? < Cym®, and L < M.
Let the noise ¢ be normally distributed with variance C',, in which C|, is the constant in Assumption
3(a),ie., Y =n(X)+e€e~N(0,C,).

Now we follow the proof of Lemma C.2 shown in Appendix C.3.2.

For x € B(ay, L), define V; as the number of training samples falling in B(a;, L), then

sup E[(g(x) —n(x))’] > sup E[(g(x) — n(x)))?]
(fmes*) v(1)e{-1,1},v(2)=...=v(no)=0

(a)

> LPP(v(1) # v(1))

= LPE[P(V(1) # v(1)|N)]

(zb) %LQPE[l—TV(P+,P)]

© [

> %szE 1— %D(P+]\P_)

= %LQPE 1— \/%D(N(LP,CQ)HN(—LP,CQ))

Lo (L

= 32 (1= JgEvm)

@ 1, Lp

> L (1—\/@%). (C.155)

In (a), we define v(1) = 1if g(x) > 0, and —1 otherwise. If v(1) # v(1), then g(x) and 7(x)
have different signs. According to the construction of 7, in (C.55), |g(x) — n(x)| > L*. Hence
(a) holds. In (b), 7'V denotes the total variation distance, and P, denotes the joint distribution
of N; independent random variables, which is normal with mean L? and variance C,, while P_

is defined in the same way as P, except that the mean of the normal distribution becomes — L.
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(c) uses Pinsker’s inequality [82]. In (d), w is the probability mass of B(a;, L) for j = 1,...,ny,

w = muyL?, in which vy is the volume of unit ball.

For x € B(a;, L) for j = 2,...,ng, we can also get the same bound. Therefore
1 v
sup (R—R") > —nowl?®(1— —VNw ). (C.156)
(Fm)es* 2 o

Assumption 3 includes a tail assumption, i.e., Assumption 1 (b), under which we have nyw <
Cym?. The proof of this statement can be found in the proof of Lemma C.1 (2) in Appendix C.3.1.
Moreover, from Assumption 4, L < M. To ensure that the expression in the above bracket is
positive, i.e., 1 — Lp\/m > 0, we need to ensure that NwL?* < C,. Consider that w ~ mL?,
these above arguments show that (1) ngmL? = O(m#); (2) L = O(1); (3) ngm L% = O(1). We
then get the following lower bounds on the excess risk:

(1) Pick L ~ N™@%, m ~ 1, and ng ~ N#%, then

sup (R— R*)> N, (C.157)
(fmes*

(2) Pick m ~ N7', L ~ 1,ny ~ N1-min{A1} then

sup (R — R*) > N~ min{f1} (C.158)
(fm)es*

Combine (C.157) and (C.158), we get

2p

sup (R — R*) > N~™Mas ), (C.159)
(fimes*

The proof is complete.
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C.7 Proof of Theorem 4.9: Convergence rate of the adaptive
KNN regression with bounded 7

Without loss of generality, we assume D > A, since we have shown that this assumption does not
impose further restrictions on the distribution of X in Section C.4.

Define h(x) in the same way as (C.84). Recall that k is selected adaptively according to (4.13),
since 0 < ¢ < 1, for any constant K, there exists a critical value n., so that when n > n., k < n,
which means that the k-th nearest neighbor must fall in B(x, A). We then discuss the following
two cases:

Case 1: h(x) > N~',n > NP(B(x,A))/2, and n > n,;

Case 2: h(x) < N7l orn < NP(B(x,A))/2orn < n,.

Now we discuss these two cases separately. Similar to the proof of the standard kNN regression,
we still define a binary random variable £, in which £ = 1 if case 1 happens and £ = 2 if case 2
happens.

Case 1. For kNN regression, g(x) = 7j(x). Therefore E[(g(x) — 7(x))?|n] can be bounded by
Lemma C.9 of Appendix C.11 when n > n... From (C.86), for any ¢t > 0, P(h(X) < t) < CjtP.

