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Abstract

Reinforcement Learning (RL) is a branch of machine learning that focuses on training agents
to make sequential decisions. By interacting with the environment, an RL agent learns optimal
policies that guide its actions. While traditional RL algorithms focus primarily on maximizing
expected rewards, they often overlook the risks associated with uncertain or adverse outcomes. This
limitation is particularly problematic in high-stakes applications—such as autonomous driving,
healthcare, and finance—where the consequences of poor decision-making can be significant. To
address this gap, the field of risk-sensitive reinforcement learning has emerged, enhancing the
safety and robustness of RL agents in uncertain environments.

This thesis explores advancements in risk-sensitive RL by developing novel algorithms,
frameworks, and analysis techniques to address uncertainty and robustness in sequential
decision-making.

One of the primary focuses is the application of Entropic Value-at-Risk (EVaR), a recently
introduced risk measure, to RL. Unlike the conventional Conditional Value-at-Risk (CVaR), EVaR
characterizes distributional uncertainty using Kullback-Leibler (KL) divergence, which better
aligns with common practices in machine learning. This alignment enables a broader application in
risk-sensitive RL problems where robustness to uncertainty is crucial. To achieve this, we propose
value iteration and policy gradient algorithms that incorporate EVaR optimization within the
Markov Decision Process (MDP) framework. The proposed algorithms are shown to converge and
perform effectively through numerical experiments, demonstrating the practicality and relevance
of EVaR for robust decision-making in RL.

Building upon this exploration of risk measures, we introduce the ¢-Divergence-Risk (PhiD-R),
a general class of coherent risk measures that includes existing risk measures such as CVaR
and EVaR as special cases and extends the potential for RL applications by covering a
broader range of risk preferences. The PhiD-R class allows the study of risk-sensitive RL

using various ¢-divergences, thus creating a flexible framework adaptable to multiple types
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of uncertainty. For this class of risk measure, we develop a trajectory-based policy gradient
method tailored specifically for PhiD-R, providing both theoretical convergence guarantees and
practical validations through extensive simulation experiments. This work not only enhances our
understanding of risk-sensitive learning but also contributes algorithms that are robust and versatile
across a range of RL environments.

In addition to exploring risk measures, this dissertation examines the robustness of
risk-sensitive RL under Robust MDPs (RMDPs). RMDPs provide a framework for decision-making
under worst-case scenarios by optimizing over ambiguity sets, which define possible variations in
the transition dynamics. While previous research on RMDPs has largely focused on risk-neutral
approaches, we extend this work to risk-sensitive contexts. Leveraging the coherence properties
of CVaR, we establish a connection between robustness and risk sensitivity, thereby enabling
risk-sensitive RL techniques to solve robust decision-making problems. We further introduce a
novel risk measure, NCVaR, specifically designed to handle state-action-dependent uncertainties, a
common feature in real-world applications. Through value iteration algorithms and simulations, we
validate that NCVaR optimization improves robustness in complex and uncertain RL environments.

The thesis also addresses a critical challenge in RL: exploration. In traditional reward-free
RL, exploration is guided without a specific reward function, enabling adaptability across
various reward settings. However, efficient exploration strategies in risk-sensitive RL are
still underdeveloped. To fill this gap, we propose a risk-sensitive reward-free RL framework
based on CVaR, aiming to balance efficient exploration with risk constraints. We develop
the CVaR-RF-UCRL algorithm, designed to perform effective CVaR-based exploration under
risk-sensitive criteria, and establish its performance guarantees by proving it is PAC with
sample complexity upper bound. We further introduce two planning algorithms, CVaR-VI and
CVaR-VI-DISC, and validate the approach with empirical experiments, demonstrating its utility in
safe and efficient exploration. We also establish a lower bound on the sample complexity for any

CVaR-RF algorithm.
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Chapter 1

Introduction

Decision making is a process of making choices by identifying a decision, gathering information,
and assessing alternative resolutions and its goal is to identify an optimal strategy (a mapping
from current system states to available actions), where the performance is incurred by a cost
function [62]. The evaluation criteria that are deemed relevant to the decision makers is captured by
this cost function. Reinforcement learning (RL) [94] is an area of machine learning where agents
learn from interacting with the environment to determine the actions. The environment is typically
stated as a Markov decision process (MDP) which will be described in Section[I.I} A common goal
in solving these sequential decision making tasks is to determine an optimal policy that minimizes
the expected total discounted cost, which is also named risk-neutral approach [15]. Although the
risk-neutral approach is quite popular, it doesn’t properly account for events that are rare but have
serious consequences.

To address this potential issue, many applications[23}24,39,40,43,44,52,|55,|57,61,64, 73,
91,196,199, /105]] focus on minimizing a risk-sensitive criterion rather than the risk-neutral criterion,
which provides a promising approach to scenarios where it is important to control risks.

Various risk measures have been studied and applied in risk-sensitive decision-making,
including Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR). In this work, we begin by

presenting an overview of risk measures in Section [I.2] Following this, we review risk-sensitive



RL, discussing current solutions and their limitations in Section To address the limitations of
these existing works, this thesis introduces a novel application of a risk measure called Entropic
Value-at-Risk (EVaR) to risk-sensitive RL and proposes a broader class of risk measures for RL
applications. Additionally, we examine the robustness of risk-sensitive RL under model uncertainty
and design more efficient exploration algorithms within a reward-free framework for risk-sensitive

RL. Section|1.5|outlines the main contributions and organization of this thesis.

1.1 Markov Decision Processes

In RL, the underlying mathematical mode is the MDP, which represents a probabilistic sequential
decision-making framework such that the set of transition probabilities to next states depend only
on the current state and action of the system.

An MDP is represented by the tuple (X', A, C, P, Py, xq, ), where X’ denotes the state space, .A
is the action space, C'(z,a) € [—Chmax, Cmax| represents a bounded deterministic cost, P(:|z, a) is
the transition probability distribution, P, is the state distribution of the initial state 2, and y € [0, 1]
is the discount factor. For each state x € X, A(z) denotes the set of available actions. Note that
the specific bound for the cost may vary according to different assumptions in this thesis, and each
chapter will clearly specify these classifications. For convenience, we omit v when v = 1.

Intuitively, solving an MDP aims to determine some policies m (mappings from states to
actions) under given cost functions. In order to propose the optimization problem formulations,
here we define some feasible set of policies 7. For t > 1, let H, = H, ;1 x A x X with
Hy = X denote the space of possible histories up to time ¢ and h; = (g, ag, - - -, Ty_1, A1, T¢)
is an element in H;. For each time ¢, the policy m; is a mapping from h; to the probability
distribution over the action space A. Let I1;; be the set of all ¢-step history-dependent policies,
ie, Uy = {my : Hp - Am : HL — A,...,my : H — Alm;(:|h;) € A for all
h; € Hj,1 < j < t}. Let [l = lim;, Iy, be the set of all history-dependent policies.

Similarly, we can define the Markovian policies as I, = lim; . II5;, where I, := {m :



X = Am X - A....om + X = Am(-|lz;) € Aforall z; € X,1 < j < t}
One special case is the stationary Markovian policy denoted by II,; s, where the policies are
time-homogeneous, i.e., m; = m for all j > 0. Compared with history-dependent policies, the
stationary Markovian policies are more structured, which means the actions only depend on current
state and its state-action mapping is time-independent. This makes the procedure of determining
an optimal policy under stationary Markovian policies more computationally tractable. Commonly,
the corresponding solution techniques involve dynamic programming algorithms [[15] and policy
gradient methods [23,(70]. In policy gradient methods, the stationary Markovian policy 7(+|z) is
parameterized by a x-dimensional vector . Thus, the space of all such policies can be expressed
as {m(-|z,0) :z € X,0 € © C R"}, where © is a convex, compact set.

Let 7" denote the length of time horizons. The cost function under policy 7 for a given state x is
defined as the total discounted cost accumulated by the agent when it starts at state = and follows

policy 7, i.e.,
T

J™(z) = Zth(xt,at) | zg = x, 7.

t=0
Similarly, for a state-action pair (x, a), the cost function is defined as
T
J™(z,a) = Zth’(xt,at) | o = x, a0 = a, .

t=0

The expected values of the random variables J”(z) and J™(x,a), known as the value and

action-value functions of policy 7, are defined as

Vi(x) = E[J7(2)], Q"(z,a) =E[J(z,a)].

In policy gradient methods, the policy 7 is parameterized by a vector #, allowing the cost



functions to be expressed as:

T

(@) => 4'Clxr,ar) | w0 = z,7(:|-,0),

t=0

Je(xja) = Zth’(xt,at) | xg = x,a0 = a,w(+]-, 0).

t=0

The corresponding value functions are defined as

V(@) =E[J/(2)], Q"(z,a) =E[J(z,a)].

For convenience, we will use m-indexed functions throughout, except when discussing policy
gradient methods.
In MDPs, a widely adopted optimization formulation is the risk-neutral criterion, where the

objective function is the expected total discounted cost. The optimization problem is formulated as

min E[J™(xo)],

welly

and for an infinite-horizon setting, the problem becomes:

min E [lim J”(xo)] .

welly T—o0

In [15], it is shown that the optimal policy of the above optimization problem is a stationary

Markovian policy.

1.2 Overview of Risk Measures



1.2.1 Uncertainty in MDPs

Here we describe two sources of uncertainty while using the MDP model. The first one is
inherent-uncertainty, which describes the cost variability due to the stochasticity of an MDP. The
second one is the model-uncertainty, which comes from the inaccuracy of transition probability
and cost of the MDP, more generally, it accounts for the errors in the representations of MDP. Both
uncertainty are incurred by the total discounted cost random variable [24]].