Use Lemma C.6,

E[(9(X) —n(X)'HE=1)] < CNZERX)1((X) > N7

O(N~%) + O(N-?) if 2\
_ (NTP)+O(N72) if B # (C.160)
O(N=?InN) if 8=2\

Case 2. Similar to (C.131), we have E[(g(x) — n(x))?|n] < C, + 2M?, hence

E[(9(X) — n(X))*1(E = 2)]

N —

< (Co+2M*) |P(M(X)< N Y +P <n < -P(B(X, A))) +P(n < nc)} :

Now we bound these three probabilities. According to (C.86), the first term can be bounded by
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O(N~?). The second term was defined as P, in (C.102), and it has been proved in Appendix C.4
that P, = O(N~7). It remains to bound P(n < n,). n < n, happens only if at least one of the
following two events happen: (1) n < P(B(X, A4))/2; 2)P(B(X, A))/2 < n.. The probability of
these two events are both bounded by O(N~#), therefore P(n < n,) is bounded by O(N 7). As a
result, E[(¢(X) — n(X))?1(E = 2)] = O(N7).
Combine Case 1 and Case 2, we have
O(N=P)+ O(N=2Y) if B #2)\

E[(9(X) —n(X))?] = (C.161)
O(N-?1n N) if 8=2\

Now we calculate the optimal convergence rate. Recall that 2\ defined in (4.29),

2 2
Qm?X)\ = mc?x {min {q, §(1 — q)}] = +p2p, (C.162)

with the maximum attained at ¢* = 2p/(d + 2p). Then the optimal convergence rate is:

oN- {8735 if 2
E[(g(X) - (X))} =4 " )0 163
ONPIN) if f= -2

m.
C.8 Proof of Theorem 4.10: No regression method is uniformly
consistent without the new tail assumption

In this section, we prove that no regressor can be uniformly consistent with Assumption 1 and 5
(e) but not 5 (b’). This indicates that Assumption 5 (b’) is necessary.

Given the constants C,,...,Cyq, M, L, let S be the set of pairs (f,n) that satisfy the
assumptions. For simplicity, we let 3 = 1 and L = 1. Other cases can be proved similarly. We

first discuss one dimensional problems, and then generalize to arbitrary fixed dimension.
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Define

5% = {(fv 77v)|“ S {_17 1}}7
with

11—+ if —1<x<0

— if m<z<m+1
and

0 if —-1<z<0 0 if —-1<x<0
m(x) = n-1(z) =
m if m<x<m+41, —m if m<r<m+1.

In addition, define a variable

Recall that

R R =E[(g(X) - n(X))’] = E [ [t - n(x))?f(a:)das] |

To give a lower bound of R, we have the following lemma.

Lemma C.4. If ¢ and v have different sign, then [(g(z) — n(z))*f(z)dz > m.

Proof.
/ (9(z) — n(@)*f(@)dz > /m (9(0) = 1(e) P =la
= " (@) - 20(@n(@) + ) e
= m+ " g2(x)%dx—2v/m+ g(x)dx

(C.164)

(C.165)

(C.166)

(C.167)

(C.168)

(C.169)



Note that fg“ ¢*(z)Ldx > 0, and —v [ g(z)dz > 0, because v and © have different sign. These

facts imply that [(g(z) — n(x))?f(z)dz > m. O

With Lemma C.4, we let V' follow distribution P(V = 1) = P(V = —1) = 1/2, and define n

as the number of training samples that fall in [m,m + 1], then

@1 1 1\"
sup (R—R")>Ey[R—R|>P(V#V)m > -P(n=0m=— (1 - —) m,(C.170)
(f.m)eS* 2 2 m

in which (a) is true because if there are no points falling in [m, m + 1], then for any detector v, the
conditional error probability given n = 0 is 1/2.
(C.170) shows that if we pick a > 0, then for given /N, we can find a m, such that sup R > 0.
To generalize the above analysis to arbitrary fixed dimension, we only need to(]igiej(xl) to
replace f(z) in (C.165). Then let X5, ..., X, follow uniform distribution in [0, 1] and X, ..., Xy

be independent. In this case, we can still get (C.170). Hence we claim that no regression method

can be uniformly consistent without Assumption 5 (b’).

C.9 Proof of Theorem 4.11: Convergence rate of the standard
KNN regression with unbounded 7

Note that from Assumption 5 (b’), we can show that
P(f(X) <t) =P(e™ X > ) < irl}feth[e_bf(X)] = n;febtt—ﬁ’ <et?, (C.171)

in which we let b = 1/t in the last step. Thus we recovered Assumption 1(b), except that [ is
replaced by /.

We still discuss two cases: Case 1: f(x) > 2k/(NCqvyD?) and p < D; and Case 2: f(x) <
2k /(NCzvgD?) or p > D. Similarly, define a random variable E, for which £ = 1 for case 1 and

FE = 2 for case 2.
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Case 1. The analysis in Appendix C.5 still holds here, because for any X' € B(x, D), we have
n(x') —n(x) < L|x" —x|| < LD. (C.172)

We can then use LD to replace M in Appendix C.5, and we can then get the same upper bound of

the risk up to a constant factor. Hence
: o)

El(9(X) = n(X))"1(E =1)] = f

N

Case 2. We conduct bias and variance decomposition again.