As mentioned in SectioffI.1] the risk-neutral criterion is widely used. However, despite its
popularity, it doesn’t take either the uncertainties of cost nor its sensitivity to modeling errors into
account, which may significantly degrade the performance of the optimal policy [65] when there
are uncertainties or modeling errors. The uncertainty of the cost can be addressed in risk-sensitive
MDPs [47] by utilizing a risk measure rather than the risk-neutral expectation. A risk measure
is a mapping from a random variable to a real value. Typically, the risk object is derived from
the total discounted cost. The sensitive issue could be solved in robust MDPs by choosing some
uncertainty sets to model the uncertainty and considering the worst case [75] over these uncertainty
sets. [4] proposes an important concept named coherent risk measures, which satisfy four basic
axioms: translation invariance, subadditivity, monotonicity and positive homogeneity. A useful
property is that each coherent risk measure has a dual representation. [38] extends the concept of
coherent risk measures by introducing the notion of convex measure or risk. They also provide
the corresponding extension of the dual representation. [79] further shows that risk-sensitive MDP
with certain coherent risk measures is equivalent to robust MDP of minimizing the worst-case
expectation over the uncertainty set determined by the dual representation of the risk measure.
Therefore, suitably choosing risk measure can decrease the influence of both issues at the same
time.

Here, we present a real-life example to illustrate the importance of considering risk measures
instead of risk-neutral approaches (definitions of VaR and CVaR are provided in Section[I.2).

Consider a financial portfolio optimization problem where an agent allocates capital among

three assets: a risk-free bond with a fixed 2% annual return, a low-risk stock with an average



annual return of 5% (standard deviation: 2%), and a high-risk stock with an average annual return
of 10% (standard deviation: 15%). Let the portfolio allocation under a risk-neutral criterion assign
10%, 20%, and 70% of the capital to the bond, low-risk stock, and high-risk stock, respectively,
while the risk-sensitive criterion, optimizing the CVaR at the 95% confidence level, assigns 40%,
40%, and 20% to the respective assets. The annual portfolio return R is a weighted sum of the
individual asset returns:

R: w1T1 —I—w2r2 +’UJ3T3,

where w; are the portfolio weights and r; are the annual returns of the assets. Assume the
returns follow normal distributions: r; = 0.02, 5 ~ N(0.05,0.02%), r3 ~ AN(0.10,0.15%). For
convenience, we denote std as standard deviation.

Case 1: Risk-Neutral Criterion. With portfolio weights: w = [0.1,0.2,0.7], the expected

portfolio return is:

E[R] = 0.1-0.0240.2-0.05+0.7-0.10 = 0.081 (8.1%).

For portfolio standard deviation, we have

Var[R] = 0.1%- 0 + 0.2% - 0.02% 4+ 0.7* - 0.15* = 0.01129,

Std[R] = v/0.01129 = 0.1063 (10.63%).

Using Monte Carlo simulation, the CVaR at the 95% confidence level is approximately —12%.
Case 2: Risk-Sensitive Criterion (CVaR Optimization at 95%). With portfolio weights: w =

[0.4,0.4,0.2], the expected portfolio return is

E[R] = 0.4-0.02 4 0.4-0.05+ 0.2 - 0.10 = 0.048 (4.8%).



For, portfolio standard deviation, we have

Var[R] = 0.4* - 0 + 0.4 - 0.02% 4 0.2? - 0.15% = 0.00292,

Std[R] = 1/0.00292 = 0.054 (5.4%).

Using Monte Carlo simulation, the CVaR at the 95% confidence level is approximately —3%.
Under the risk-neutral criterion, the portfolio achieves a higher expected return of 8.1%, but
with significantly higher volatility and a CVaR of —12%, indicating greater exposure to extreme
losses. Conversely, the risk-sensitive criterion reduces the expected return to 4.8%, but significantly
lowers the portfolio volatility and improves the CVaR to —3%, providing better protection against

adverse outcomes.

1.2.2 Coherent Risk Measures

Consider a probability space (2, F, P), where (2 is the set of all possible outcomes, F is a
o-algebra over {2 and P is a probability measure over F. Let Z denote the space of random
variables Z : 2 — (—o00, 00) over the probability space (€2, F, P). A risk measure p is a mapping
from a random variable Z € Z to a real value. In risk-sensitive RL, Z usually presents the reward
or cost and the goal is to determine the optimal strategies that minimize p(Z). In the last few
decades, many different risk measures have been proposed and investigated in the risk-sensitive
decision making context. All these risk measures can be classified into two categories: coherent
measures and non-coherent measures. A risk measure p is coherent if it satisfies the following
properties mentioned in [4].

(P1) Translation Invariance: p(Z + ¢) = p(Z) 4+ cforany Z € Z and ¢ € R;

(P2) Subadditivity: p(Z; + Z3) < p(Z1) + p(Zs) for all Zy, Z5 € Z;

(P3) Monotonicity: If 7, Z, € Z and Z;(w) < Za(w) for all w € Q, then p(Z;) < p(Zs);

(P4) Positive homogeneity: p(AZ) = A\p(Z) forall Z € Z and A > 0.

Another very useful property of coherent risk measures is the dual representation theorem [88]],



which connects the risk-sensitiveness to robustness. The theorem can be expressed as: a risk

measure p is coherent if and only if there exists a convex bounded and closed set I/ such that

7Z) = Ee[Z).
p2) = mmax  BelZ]

The result essentially states that any coherent risk measure is an expectation with respect to a
worst-case function £P, chosen adversarially from the risk envelope U(P) [24]. Examples of
coherent measures include the CVaR and EVaR [2] etc. Examples of non coherent measures include
variance, mean-standard-deviation and VaR etc [4].

In risk-sensitive decision making, more applications begin to consider optimization problems
in which the objective function involves a coherent risk measure of the total discounted cost.
The reason is that properties (P1)-(P4) ensure the “rationality” of single-period risk assessments.
Take financial investment as an example: (P1) means that the deterministic part of an investment
portfolio does not contribute to its risk; (P2) ensures that diversifying an investment will reduce
its risk; (P3) guarantees that an asset with a higher cost for every possible scenario is indeed
riskier; (P4) means that doubling a position in an asset doubles its risk. Moreover, as mentioned
in Section [I.2.1] by using this representation of coherent risk, we can show that robust MDPs are
equivalent to risk-sensitive MDPs while using coherent risk measure. Thus, both uncertainties can

be solved by applying coherent risk measure to decision making.

1.2.3 Value-at-Risk and Conditional Value-at-Risk

In the following, we review risk measures that are directly related to our work. Let Z be a
bounded random variable (i.e., E[| Z|] < 00) on the probability space (2, F, P) with the cumulative
distribution function (CDF) F'(z) = P(Z < z). The VaR [4] at confidence level « € [0, 1] is the

1 — a quantile of Z. Since we interpret Z as a cost in this thesis, VaR is defined as:

VaR,(Z) = inf{z|F(z) > a}.



The visual illustration of VaR can be founded in Figure VaR is a well-known risk
measure of risk-sensitive MDPs. However, VaR is not coherent due to the lack of subadditivity
and convexity [4]]. Furthermore, VaR is unstable and difficult to optimize when the costs are not

normally distributed [85,/86].

Frequency

Loss

Figure 1.1: Illustration of VaR and CVaR.

To address these shortcomings, a new risk measure called CVaR has been developed [85,(86]].
CVaR is defined as the mean of the worst a% of values of Z, i.e.,

CVaR,(Z) = inf {b + éEp[(Z — b)*]} ;

beR

where (2)* = max(z, 0). From its definition, we can see that CVaR,, is decreasing in «, i.e, CVaR,,
tends to max(Z) as a decreasing to 0 and CVaR;(Z) equals E(Z). CVaR is able to quantify risk
beyond VaR and is a coherent risk measure. Due to these advantages, CVaR has been extensively
applied to RL problems [23}24.140,52.,/91,96.97,/105].

As mentioned above, for each coherent risk measure, there is a useful alternative dual
representation [2]]. Before introducing the dual representation of CVaR, we introduce some
notation. Let () be another probability measure on (2, F), () is said to be absolutely continuous
with respect to P (denoted by Q < P) if P(A) = 0 implies Q(A) = 0 for any measurable set
A e F.If Q < P, then by probability theory there is a well-defined Radon-Nikodym derivative

9



dQ

75 and the alternative dual representation for CVaR can be written as [3]:

CVaR,(Z) = sup Eg(2), (1.1)
QEUcvar
where
d@) 1

From this dual representation, CVaR,(Z) can be interpreted as the largest mean of Z
computed using distribution () that is in the neighborhood of P defined in (1.2)). In the dual
representation of CVaR, the uncertainty set of the CVaR optimization is defined by distributions
whose Radon-Nikodym derivative is constrained to a certain range. While the uncertainty set
corresponding to CVaR is certainly relevant for some RL applications [24], it is a less common way
to define distribution neighborhood in machine learning applications and hence its interpretation
for machine learning applications is less natural. This leads to the question of whether we can
apply risk measures, whose uncertainty sets in their dual presentations are defined using widely
used metrics and have more natural interpretations in machine learning applications, to design

risk-sensitive RL algorithms.

1.2.4 Entropic Value-at-Risk

[2]] propose a risk measure named EVaR from the Chernoff inequality of the VaR. Let L+ be the
set of all Borel measurable functions Z : 0 — R whose moment generating function My(t) =
Ep [e#] exists for v > 0. The EVaR of a random variable Z € L+ with confidence level o is
defined as

EVaR,(Z7) = ir;% {v"'In(Mz(v)) — v 'Ina}. (1.3)

EVaR is shown to be the tightest upper bound for both VaR and CVaR. Similar to CVaR, EVaR is
coherent risk measure and EVaR,, is decreasing in «, i.e, EVaR,, tends to max(Z) as « decreasing

to 0 and EVaR,(Z) equals E(Z).