E[(g(x) —n(x))?|o] = (Elg(x)|p] — n(x))* + Var[g(x)|p]. (C.174)

For the first term, i.e., the bias term, we have

Elg(x)|p] —n(x)| = [E %Zn(X(”) p] — n(x)
k
< 2 EXO)e] — 00l < Lp, (€.175)

in which the last step uses |n(X®) — n(x)| < L[| X® —x|| < Lp.

Now we give a bound to the variance term:

B k

1 .
\% = Var|[-) Y®
ar[g(x)|p] ar | - ;:1 p]

L k
1 , 1
= Var % Z YO p, XU X® | 4 var Z Z n(X®) p]
L™ =1 i=1
Co 1g
< E ) Varlp(X)pl (C.176)
i=1

In the last step, we use Assumption 1 (a) in the first term, and Cauchy inequality in the second
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term. Moreover,
Var[n(X")|p] < E[(n(X?) —n(X))?|p] < L’E [HX(") - XH2) p} < L% (CAT7)
Hence
Varlg(x)|p] < Ca + L*p*. (C.178)
From (C.174), (C.175) and (C.178), we get
E[(g(x) — n(x))*|p] < Ca +2L7p". (C.179)

Let po be the (k + 1)-th nearest neighbor distance of x = 0. Then there are k points in B(0, po).

Since B(0, po) C B(x,||x + pol|), B(x, ||x + po||) contains at least & points. Hence

p=[|X*V —x|| < [1x]| + po. (C.180)
From Assumption 5, we know that there exists a constant My such that E[||X|°] < Mx < oc.
Given this, we have the following lemma.

Lemma C.5. For some constant C and sufficiently large N, E[p2] < C.

Proof. Recall that py is the (k + 1)-th nearest neighbor distance of x = 0. Since E[||X||*] < My,
according to Chebyshev inequality, P (|| X|| > r) < M, /r% Therefore P(B°(0,r)) < M,/r?, in

which B¢(0,r) = R%\ B(0,r). Denote n, as the number of training samples in B°(0, ). For any
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r > 19 > +/2Mx, we have P(B¢(0, 7)) < 1/2. Hence for sufficiently large IV,

P(po >r) = P(n,> N —k)

(%) P (nr > %N)
eNP(BC(O,T)))

< exp[—-NP(B(0,r))] ( N

Sk

Mv\ 2
< <2e—2X) , (C.181)
r
in which (a) holds because k/N — 0, (b) comes from Chernoff inequality. Therefore
Elpg] = / P(py > t)dt
0
0
2eM x o)
= [ e Vs [ RG> Vi
0 2€MX
°° 2e M ¥
S 2€MX —|— ( X) dt
2€MX
= 2eM S 182
eMyx + N 5 (C.182)
The proof of Lemma C.5 is complete. U
From (C.179), we get
E[(g(x) —n(x))’] < Co+2L%E[p’[x]
(a)
< Co 42072 |x|1* + 2E[p5))
< Co+4L(|Ix]I* + Cv)
< 4L x| + Cy, (C.183)

for some constant C5. In (a), we used (C.180) and Cauchy inequality.
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Then

< {600 - 20021 (1) = )|
+E {(g(X) —n(X))*1 (f(X) > #fdm,p > D)} : (C.184)

The first term can be be bounded from (C.183):

E {(g(X) —n(X))*1 <f(X) = ﬁizﬂ)]
2%

2k 9 2
CyP (f(X) < W) +4L /1 (f(x) < W) x| f(x)dx

IN

(C.185)

in which the last step uses (C.171) to bound the first term, and Assumption 4.5(b’) to bound the

second term:

2k 9 NCyvsD? 2
< ———— < —
1 (509 < g ) Il st < fexp 1= FEE o) I i
N
= O((N) )
Now we bound the second term in (C.184). In (C.18), we have proved that if f(x) >

2k/(NCqvqD?), then P(p > D|x) < exp[—(1 — In2)k]. Hence

B |(6X) 1001 (£ > g r = D))

< exp[—(1 —In2)k] {Ca + 217 /E[p2|p > D,X]f(x)dx} : (C.186)
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which decays faster than any polynomial. Combine (C.185) and (C.186), (C.185) dominates, i.e.