10



Since EVaR 1is a coherent risk measure, one appealing feature of EVaR is its dual
representation [2]:

EVaR,(Z) = sup Eg(2), (1.4)
QEUEVR

where

Ugvik = {Q < P: Dk (Q || P) < —Ina}.

Here Dy refers to Kullback-Leibler (KL) divergence between probability measures () and
P. Since KL divergence is also called relative entropy, this measure is then called entropic
value-at-risk. From (I.4), we can see that EVaR,(Z) has a very nice interpretation: it is the largest
mean of Z computed using distribution (), who is in the — In a-neighborhood (defined using KL
divergence) of P. Compared with the dual representation of CVaR, it’s more common and natural
to use KL divergence rather than the Radon-Nikodym derivative to define the distance between
distributions in machine learning applications. Therefore, EVaR might be a natural risk measure
for RL.

We now would like to comment on another risk measure named entropic risk measure. For

Z € Ly with v # 0, the entropic risk [37] is defined as:

Pentropic — V_l 1Og<MZ(_V))'

Although having entropic in both names, entropic risk measure and EVaR are quite different not
only in the mathematical interpretation but also in their properties. Different from the ¢ in EVaR
acting as a positive variable for getting the infimum, the parameter ¢ in entropic risk measure is
already given by the user depending on the user’s tolerance towards risk. Although entropic risk
measure is convex, it is not coherent [47]. Moreover, despite the popularity of entropic risk measure
in literature, its practical applications have proven to be problematic in [16,36,/42]] since it’s very

sensitive to errors in the underlying distribution.
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1.3 Risk-Sensitive Reinforcement Learning

Due to these uncertainties mentioned in Section and the increased awareness of events
that have small probability but high consequences, many applications focus on minimize a
risk-sensitive criterion rather than the risk-neutral criterion in decision making under the MDP
framework. The optimization over a risk-sensitive criterion is called risk-sensitive decision making.

In this literature, researchers are aiming to find a ‘good’ risk criterion such that is both
conceptually meaningful and computationally tractable. The earliest risk measure used in
risk-sensitive MDPs is the exponential risk measure %E[eﬁz], where Z is the total cost and
the parameter (5 is determined by the user to control its tolerance towards risk [47]. However,
the choice of suitable § is often challenging. This issue motivated several other approaches,
such as considering the maximization of a strictly concave function of the distribution of the
terminal state [25]] and variance-related risk measures in [92]]. Numerous alternative risk measures
have recently been investigated under this framework. VaR and CVaR are two promising such
alternatives. Recall the definition of VaR and CVaR, we know that they both aim at quantifying
costs that might be encountered in the tail of the distribution of cost, despite in different ways.
Both VaR and CVaR have been studied in risk-sensitive MDPs [|8],18,22-24/80].

RL techniques are also implemented to solve risk-sensitive decision making, which is called
risk-sensitive RL. Widely used RL techniques include dynamic programming [89] and policy
gradient [9,/66, 103]. The term dynamic programming (DP) refers to a collection of algorithms
that can be used to compute optimal policies. The classical DP includes policy evaluation,
policy improvement, policy iteration and value iteration and it can be applied to problems
with a few millions of states. Asynchronous DP can be applied to larger problems but overall,
DP is not practical enough to very large problems [94]. In policy gradient, the policies are
parameterized by a parameter vector and policy search is performance via gradient methods.
Risk-sensitive RL algorithms based on these RL techniques and risk measures have also been

research in [29,/58.,/69,81,96].
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1.4 Research Motivation and Problems Addressed

Despite the growth of risk-sensitive RL approaches, the field still faces substantial challenges in
ensuring robustness, efficiency, and adaptability across diverse scenarios, particularly in settings
where model parameters are uncertain or where efficient exploration is crucial.

This thesis tackles four primary problems:
1) Interpretability and Computational Tractability of Risk Measures: Many conventional risk
measures, such as VaR and Conditional CVaR, have limitations in interpretability or computational
efficiency, especially when applied to RL. VaR is not coherent, making it difficult to optimize
reliably, while CVaR’s dual representation lacks a natural interpretation in many machine learning
contexts, complicating its application to RL. This raises the need for alternative risk measures that
can balance coherence, interpretability, and computational feasibility.
2) Lack of a Unified Risk-Sensitive Framework for Flexibility: Current RL methods often
rely on fixed risk measures, limiting flexibility to adapt to diverse risk preferences or nuanced
decision-making requirements. These approaches may not generalize well to a range of coherent
risk measures, highlighting the need for a framework that supports diverse measures while
maintaining efficiency and robustness.
3) Ensuring Robustness Under Model Uncertainty: Traditional RL often assumes fixed model
parameters, but real-world applications commonly face uncertainties in transition probabilities and
costs, leading to model inaccuracies and degraded performance. While Robust MDPs (RMDPs)
offer a solution by optimizing policies against worst-case scenarios, most RMDP research
assumes risk-neutral objectives. Extending RMDPs to handle risk-sensitive objectives introduces
complexity, particularly when ambiguity sets are decision-dependent, where the uncertainty itself
varies with actions taken.
4) Efficient Exploration Without a Predefined Reward Function: Exploration is fundamental
to effective learning, especially in RL applications where agents must explore unfamiliar
environments. In risk-sensitive RL, exploration poses unique challenges, as the standard

risk-neutral strategies may not adequately address the need to mitigate low-probability,
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high-impact events. Moreover, the reward-free setting—where a predefined reward function is
absent—requires the agent to gather information that is broadly applicable across potential
rewards, creating an urgent need for sample-efficient algorithms that can balance exploration and
risk sensitivity.

Addressing these challenges requires innovative methods that integrate robust theoretical
foundations with practical applicability, advancing risk-sensitive RL toward broader, more reliable

real-world deployment.

1.5 Contributions and Outline

The main contributions of this thesis are organized across four chapters, each addressing a specific
problem in risk-sensitive RL.

In Chapter [2] we solve the interpretability issue by introducing the application of a novel risk
measure, EVaR, to risk-sensitive RL. EVaR provides a more natural and interpretable measure of
uncertainty than conventional measures, such as CVaR, by defining uncertainty in terms of KL
divergence. We develop two approaches: EVaR optimization with value iteration (EVaR-VI) and
EVaR optimization with policy gradient (EVaR-PG). We validate these approaches with theoretical
proofs and numerical experiments, demonstrating the practicality of EVaR for RL applications.
These results have been published in [[70L[71].

Chapter |3| proposes a generalized risk-sensitive RL framework using ¢-Divergence-Risk
(PhiD-R), a flexible class of coherent risk measures that includes widely used measures
such as CVaR and EVaR. To solve RL problems under this new framework, we develop a
trajectory-based policy gradient algorithm that efficiently estimates gradients for PhiD-R and
converges to locally optimal policies. This framework ensures flexibility and computational
efficiency, enhancing decision-making robustness across diverse risk measures while maintaining
computational tractability. This work has been submitted to IEEE Transactions on Information

Theory [72].
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Chapter (4| investigates the robustness of risk-sensitive RL within the RMDP framework,
focusing on CVaR as a risk measure. We develop methods to determine optimal policies that
minimize the worst-case CVaR within an ambiguity set of transition probabilities. Furthermore,
we extend this analysis to handle decision-dependent uncertainty, introducing a new risk measure,
NCVaR, that enhances robustness under dynamic uncertainty settings. We validate our approach
with theoretical analysis and simulations, highlighting the potential of NCVaR to improve
robustness in risk-sensitive RL. This study has been published in [73].

In Chapter [5] we address the challenge of efficient exploration in risk-sensitive RL within
a reward-free framework. We propose a CVaR-based risk-sensitive reward-free RL framework
(CVaR-RF RL) to collect sample-efficient exploration trajectories that are applicable to any reward
function. Our exploration algorithm, CVaR-RF-UCRL, achieves near-optimal sample complexity,
and we introduce a planning algorithm, CVaR-RF-planning, equipped with CVaR-VI (CVaR
optimization with value iteration) and CVaR-VI-DISC (CVaR-VI with discretization) to ensure
practical applicability. This framework advances exploration efficiency in risk-sensitive RL, a
crucial factor in deploying RL in diverse real-world settings. These results have been published

in [[74].
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Chapter 2

Risk-Sensitive Reinforcement Learning with

EVaR

2.1 Introduction

In risk-sensitive MDPs, one well-known risk measure is VaR. However, VaR is not coherent
due to the lack of subadditivity and convexity [4]. Furthermore, VaR is unstable and difficult to
optimize when the costs are not normally distributed [85,|86]. To address these shortcomings,
Rockafellar and Uryasev developed a new risk measure called CVaR in [85] and [86]. CVaR is
able to quantify risk beyond VaR and is a coherent risk measure. Due to these advantages, CVaR
has been extensively applied to RL problems [23.]24,40.52,91,96,097, 105].

However, as detailed in Section|1.2.3| in the dual representation of CVaR, the uncertainty set of
the CVaR optimization is defined by distributions whose Radon-Nikodym derivative is constrained
to a certain range. While the uncertainty set corresponding to CVaR is certainly relevant for some
RL applications [24], it is a less common way to define distribution neighborhood in machine
learning applications and hence its interpretation for machine learning applications is less natural.
This leads to the question of whether we can apply risk measures, whose uncertainty sets in their

dual presentations are defined using widely used metrics and have more natural interpretations in
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machine learning applications, to design risk-sensitive RL algorithms. One promising coherent risk
measure is EVaR developed recently by Ahmadi et al. [2]]. EVaR is a coherent risk measure that is
derived from the Chernoff inequality for the VaR. In particular, EVaR is the tightest upper bound
for both VaR and CVaR [2].

One appealing feature of EVaR is the uncertainty set in its dual representation. In particular, [2]
shows that the uncertainty set in the dual representation of EVaR is defined by distributions whose
KL distance to the nominal distribution is less or equal to a certain level. As a result, minimizing
EVaR is equivalent to minimizing the worst-case expectation over distributions whose KL distance
to the nominal distribution is less or equal to a certain level. As KL distance is widely used to define
distances between distributions in machine learning applications, EVaR appears to be a natural risk
measure to use for RL problems.

Considering all these advantages of EVaR, we introduce a new approach to determine the
optimal policies for risk-sensitive decision making problem based on the optimization of EVaR. To
the best of our knowledge, this is the first time that EVaR is applied in risk-sensitive MDPs. In our
approach, the goal is to determine the optimal policies that minimize the EVaR value of the total
discounted cost.

Chapter Contribution: In this chapter, we develop two approaches to solve the EVaR
optimization problem: a value iteration-based method, termed EVaR-VI, and a policy
gradient-based method, termed EVaR-PG.

In EVaR-VI, due to the coherent property of EVaR, we can apply the alternative dual
representation for EVaR in [2] and then the problem becomes an optimization problem over an
uncertainty set. However, in the uncertainty set, we need to know the probability distribution of
the total discounted cost under different policies, which is quite hard to obtain. To address this
issue, we utilize the conditional decomposition theorem of version independent risk functions
in [[82] to develop the conditional EVaR decomposition theorem that reveals the connection
of EVaR computation between the current state and the next state. After utilizing conditional

EVaR decomposition theorem, the EVaR problem becomes an optimization problem over the
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uncertainty set defined on the one-step transition kernel of the underlying MDP using KL distance.
Following the idea of dynamic programming, we define value function and Bellman operator for
EVaR. Similar with the Bellman operator, we show that the EVaR Bellman operator also has the
monotonicity, transition invariance and contraction properties, which guarantees the existence of
the unique fixed-point solution. Combining with these useful properties, we develop an EVaR
value iteration algorithm, which recursively update the EVaR value at each time step and gradually
converge to the optimize value. According to the optimal value function, we can then construct a
method to extract the optimal policy as a stationary Markovian policy, which is more structured and
easier for implementation. However, using the conditional EVaR decomposition theorem will bring
in an augmented continuous space representing the confidence level, which makes our algorithm
not practical enough. To improve the practicality, we follow the idea of linear interpolation in [24]
to develop an approximate value iteration algorithm, in which we choose some points of the
confidence level rather than using its whole continuous space. Similar with the EVaR value iteration
algorithm, we also define the interpolated EVaR Bellman operator and show that it also has these
useful properties as mentioned in EVaR Bellman operator. Therefore, we can follow the same
procedure to develop the approximate version of the value iteration algorithm and analyze the
error bounds between these two algorithms. Furthermore, for the scenarios where we do not know
the transition kernel of the underlying MDP model, we adapt the sample average approximation
(SAA) approach introduced in [88] and [98] to estimate the transition probability and design the
sample based EVaR algorithm following the same procedure. Moreover, we validate the proposed
algorithms using numerical examples.

In EVaR-PG, we follow the idea of policy gradient method to minimize the EVaR value of the
total discounted cost. In policy gradient method, policies are parameterized by a vector and we use
gradient descent in the parameter space to search for optimal policies. In this work, we propose
a trajectory-based EVaR policy gradient algorithm. We first reformulate the EVaR optimization
problem by plugging in the definition of EVaR, which enables us to compute the gradient more

easily. The general idea is to descent in the policy parameter as well as the parameter that comes
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from EVaR’s definition w.r.t gradients to find a local minimum of the EVaR optimization problem.
In order to ensure the usability of this approach, we generate sample trajectories to estimate the
gradients. Then we develop updates rules for these parameters, in which projections are adopted
and the stepsizes are chosen to satisty certain conditions to ensure the convergence of this approach.
For the convergence analysis, we first regard these updates as a multi-time scale discrete stochastic
approximation and show the sequences converge to the solution of the corresponding continuous
time system with different speed. By applying Lyapunov analysis, we further show that these
sequences converge to the local asymptotically stable points, which guarantees that the solution
is a local minimum. Numerical examples for this algorithm are also provided by applying this
approach to the optimal stopping problem.

Chapter Organization: The remainder of this chapter is organized as follows. Section
details the EVaR-VI approach. Specifically, Section [2.2.1| introduces the problem formulation,
followed by Section [2.2.2] which presents the value iteration algorithms and a practical
approximation using linear interpolation. Section addresses cases where the underlying
MDP model is unknown, providing a sample-based algorithm. Section [2.3] covers the EVaR-PG
approach. In Section [2.3.1] we provide mathematical preliminaries for EVaR-PG, followed by the
problem formulation in Section Section introduces the trajectory-based EVaR policy
gradient method. In Section [2.4] we present numerical simulation results for both EVaR-VI and

EVaR-PG. Finally, concluding remarks are provided in Section

2.2 EVaR Optimization with Value Iteration: EVaR-VI

In RL, a common approach to solving sequential decision-making problems is value iteration.
This method estimates the value of each state-action pair, enabling the agent to derive an optimal
policy. Value iteration is effective in discrete action spaces, providing a straightforward framework
to converge on an optimal strategy. It is especially useful in environments with well-defined

transitions and rewards, where accurate value estimates can be efficiently computed. Here, we
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apply EVaR to risk-sensitive RL and solve the optimization problem using value iteration.

2.2.1 Problem Formulation

The problem formulation of EVaR optimization in risk-sensitive RL can be written as
ﬂrg%& EVaR, <Th_r){)10 J (x0)> , 2.1

where m = {m, 71, ... } is the policy sequence with action a; = m;(h;) fort = {0,1,...}.

Now, let Pg be the true probability measure of the total discounted cost under policy 7 and Qg
denote another probability measure over this space. Using the dual representation of EVaR,
we can write the optimization problem (2.1)) as

min sup Eq (lim J”(xo)) ,
€l Qg lpyar (o, Ps) T\

where

Ugvar (v, Ps) = {Qs < Ps : Dk1(Qs || Ps) < —Ina}.

However, it is challenging to optimize over this uncertainty set on the probability distribution
of the total discounted cost. As will be discussed in the sequel, we will solve this problem by
using the EVaR decomposition theorem proposed in Section [2.2.2] which reveals the connection
between the current state and next state in EVaR computation and allows us to optimize over the
uncertainty set defined on the transition kernel P(:|x, a) using KL distance. Note that in standard
RL, we only aim to minimize the total discounted cost under the transition kernel P(-|z, a). Now
with EVaR and its dual representation, the objective is to minimize the worst cost for all kernels in

the neighborhood of P(:|z, a) as defined in KL distance, so as to achieve robustness.
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2.2.2 Value Iteration for EVaR

In order to solve the primary optimization problem (2.I), we follow the idea of dynamic
programming and apply the decomposition theorem of version independent risk measures used
in [24] [82]. One important function in RL is the Bellman operator, which describes a recursively
update for value function. Our approach follows the similar idea to derive the EVaR Bellman
operator and then uses the value iteration process to obtain the optimal solution of (2.1].

To begin with, we introduce the decomposition theorem for conditional EVaR. Firstly, equipped
with the dual representation for EVaR in [2]] and the definition of conditional risk measures in [82],

the conditional EVaR at random confidence level can be defined as following.

Definition 1. Let F; be a sub-c-algebra over the space (2, P), i.e., F; C F and {; be a measurable

random variable w.r.t. 7, then the conditional EVaR with confidence level « € [0, 1] is defined as

EVaR,(Z|F;) = esssup Ep (& Z|F),

where the 'esssup’ is taken over the set {¢; : E[§;|F;] = 1, Dk (& P]|P) < —Ina}.

Then, we introduce version independent risk measures mentioned in [[82]. Let Z; and Z, be two
random variables in Z, then a risk measure p is version independent if p(Z1) = p(Z3) whenever
Zy and Z, shares the same law, i.e., P(Z; < z) = P(Zy < z) for all z € R. By Corollary 3.1
in [2], we know EVaR is a version independent risk functional. Now, we can apply Theorem 21

in [82] to propose the EVaR decomposition theorem.

Theorem 1. For any 7 > ¢ > 0, let F/; C F, be two sub-g-algebra of F. The conditional EVaR at

random confidence level « (o € [0, 1] a.s.) obeys the nested decomposition

EVaR,(Z|F;) = esssupEp[&, - EVaR,.¢, (Z|F; )| Fi

where the essential supremum is taken among all feasible dual random variables &, measurable
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with respect to .

Remark 1. In this chapter, () and P are two probability mass functions (PMFs) and P is the true
transition probability of the underlying MDP model. Since we are more interested in the EVaR
decomposition between the current state x; and the next state x;,; under policy 7, here we choose

F-tobe Hy 1 and F; to be H,. Therefore, & can be represented as

Q(es|ar, ar)

>0
P<$t+1’xt7at) N

5<$t+1) =

for any ¢ > 0, where a; is the action induced by 7 at x;. Recall the uncertainty set in EVaR dual
representation,

Upvik = {Q < P : Dk (Q || P) < —Ina}.

Note that in discrete case, the KL distance is

Q(xt+1 ‘%a Gt)
P(xyq1|2, ar)

Drr(Q ] P) = Z Q(x141]2, ar) log

Tr1E€EX

Inserting Q(x41|xs, ar) = E(xey1) - P(x441|24, a¢) to the above equation and using the fact that @

is a PMF, then we know (2, 1) should be in the set

uEVaR(&ap('|$taat)) = {f : Z f($t+1)P(It+1|ﬂft,at)10g5($t+1) < —-Ina,

Tir1E€EX

Z E(xp1) P(xyp1|2e, a0) = 1}.