)
E[(9(X) ~ n(X))*L(E = 2] = O ((g) ) . (C.187)

Combining Case 1 and Case 2, we have

s / 2p
O ((ﬁ mm{lﬂj]’) +0 (l) if ﬁ/ 7& 2p
R— R =E[(g(X) - n(X))’] = LN T casy)
The fastest rate is attained if
N#% if g > 2
kel = (C.189)
N#Feif f< 2
The corresponding optimal convergence rate is
o <Nmin{dip2p%j+l}> it B A2
R—R" = (C.190)

O(N‘fillnjv) if g/=2 |
C.10 Proof of Theorem 4.12: Convergence rate of the adaptive

KNN regression with unbounded 7

In this section, we analyze the convergence rate of the adaptive kNN regression method when the
regression function is not necessarily bounded. To obtain a bound on the convergence rate, we first

consider three different events and then combine them. In particular, we consider:
e Event 1: h(x) > N7', n > NP(B(x, A))/2 and n > n..
e Event2: n > n., but h(x) < N~'orn < NP(B(x, A))/2.

e Event 3: n < n,.
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Similar to other sections, we define a random variable £/, which will be equal to ¢ if ith event
occurs.
For the first two events, (C.161) in Appendix C.7 still holds, except that since Assumption

4.1(b) is replaced by (C.171), 3 is now replaced by /3':

ON#)+ O(N~?) if [ #2\
E[(g(X) —n(X))*1(E =1or E =2)] = (C.191)
O(N=#1In N) if B =2,

in which A = min {q/2, (p/d)(1 — q)}. Now we analyze Event 3. Note that when n < n., k may
be larger than n, thus some nearest neighbors may fall outside B(x, D). Note that (C.183) still

holds here. Therefore

E[(9(X) — n(X))"1(E = 3)]

_ /4L2 1|2 P(n < nelx) f(x)dx + Cs /P(n <nx)f(x)dx.  (C.192)

Using similar argument as Appendix C.7, we can show that the second term can be bounded by

O(N~#). Now we bound the first term. If n. < NP(B(x, A))/2, from (C.97),
1
P(n < n.x) < exp {—5(1 —1In Z)NCdvdAdf(x)} : (C.193)
If n. > NP(B(x, A))/2, then we just bound P(n < n.|x) with 1. Therefore

/ IXI2P(n < nelx) f (x)dx

2n,
N

< P(P(B(X,A))z )/HxH?exp [—%(1—ln2)NCdvdAdf(x) dx

+P (P(B(X,A)) < 2]7:[) /HXH2f(x)dx. (C.194)
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Both of two terms in (C.194) can be bounded by O(N~#"). Therefore
E[(9(X) = n(X))*L(E = 3)] = O(N 7). (C.195)
The overall convergence rate can be bounded by:

ONY+O(N) if g =\
E[(9(X) —n(X))’] = , (C.196)
ON-#InN) if g #A\

The optimal convergence rate is attained when ¢ = 4/(4 + d). In this case,

N
Bito0) gy - § O ) 0 .19
ONFImN) if g =2

=z
C.11 Technical Lemmas and Proofs

In this appendix, we state and prove some technical lemmas that are used in the proof of theorems.

All of the following lemmas hold for both classification and regression problems.

Lemma C.6. (1) Under Assumption 1 (b), which says that P(f(X) < t) < Cyt?, for any u > 0

and b > 0,

ar(+?)

E[e ?/")]) < .
bu

; (C.198)

in which I' is the Gamma function defined in (C.15).

(2) For two sequences ry, sy such that ry — 0 and sy — 0as N — oo, and ry > sy for
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sufficiently large NV, then for any p > 0, under Assumption 4.1 (b)

(@] (rff”) if 0> u;
E[f™(X)1(sy < f(X) <rn)] =4 O <1n —;v]) if 8=u (C.199)
O (3%_“) if g<u,

(3) For Yu > 0, and any sequence {sy} such that sy — oo as N — oo, then with Assumption

4.1 (b),

O(1) if B>u
E[f(X)1(f(X) > sy))] =4 O (m LN) if B=u (C.200)
O (s]‘@—“) it 5 <u.

(4) With Assumption 4.2, the upper bounds of (C.198), (C.199) and (C.200) also holds for
h(X).

Proof. (1) Proof of (C.198):

1
E[e"00] = / P (e 09 > ¢ di
0

- T (C.201)
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(2) Proof of (C.199):

E[f(X)1(sy < F(X) <ry)] = /OOOP (F(X)1(sw < F(X) <ry) > £)dt
_ /:iuP(f‘“(X)>t)dt
_ /N P(F(X) < ) dt
< / N Cyt~udt, (C.202)

in which the last step comes from Assumption 1(b). We then obtain (C.199) by simple integral for
cases with # > u, f = v and 3 < u separately.

(3) (C.200) can be proved in similar way as the proof of (C.199). We omit the proof for
simplicity.