Tir1E€EX

Then the decomposition in Theorem [I|can be rewritten as
EVaR,(Z|H;, m) = esssup Ep[&(z¢41) - EVaRog(wy, ) (2| Higr, )| Hy, 7, (2.2)

where the ‘esssup’ is taken over £ € Ugvar (@, P(-|x, ay)).
Note that the ‘esssup’ can be replaced by ‘'max’ since the set Ugy,r iS convex and compact.
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Theorem [1| establishes a connection between the current state and the next state for EVaR
computation. Comparing with directly computing EVaR value based on its definition, which
involves the sum of infinitely many random variables and an uncertainty set depending on the
policy, it provides a recursive method to compute EVaR that involves optimization over uncertainty
set of the one-step transition kernel P(-|z,a). Due to the difference of confidence level on both
side in equation (8)), following the idea in [24], we augment the state space X’ with an additional
continuous space ) = (0, 1], which represents the space of confidence level. Following the idea of

standard dynamic programming, we define the value function for EVaR as follows.

Definition 2. For any x € X,y € ), the value-function V' (x, y) is defined as:

V(xz,y) = min EVaR, (hm J”(x)) . (2.3)

welly T—00

Equipped with Theorem [[]and Definition 2] we can define the EVaR Bellman operator.

Definition 3. The EVaR Bellman operator T : X x ) — X x ) is defined as:

T[V](z,y) = Eréi;‘l C(z,a) +~ max Z E(V (2 yé(x ))P(x'|x,a)] .24

§€UrvaR (y,P(+|z,a)) seX

Here we introduce some useful properties of the EVaR Bellman operator.
Lemma 1. The Bellman operator T : X x ) — X X Y has the following properties:
(1) Monotonicity: If V; < V5 component-wisely, then T[V;] < T[V5].
(2) Transition Invariance: For a constant ¢, T[V + ¢| = T[V] + vc.
(3) Contraction: || T[Vi] = T[Va] [l 7 || Vi = Vi locs where || f [lac= sup,cx yey | F (. ).
(4) Concavity preserving in y: For any = € X, suppose yV (z,y) is concave in y € ). Then the

maximization problem in (2.4) is concave. Furthermore, yT[V'|(z, y) is concave in y.

Proof. Please refer to Appendix [A.I]for details. O

Similar with standard dynamic programming, Property 3 shows that the EVaR Bellman

operator is contraction, which is important and useful for the design of convergent value iteration
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algorithms based on EVaR. Property 4 indicates that the optimization problem in our value iteration
update process is concave and therefore computationally tractable.

After defining the Bellman operator for EVaR, we need to determine the optimal condition
and the optimal policy. In the following theorem, we show that for any x € X and y € ), the
fixed point solution of T[V](x,y) = V(z, y) exists and it is unique. Moreover, the solution for the

original optimization problem (2.1) is equal to the fixed point solution with o = = and o = y.

Theorem 2. For any (z,y) € X x Y, T[V]|(z,y) = V(z,y) has a unique solution V*(x,y).

Furthermore, this unique solution is equal to the optimal value of (2.1), i.e.,

V*(x,y) = T{gﬁg EVaR, (jlgroloJ (x)) ) (2.5)
Proof. Please refer to Appendix for details. O

We now discuss how to determine the optimal policy from V*. Although the original
optimization problem (2.1)) is based on history-dependent policies, we can show that the optimal
condition in Theorem [2| can be obtained by following a stationary Markovian policy, which
can be constructed as a greedy policy with respect to the optimal condition V*. Compared to
historic-dependent policies, stationary Markovian policies are more structured, i.e., actions only
depend on current states and the mappings from states to actions are time-independent, and hence

are easier for implementation.

Theorem 3. Given initial conditions xg, Yo = « and the unique fixed-point solution V*(x, y) for

all (z,y) € X x ), let u* be a stationary Markovian policy defined as:

u*(zk, yx) = ay, Yk >0, (2.6)
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and for £ > 1, the state transitions are

Ty ~ P( : |m/€—17 GZ—l)ayk = yk—l&fk_hyk—l,az_l(xk)’ (27)

where a* and , ,, .+ (-) are solutions of the min-max optimization problem in T[V*|(z, y). Then u*

is an optimal policy for problem (2.1]) with initial state xy and confidence level c.

Proof. Please refer to Appendix [A.3]for details. O

Equipped with Theorem [2|and Theorem 3| we can now design a value iteration process to solve

the EVaR optimization problem in (2.1)).

Algorithm 2.1 EVaR Value Iteration
. Initialization: for any x € X and y € Y, arbitrarily choose Vj(z, y).
:fort=0,1,2,... do
for all (z,y) € X x ) do
recursively applying the EVaR Bellman operator as

bl e

Vinl(z,y) = TVi(z,y),

5:  end for

6: end for

7: Get the optimal value function by V*(x,y) = lim;, Vi(,y).

8: Selecting the specific initial state z, and confidence level «, the solution of EVaR optimization
problem can be immediately obtained as V*(zo, a).

9: Following Theorem 3] one can derive an optimal Markovian policy w.r.t V*(z, y).

However, Algorithm is not practical enough due to the augmented continuous space ).
To address this issue, we follow the idea of applying linear interpolation from the paper of CVaR
in [24]]. Moreover, in order to ensure the computational tractability of our approach, the initial value
function should satisfy the following assumption to preserve the concavity of the EVaR Bellman

operator T.

Assumption 1. The initial value function Vj(x, y) satisfies the following properties:
(1) yVo(z,y) is concave iny € V;

(2) Vo(z,y) is continuous and bounded in y € ) for any x € X.
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In the linear interpolation, for the confidence level, we choose a finite set from the continuous
space ). For each x € X, let N(x) be the number of interpolation points of confidence level and
the corresponding setis Y (x) = {y1,%2, ..., yn@)} € [0, 1]V®) with ¢, = 0 and Yn(z) = 1. Then

the linear interpolation of the concave function yV'(z, y) can be written as

Vi1V (2, yis1) — uV (z, yz)(
Yi+1 — Yi

L. [V](y) = yiV(x, y:) + Yy —Yi)
where y; = max{y’ € Y(z) : v/ < y} and y;,, is the closet point such that y € [y;, ¥+ 1]-

Now we can define the interpolated Bellman operator as follows:

L VIWEG)) p

T7z[V](z,y) = min |C(x,a) + 7 max Z )

acA €U, JP(:|x,
E€Uvar (3, P (- a))x’eX

2|z, a)|. 2.8)

Notice that when the confidence level y tends to O, by L’ Hospital’s rule, one has
lim, o w = V(z,0)¢(z), which means at y = 0 the interpolated Bellman operator
T, is equivalent to the original Bellman operator, ie, T/[V](z,0) = mingea [C(z,a) +
Y MaXy e v p(efeays0 V (2, 0)].

Similar with the EVaR Bellman operator, we can show that the interpolated EVaR Bellman
operator has the following useful properties: (1) monotonicity; (2) transition invariance; (3)
contraction; and (4) concavity preserving in y. Property 3 helps us to construct the value iteration
process with linear interpolation and ensures the existence of the unique fixed-point solution.
Property 4 indicates the computational tractability of the inner maximization problem in (4.10).
Moreover, property 4 will be used in bounding the error of our approximate algorithm. Details of
the proofs of these properties are omitted as they are very similar to the corresponding proofs for
the EVaR Bellman operator. Combining with Theorem |1{ and these properties, we can design an
approximate version of Algorithm 1.

Since the EVaR bellman operator has the concavity preserving property, Theorem 7 in [24]] can

be used to bound the error between EVaR value iteration and approximate EVaR value iteration.

In particular, suppose that Assumption [/|is satisfied and € > 0 is an error tolerance parameter. For
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Algorithm 2.2 EVaR Value Iteration with Linear Interpolation

1: Initialization: choose the set of interpolation points Y'(z) and the initial value function
Vo(z, y) satisfying Assumption
2: fort=1,2,... do
3: foreachz € X and each y; € Y (z) do
: update the estimate of value function by

Vt(ﬂf, yz) = TZ[V}—l](% yi)7

end for
end for
Get the near-optimal value function by V*(x, yi) = limy o0 Vi(z, 4i).
Selecting the specific initial state xy and confidence level «, the solution of EVaR optimization
problem with linear interpolation can be immediately obtained as v (g, ).
9: Following Theorem | one can derived an optimal policy w.r.t V*(z,y).

any state z € X and step ¢ > 0, choose y2 > 0 such that V;(z,y2) — Vi(x,0) > —e and update the
interpolation points according to: y; 11 = 0y;, Vi > 2 with § > 1. Then following same steps as in

Theorem 7 in [24], one can show that Algorithm 2 has the following error bound:

o ((6 —1) +€) < V*(20,a) — min EVaR, ( lim J”(a:o)) <0
-7 T—o0

]_ welly

and the following finite time convergence error bound:

T} [Vo](xo, @) — min EVaR ( lim J”(x@)‘ < O((0 —1) +¢) +O(y™).

welly T—o0 1— Y

From these bounds, we know that when the number of interpolated points becomes large

enough, i.e., # — 1 and the tolerance parameter ¢ — 0, the error tends to 0.

2.2.3 Linear Interpolated EVaR with Sample Average Approximation

In Section 2.2.2] we assume that the transition probability of the underlying MDP model
are known, which is often not the case in practice. Therefore, in this section, we propose a

sample-based counterpart for Algorithm 2, which also approximates the solution of the primary
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EVaR optimization problem in (2.1)). In previous sections, we only define the value function.
Now, without the model information, to obtain the policy, we need to define the state-action value
function, state-action Bellman operator as well as the state-action interpolated Bellman operator

for EVaR. Notice that we use the set of interpolation points Y () rather than the whole continuous

space ).

Definition 4. For any z € X,y € Y (z) and a € ‘A, the state-action value function for EVaR MDP

is defined as

Q*(z,y,a) = min EVaRy( lim J”(x,a)).

welly T—o0

Definition 5. For any x € X',y € Y (x) and a € A, the state-action Bellman operator F is defined

as

FQ)(z,y,a) = C(x,0) + vgeumgl(;};(,lmva));ax’)vwax'))P(x’w,a>,

where

V(z,y) = minQ(z,y, ).

Definition 6. For any x € X',y € Y (x), the state-action interpolated Bellman operator is defined

as

FrlQl(w..0) = Closa) 47 max 30 D) pn o)

E€levar (y,P(-|2,a)) sex Yy

and the corresponding interpolated value iteration update:

Q(z,y,a) :=C(zx,a) + max ) Z MP(Q?"Z‘, a). (2.9)

€U JP(-|z,
E€Uevar (3, P(| 2,0 sex Yy

Similar with the estimate of optimal value function V*, Q*(:c, y, a) denotes the unique solution
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of F7[Q](z,y,a) = Q(z,y,a),Vr € X,y € Y(z),a € A. According to the similar contraction
argument, we can show the existence as well as the uniqueness of the fixed-point solution of F;.
Without loss of generality, we assume that the set of EVaR-level interpolation points Y (x) is
uniform at any state + € X. We consider synchronous setting where all the state-action value
functions are updated at each time step.

When the transition probability P is unknown, we utilize the SAA approach introduced in [88]]
and [98]] to estimate it. Let [V}, denote the number of episodes and for each (z,a) € X x A, we run
N, episodes and then get the sampled transitions {2, ... 2"} ~ P(2/|z,a). Based on these

samples, we can calculate the empirical transition probability Py, (2'|z, a) by

Ny

1 )
Py, (2'|x,a) = A E 1{a"" = 2|z, a},Va, 2’ € X,a € A, (2.10)
i=1

and replace the inner maximization problem in (2.9) with the following one:

Ng

1 Iz/,i Vk $/’i
- $° Lol l(66")

§elpvar (v, Py, (¢|2,a)) Fk Yy

i=1

As shown in [13]], SAA is consistent, which means the solution of maximization problem
equipped with SAA converges to the original solution as N, — co. The details of the consistency
can be found in [88]. Now we can derive a sample-based EVaR algorithm as described in
Algorithm [2.3]

In Algorithm we first choose the set of interpolation points Y (z) according to y; 11 =
Oy;,Vi > 2 with § > 1 and randomly assign values to the initial state-action value function
Qo(x,y,a) forany x € X,y € YV and a € A(x), e.g., Qo(x,y,a) = 0. Since the exact transition
probability of the underlying model is unknown, we use Monte Carlo method to sample Ny
trajectories for states (z"!, . .., z""") and calculate the empirical transition probability Py, (2'|z, a)
by (2.10). In the iteration process, we update the state-action value function by equation with
step size satisfying (2.12) until the state-action value function converges. Lastly, a near-optimal

policy can be constructed as a greedy policy with respect to the near-optimal value.In the following
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Algorithm 2.3 Sample-based EVaR Algorithm

1: Initialization: choose the set of interpolation points Y (z) and the initial state-action value
function Qo(z,y,a) =0forany x € X,y € Y(x) and a € A(z).

2: Sample N, > 1 for states (2!, ..., 2"V and calculate the empirical transition probability
PNk ((Elll‘, a) by '

3 fork=1,2,... do

4:  for each state x and action a do
5: update the state-action value function as follows:
QkJrl(J:a Y, CL) :Qk<x7 Y, CI,) + Bk(xv Y, (l) ' ( - Qk('x? Y, (Z) + C(SL’, a’)
L5 Lo [V (g€ (™))
~y max — Z z ) .
E€Uevir (v,P,, (|2,0)) N €= y
(2.11)
where the value function is Vi (z,y) = minge 4 Qx(,y, a), and the step size fy(x,y, a)
satisfies
Zﬁk(xvyaa) = 0Q, Zﬁz(x7yua) < 00. (212)
k k
6: end for
7: end for

8: A near-optimal policy can be constructed as

7 (x,y) € arg miE Qiwya)y VTEXVYeEY (2.13)
ac 7

where £ is the iteration index when the learning is stopped.

theorem, we provide the convergence of Algorithm 3.

Theorem 4. Suppose the step size S (z, y, a) follows the update rule in (2.12) and the sample size
Ny — oo as k — oo. Then recursively applying (2.11) makes {Qy(z, y, a) }ren converges to the

fixed-point solution Q*(z, y, a) component-wise with probability 1.

Proof. Please refer to Appendix O

2.3 EVaR Optimization with Policy Gradient: EVaR-PG

While value iteration offers a solid foundation for determining optimal strategies in many RL

problems, it has limitations, particularly in complex or continuous action spaces. To overcome
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these challenges, we turn to policy gradient methods, which directly optimize the policy rather
than estimating values for each state-action pair. Policy gradient methods are well-suited for
environments with stochastic or continuous actions, providing a more flexible and effective
approach. In the following section, we introduce the policy gradient approach to solve the EVaR
optimization problem, starting with preliminaries on new notations and a reformulated problem

setup.

2.3.1 Preliminaries
In this section, the cost function C'(z, a) is assumed to be bounded within [0, Cy,,y]. For simplicity,
we set the initial state distribution as Py = 1{x = z}.

In order to compare the performance of our approach with CVaR, we denote EVaR as

EVaR,(Z) = inf {yl In ]\142—(”)} : (2.14)

v>0 —

Note that this form is still consistent with the one introduced in Section[I.2] as we are considering
losses here.

Recall that EVaR is a coherent risk measure, optimizing over EVaR under the MDP model
solve these uncertainties mention in Section [L.2.1]

Here we discuss more about boundedness of the optimal value of the parameter v indexed in

the definition of EVaR.

Remark 2. For generalization, we here assume that Z is bounded, i.e., Z € [Zyin, Zmax]- From [2],
we know that E[Z] < EVaR,(Z) < esssup(Z) [2]], which means E[Z] < inf,~¢{v"'In %} <

esssup(Z). Let v* be the corresponding optimal value to get infimum of EVaR, then E[Z] <

Zv*
v 1In 2] < esssup(Z). From this, we know v* is in the range [—5—=%—, +00]. Let Vi, =
_%, then v* is lower bounded by Vmin-

From Remark 2], v is lower bounded by V;,,. In order to ensure that v is always bounded in the

gradient descent process, we make an assumption about its upper boundedness as follows.
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Assumption 2. v is upper bounded, i.e., v < V.

2.3.2 Problem Statement

Our goal is to find an optimal policy which is parameterized by 6 that solves the following

optimization problem for a given confidence level « € (0, 1):
min EVaR, (J%(x0)), (2.15)
which can be reformulated as:

E JO(xo)v
min L(v,0) := v 'In M.

2.1
0,v 1l -« ( 6)

In the following, we make assumption about the stationary policy 7.

Assumption 3. For any (z,a), w(a|z, ) is continuously differentiable in © and Vyr(a|z,0) is a
Lipschitz function in @ for every (x,a) € X x A. Moreover, the ratio Vyr(al|x,0)/n(a|z,0) is

bounded for all § € R" and every (z,a) € X x A (this is also assumed in [9]).

One example satisfying the assumption is

elis

Z;‘nzl e’

m(a = jlr =1,0) =

where § = [011, -+ ,01m, -+, Onm| € R™. Let 7;;(0) denote w(a = j|z = i,6), then
67TU(0)/80W o 87TU(0)/09M .
T O e

where k =1,--- ;nwithk #iandl =1,--- ;m with [ # j.
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2.3.3 A Trajectory-Based EVaR Policy Gradient Algorithm

In this section, we propose a trajectory-based EVaR policy gradient algorithm, which is to descend

in v and 6 according to the gradients of L(v, ) w.r.t v and 0, i.e.,

\V4 E[eJe(wo)I/] E[ng(xg)zx}
e Sl S RN N A
V.,L(v,0) =v Eje/ o] v “In T (2.17)
and
E J(zo)v
VoL(v,0) = y*lM (2.18)

E[e’’@0)v]

In our trajectory-based algorithm, at each iteration, the algorithm will generate N trajectories
by following the current policy 7, then use these trajectories to estimate the gradients in (B.1)
and and update these parameters.

To generate these gradients, let £ = {x, ao, ..., x7_1,ar_1, 27} denote one trajectory where
Ty = Xy and the corresponding cost function is J(&§) = ZZ;& v*C (zy, ax). The probability
of generating such a trajectory is Py(&) = Py(xo) [11—g m(ax| T, 0) P(x4s1|Tk, ai) and we can
also have Vg logPy(&) = Y1y Volog m(a|zy, 0) = 31—y Ve (a|zy, 0)/7(ak| vk, §) whenever

Py(€) # 0 and 7(ag|zk, 0) € (0, 1].
Proposition 1. By the definition of Py(§) and V4 logPy(&), we have

T-1 T-1

P@(f)V@ IOg P@(&) = Po(x(]) W(ak|xk, 9)P(wk+1|xk, ak) Z VQW(ak|.Tk, 9)/7T(6Lk‘l’k, 9)
k=0 k=0

= Py(xo) Vo (ag|zy, 0)m(ag|xy, ) P(xri1|Tr, ar).