(4) (C.86) has the same form as Assumption 4.1(b). Thus the above derivation also holds for

h(X). O]
Lemma C.7. (1) The expectation of 7)(x) is:
E[(x)]p] = n(B(x, p)); (C.203)
(2) 7(x) satisfies the following concentration inequality:
P(lii(x) — Efi(x)]| > t) < 2¢72**". (C.204)

Proof. Our proof of Lemma C.7 follows the proof of Lemma 9 in [20]. We pick (X, Y;) in the
following way: firstly, pick a point X; according to the marginal distribution of (k + 1)-th nearest
neighbor of x. Denote p as the distance. Then pick & points from conditional distribution f(-|X €
B(x, p)). Then pick (N — k — 1) points from the conditional distribution f(-|X ¢ B(x, p)). The

next step is to randomly permute these /N points. The joint distribution of these N points obtained
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in this way are i.i.d, with pdf f(x). Finally, assign all of the NV points with label 1 or —1, with
probability P(Y; = 11X;) = (1 + [n(X;)]).

Note that the % points picked according to distribution f(-|X € B(x,p)) are i.i.d, and the
expectation of the target is n(B(x, p)). This yields (C.203). Besides, according to Hoeffding’s

inequality, we get (C.204). [

Lemma C.8.

2 (k+%p+1)%p

E[P? (B < ] C.205
[Pd(B(x,p))] < N (C.205)

Proof. Let random variable U = P(B(x, p)), using results from the order statistics [23], we know

that U follows Beta distribution: f(u) = (1/Beta(k + 1, N — k))u*(1 — u)V~*~1. Hence

2 2 I(N+1) Dk+2Z+1) (k+2Z+1)7
EP 7 (B(x, =EU7"| = 5 . (C.206
PH B )] = B0 = c e Sy S ey (€209
]
Lemma C.9. For adaptive kNN classification or regression, if £ < n, then
E[(7(x) — n(x))*|n] < Carh™(x)N~, (C.207)
in which A = min {p(1 — ¢)/d, q¢/2}, C, is a constant.
Proof.
E[(i7(x) = n(x))*|n, p] = (E[(x)In, p] = n(x))* + Var[i(x)|n, p]. (C.208)

Given n, k is fixed, hence the second term has the same bound as (C.125): Var[n(x)|n,p] <

(Cy + M?)/k. Besides, we have E[f)(x)|n,p] = n(B(x,p)). According to Assumption 1 (c),
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In(B(x,p)) — n(x)| < C.pP. Therefore

C, + M?

’ (C.209)

E[((x) — n(x))*|n] < CZE[p"In] +

We now bound E[p?|n]. k < n implies p < A. Moreover, given n, the n points in B(x, A) are

conditional i.i.d with pdf f(x)/P(B(x, A)). Use Lemma C.8, we have

P4 (B(x, p))

2p

(k% 1)25.
Pa(B(x, A))

= 2p
n d

E (C.210)

n

We have the following inequality that holds in general: for a, b, ¢ > 0,

2¢7Hac+0°) if e¢>1
(a+b) < (C.211)
a’ + b° if e<1.

Hence

o

2p
B (LKnQJ+%+2> ’

k+ 241
n

< omax{%}-10} (K?n—ip(l—@ + (%p +2) ’ n‘if) . (C212)

Furthermore, according to Assumption 1 (d), P(B(x, p)) > Cavap®f(x). Using this and (C.212)

in (C.210), we obtain

(Cavaf (x)) TE[p*[n]

S 2max{%—1,0} (Kan_Qd(l_Q) + (_p + 2) n_2d) Pa (_B(X7 A)) (C213)

270



Under case 1, n > NP(B(x,A))/2. Plug it into (C.213), and recall (C.85), after some

simplification, we eventually get:
2p

E[p*n] < Mah~ ¢ )(x)N= 40D 4 Mph™ 7 (x)N~ 4, (C.214)

for some constants M 4 and Mp.

Besides, note that the condition of case 1 says that n > NP(B(x, A))/2, therefore using (C.85),
1 ? g
k=|Kn'+1>K (§NP(B(X, A))) > 2K (Cug AN T hI(x)N.  (C.215)
(C.209), (C.214) and (C.215) yields

E[(7(x) — n(x))*|n]

< ? (MAh*ﬂl*q)(x)N*%”(l*@ + MBh*%(x)N*%”) + CINTIR(x), (C.216)

for some constant (.
Moreover, when case 1 happens, h(x) > N1 always holds. Recall that ) is defined as \ :=

min {2(1 — ¢)/d, q/2}, for some constant C);, which satisfies Cyy < C%(M4 + Mg) + C4,

E[(H(x) — n(x))?|n] < Cprh™2 (x)N 2. (C.217)
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