Combining Assumption [3|and the fact that the sum of products of Lipschitz function is Lipschitz,
we can show that Py(§) Vo log Pp(§) and . Pp(£) Vg log IPg(€) are Lipschitz in 6. Furthermore,

since the gradient of Lipschitz function is bounded, we have |Vy(3_ . Pg(§)VelogPy(€))| <
K (). Also, E[VglogPy(&)] = 25 Py(&)ValogPy(&) = 0.
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Proposition 2. By Assumption 3] V,log Ps() is bounded, i.e., |V log Pa(£)| < K (€).

Since we have the representation of trajectories, we can now derive the estimated form of these

gradients. First, the goal function L(v, ) in the optimization problem (2.16)) can be rewrite as

Zg ]P’o( ) T

l—«

L(v,0) =

Now, based on this function, we can estimate these gradients as follows.

Gradient w.r.t 6 is
122 VoPy(€)e”

> Po(€)e©

Note that VyPy (&) = Py (&) Vg log Py(€) and insert this term to the above equation, we have

V@L(l/, Q) =

1 Zg IP)G( )V@ log P9<€) J(Ev

VoL(v,0) = Z Py(€)el @7

(2.19)

Gradient w.r.t v is

oy ZPO B OO

VI/L(V’ 0) = 11—« Zg ]P)e(f)

(2.20)

Recall that in each iteration, we generate N trajectories. Therefore, use ;5 denote the
j-th trajectory in k-th iteration. Then these trajectories can be used to estimate the gradients
in (2.19) (2.20) and these updates rules can be written as:

v-update

Vi1 = F/\/’[Vk - Cz(MVuL(V, 9)|u=uk,9=9k]

- ZN: et (&5 k)vk - Z J(&p)e J (&)Y (2.21)
= F/\f [Vk — CQ(k) <_l/k 21H h +v k ! ZN ]k(fﬁk) ’

1€’

34



f-update

Ort1 = Tolbk — C1(k)VoL(v,0)|=v, 6=0,]

3 Velog Py(&; i )e i (2.22)
= F@ Hk - Cl(k‘) Vk = ' '
Doy el

where

Ln(v) = argminpe[vmimvmax}||y — 0[5,

and

T'o(f) = argming_g||6 — ]|2.

Note that these projections ensure the updated values are still in the bounded ranges, which are
further used in the proof of the convergence. Algorithm [2.4] contains the pseudo-code of our

proposed EVaR policy gradient algorithm.

Algorithm 2.4 Trajectory-based EVaR Policy Gradient

1: Input: confidence level o and parameterized policy 7 (-|-, 0).

2: Imitialization: choose v = 1, 0 = 6, and initial state x( = .

3: while TRUE do

4. fork=0,1,2,... do

5: Generate N trajectories {& j7k}§V:1 from z by following the current policy parameterized
by 0. Update (v, 0) by

N(l — a) R Zjvzl eJ (&,k)vk

B ZN: e (&5k)vk ~ ZN: J(&; ) Erv
Vi1 = Ly [Vk—C2(k) (—l/kQIn =1 1ey=1 " 1~

— Z]Vzl VO log ]Pg (£j7k>€J(£jv’f)Vk
01 =Tlo [9k —Gi(k) (Vk 1445 SN eI €

j=1¢
6: end for
7. if |y — Vx| < € for some tolerance parameter € > 0 then
8: Set Viax ¢ 2Vimax-
9: else
10: return v and 0, break
11:  endif

12: end while

We further make a typical assumption about the step sizes for policy gradient.
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Assumption 4. The step size schedules (; (k) and (»(k) satisfy

D Gk) = Glk) = oo, (2.23)

DGR, S Gk) < o0, (2.24)
k k

G(k)

G(k) = o(Ca(k)), i.e., kggo 0

=0 (2.25)

From (2.25)), we know that v updates at a faster timescale ((k) and 0 updates at a slower
timescale (;(k). Note that the above assumption satisfies the standard condition of stochastic
approximation algorithms.

In the following theorem, we prove our trajectory-based EVaR policy gradient algorithm

converges to a local optimal policy for the EVaR optimization problem (2.16)).

Theorem 5. Under Assumption [3| and Assumption the policy sequence generated by
Algorithm (2.4) converges almost surely to a locally optimal policy #* for the EVaR optimization

problem as k — oo.
Proof. Please refer to Appendix [A.5]for details. O

Here we give a high level overview of the proof technique in the following. First, we regard
these updates (14,0;) as a multi-time scale discrete stochastic approximation and show the
sequences (1, 0)) converge to the solution of the corresponding continuous time systems with
different speed. Then by using Lyapunov analysis, we show that the these sequences further
converges to the local asymptotically stable points (v*, 6*). Lastly, we show that (v*, *) is a local
minimum.

To illustrate this high level idea more, consider the following two-time scale stochastic

approximation algorithm for updating (x;, y;):

Tnst = Tn + G (0) (20, ) + MY, (2.26)
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Ynt1 = Yn + Clg(@n, yn) + M), 2.27)

where h and ¢ are two Lipschitz continuous functions, M&)l M,(Li)l are two Martingale
differences w.r.t the increasingo-field F,, = a(xm,ym,Mr(r}),M,(,?),m < n), n > 0, satisfying
E[||M7§21||2|]-—n} < K1+ ||zal| + llyal])?, @ = 1,2 for n > 0. The step sizes a(n) and b(n) are
non-summable and square summable. If b(n) converges to zero faster than a(n), then (2.26) is a
faster recursion than (2.27) after some iteration ng, which implies that (2.26)) has uniformly larger

increments than (2.27)). Note that (2.27) can be rewritten as

G

2
Cl [Q(In, yn) + Mr(z—zl]a

Ynt+1 = Yn + Cl

and by the fact that (; converges to zero faster than (;, and (2.27), it’s instructive to consider
the ODE & = h(z,y) and § = 0. By Theorem 2 in Chapter 6 of [19], we can show that (z,,y,)
converges to (A(y*),y*) as n — oo almost surely, where A(y*) is a globally asymptotically stable
equilibrium of the ODE & = h(z,y) and A is a Lipschitz continuous function, and y* is a globally

asymptotically equilibrium of the ODE y = g(A(y), y).

2.4 Experiments

We provide some numerical examples to illustrate the algorithms developed in this chapter.

24.1 EVaR-VI

In the first experiment, we set the environment to be a rectangular grid world, where the state space
is consisted of positions in the map. An agent starts at a safe position (i.e., the initial state) and its
goal is to travel to a given destination. In each step, there are four available actions to take: left,
right, up and down. After taking an action, the agent will move to the corresponding neighboring
state with probability 1 — ¢ while the agent will move to any of the other three neighboring states

with equal probability ¢/3. In the grid world, there are some obstacles which differ from safe
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positions in the following setup. The cost of each movement between safe regions is 1 while the
cost of hitting an obstacle is 40. Also, the mission will be terminated if the agent hits obstacles.
The goal here is to find a safe path with small cost.

In order to compare with the CVaR application in risk-sensitive decision making in [24], we
use the same parameters for the grid world setup. We use a 64 x 53 grid world and put 80 obstacles
(printed in bright yellow), which results in a total of 3,312 states. The start point is (60, 50) and
the destination is (60, 2). For the confidence level set, we choose the number of interpolated points
be 21. In order to make the error smaller, here we use the update rule mentioned in the bounds, i.e.,
Yir1 = Oy; fori =2,3,...,20. We choose = 0.05 and a discount factor v = 0.95 for an effective
horizon of 200 steps [24]. For the initialization, we apply the standard value iteration process,
i.e., use the risk-neutral method. In the EVaR value iteration, we use an optimization tool named
Gurobi [17,/78]]. Furthermore, considering the cases where the transition probability is unknown,
we also validate the algorithm equipped with SAA (Algorithm[2.3)) in the same setup. Note that the
choice of NN affects the accuracy of the approximation of the transition probability, thus further
has influence on the near-optimal value function as well as the optimal policy. Here we choose the
sample size N = 100, Ny = 500 and N, = 1000 to compare the influence.

After applying Algorithm and Algorithm (with three different value of Ny), we plot
the near-optimal value function and the corresponding optimal path at « = 0.01, « = 0.11 and
a = 1.00 in Figures and respectively, to compare the agent’s preference about risk.
In the figures, we use bright yellow color to mark the positions of the obstacles, and use color
bar to represent the value functions for different states. More specifically, as shown in the color
bar, the bluer the color, the smaller the value function. From the figures, we can see that the
closer the states are to the obstacles, the higher the cost are. Comparing the results generated
by applying Algorithm [2.2] in Figures and we can find that, with confidence level «
increasing, the difference between the value function of safe states is getting smaller, i.e, the states
near obstacles are becoming less risky, which leads to the case that the agent’s strategy becomes

more aggressive, i.e., the optimal path tends to be shorter and closer to the obstacles. For this
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Value Function and Optimal Path by Algorithm 2 Value Function and Optimal Path by Algorithm 3 with Nk = 100
alpha = 0.01 alpha = 0.01

0

Value Function and Optimal Path by Algorithm 3 with Nk = 500 Value Function and Optimal Path by Algorithm 3 with Nk = 1000
alpha = 0.01 alpha = 0.01

Figure 2.1: The value function and corresponding optimal path for ¢ = 0.01 generated by
Algorithm 2.2)and Algorithm [2.3] (with different values of Vi) in the obstacle’s setting.

part, we also reproduce the CVaR algorithm in and the results are almost same with ours,
which indicates that our approach is also practical in solving risk-sensitive RL. As for the results
generated by Algorithm [2.3] when N}, = 100, the value function and the path are not near-optimal
since the estimated transition probability is not accurate enough. But for NV, = 500 and N, = 1000,
the overall tendency is almost the same as the one in Algorithm [2.2] despite some minor difference
that can be further alleviated by choosing larger V.

In the second experiment, we apply both Algorithm[2.2]and Algorithm [2.3]in Cliffwalk’s setup.
In this setting, we choose the map to be 14 x 16 and put 23 cliffs, which leads to a total of 201
states. The difference between cliff and obstacle in the first example is that hitting cliff will send
the agent back to the start point while hitting an obstacle in the first example ends the mission.
Similar to the first example, we use bright yellow color to mark the positions of the cliffs, and use
color bar to represent the value functions for different states. As shown in Figures [2.4] 2.3] 2.6
we know that for both algorithms, with the confidence level increasing, the agent becomes more

and more aggressive and the optimal path becomes shorter and closer to the cliffs. This tendency

39



Value Function and Optimal Path by Algorithm 2 Value Function and Optimal Path by Algorithm 3 with Nk = 100
alpha =0.11 alpha =0.11
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Figure 2.2: The value function and corresponding optimal path for & = 0.11 generated by
Algorithm 2.2)and Algorithm [2.3] (with different values of Vi) in the obstacle’s setting.

is exactly the same as the one we get in the first experiment. Moreover, for the results generated
by Algorithm[2.3] when N, = 100, all these optimal policies generated by Algorithm [2.3]are quite
different with these in Algorithm 2.2] For N, = 500 and N, = 1000, the optimal path is same

when o = 0.11 and o = 1.00 while the optimal path is a little different when o« = 0.01.

24.2 EVaR-PG

In this section, we apply Algorithm [2.4]to RL following the similar setup with [23] to illustrate the
practicality and efficiency of our approach.

We consider an optimal stopping problem of purchasing certain types of goods. Under this
setup, the state at each time step k < T'is x = (cx, k), where ¢y, is the purchase cost and 7 is the
upper bound of first-hitting time. The purchase cost sequence {c;,}7_, is randomly generated by a
Markov chain with two modes. Specifically, at time k& the random purchase cost at the next time
step cy1 either grows by a constant factor f,, > 1, i.e., cx+1 = fucx With probability p or drops by

a constant factor f; < 1,1i.e., cx1 = fyci with probability 1 — p. The agent should decide either
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Figure 2.3: The value function and corresponding optimal path for « = 1.00 generated by
Algorithm 2.2)and Algorithm [2.3] (with different values of Vi) in the obstacle’s setting.

to accept the present cost (ux = 1) or wait (u; = 0). If the agent accepts the cost or the system
terminate at time £ = 7', the purchase cost is set at max(K ¢), where K is the maximum cost
threshold. Moreover, due to the steady rate of inflation, at each time step the agent will receive an
extra cost of py, which is independent to the purchase cost. Also, account for the increase in the
agent’s affordability, there is a discount factor v € (0, 1).

Therefore, the optimal stopping problem can be formulated as
min EVaR,, (J%(20)) (2.28)

where
T

J(z) = Z’yk(l{uk = 1} max(K, ¢;) + 1{uy = 0}py) |zo = z, .

Here we choose xy = [1;0] (this means ¢y = 1), p, = 0.1, 7 = 20, K = 5,y = 0.95, f, = 2,
fa = 0.5 and p = 0.65. The number of trajectories N = 500, 000 and © = [—20, 20]"*, where the

dimension of the basis function is k; = 64. We implement radial basis functions (RBFs) as feature

41



Value Function and Optimal Path by Algorithm 2 Value Function and Optimal Path by Algorithm 3 with Nk = 100
alpha = 0.01 alpha = 0.01
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Figure 2.4: The value function and corresponding optimal path for « = 0.01 generated by
Algorithm [2.2]and Algorithm [2.3](with different values of Vy) in the cliff’s setting.

functions and search over the class of Boltzmann policies

exp(b; 471 (7)) } ’

aca OXP (0 .5 (7))

{9 . {Hx,a}ZEX,GGA7 7T9(a|l') = Z

where z ;(z) is the feature chosen by RBF at each state .

There are two phases in applying Algorithm [2.4]to this experiment:
* Tunning phase: We run the EVaR policy gradient algorithm and update the policy until

(v, 6) converges.

* Converged run: Having obtained a converged policy #* in the tunning phase, in the
converged run phase, we perform a Monte Carlo simulation of 10, 000 trajectories and report

the results as averages over these trials.

In order to better compare the results generated by applying the EVaR policy gradient algorithm

to the optimal stopping problem, we implement Algorithm [2.4] at two different confidence level,
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Value Function and Optimal Path by Algorithm 2 Value Function and Optimal Path by Algorithm 3 with Nk = 100
alpha = 0.11 alpha = 0.11
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Figure 2.5: The value function and corresponding optimal path for « = 0.11 generated by
Algorithm [2.2]and Algorithm [2.3](with different values of Vy) in the cliff’s setting.

a = 0.05 (agent will be more risk-averse) and o = 0.95 (agent will be more risk-seeking). The
results for @ = 0.05 is shown in Figure and the result for @ = 0.95 is shown in Figure
From these figures, we can see that the agent is more likely to wait longer and its tolerance towards
larger cost is higher with confidence level o = 0.95 while the agent prefers to accept the cost at

earlier state to avoid larger cost at next state.

2.5 Conclusion

In this chapter, we have applied EVaR to risk-sensitive RL, introducing both value iteration
and policy gradient methods based on the MDP framework. We proposed an EVaR value
iteration algorithm and a more practical approximate version, proving convergence and bounding
the approximation error. Additionally, for scenarios where the transition kernel of the MDP
is unknown, we presented a sample-based EVaR synchronous ()-value update algorithm with

convergence guarantees. We validated these approaches in simulation experiments, demonstrating
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Figure 2.6: The value function and corresponding optimal path for « = 1.00 generated by
Algorithm [2.2]and Algorithm [2.3](with different values of Vy) in the cliff’s setting.

the effectiveness of our algorithms. Furthermore, we developed an EVaR policy gradient algorithm
that learns a parameterized policy, providing a convergence guarantee to a locally optimal
policy. We evaluated this approach through simulations using an optimal stopping problem setup,

confirming its practical applicability.
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Figure 2.7: The total discounted cost distributions generated by applying the EVaR Policy gradient
algorithm at different confidence levels.
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Chapter 3

Risk-Sensitive Reinforcement Learning with

¢-Divergence Risk Measure

3.1 Introduction

As discussed in Chapter [} a multitude of risk measures have been studied in the literature and
successfully applied to RL, such as VaR, CVaR, Entropic risk measure and EVaR et al [22-
24,133,143],144,155,/70,(74,95,97]. The extensive exploration of risk measures in decision-making
contexts often requires adopting specific algorithms tailored to each measure, potentially
reducing decision-making efficiency. While some risk measures incorporate a risk-tolerance
parameter that reflects decision-makers’ preferences to an extent, their varied methodologies might
not capture these preferences accurately due to different risk quantification approaches. [95]
introduces a policy gradient method applicable to a wide range of coherent risk measures.
However, this method assumes a structured form of the measures’ envelope sets in their dual
representation. Although the approach is comprehensive, it involves significant computation
complexity, especially in identifying saddle points across four parameters. This complexity,
arising from the specific constraints within the dual representation, represents a trade-off between

generality and computational efficiency in risk-sensitive RL. Realizing these challenges in existing
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work on risk sensitive RL, we are prompted to explore a critical question:

Is it possible to develop a class of coherent risk measures that cover popular risk measures
and to design an accompanying algorithm that not only offers decision-makers greater flexibility
in selecting risk measures but also ensures efficiency and robustness?

To address this question, we adopt a new class of risk measures named PhiD-R, whose
uncertainty sets in their dual representations are defined by using ¢-divergence [2]], to RL problems.
Our choice of this class of risk measures is motivated by several factors: 1) PhiD-R is coherent and
includes many widely adopted risk measures such as CVaR and EVaR as special cases [2]. 2)
¢-divergence has been thoroughly explored in the machine learning domain, particularly in policy
optimization and robust RL [11,41,46,49.54,[87]]. This extensive research supports the potential of
¢-divergence to foster innovative developments in risk measures for risk-sensitive RL. 3) Previous
work by [24] illustrated that solving CVaR RL was equivalent to tackling risk-neutral RL when
uncertainties in transition probabilities are defined by specific divergence measures. This finding
motivates further exploration into the equivalence of PhiD-R RL and robust RL, aiming to address
the robustness concerns identified. 4) The explicit generalized representation of PhiD-R in [2]
allows for the development of a generalized policy gradient method applicable to all forms of
¢-divergence, which ensures both flexibility and efficiency of the approach.

Chapter Contribution: In this chapter, we introduce a trajectory-based policy gradient
method tailored to solve RL problems under this new class of risk measures, PhiD-R. The
explicit representation of PhiD-R allows for efficient gradient estimation. Based on these gradient
estimates, we propose specific update rule for each parameter. By using multi-time stochastic
approximation technique [19,23,/70], we demonstrate that our proposed method asymptotically
converges to locally optimal policies. This approach is highly versatile, applying to the entire
spectrum of ¢-divergence, thereby broadening the scope beyond traditional risk measures such
as CVaR. This extension also offers a new approach to address CVaR RL and explores novel
approaches within risk-sensitive RL. Our approach benefits from the coherence property of

PhiD-R and the dual presentation theorem, which ensures that solving PhiD-R RL is equivalent
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to solving robust RL when uncertainties in transition probabilities are defined by ¢-divergence.
This connection between risk and robustness is particular valuable when decision-makers face
scenarios with inherent uncertainty and wish to incorporate their risk preferences.

Related Work: Several works are closely related to our studies. [95] proposes a generalized
method for solving RL problems with coherent risk measures, which aligns with PhiD-R, and
demonstrates convergence to local optimality. Our approach also guarantees near-optimality,
while providing a simplified solution for PhiD-R, requiring fewer assumptions and optimized
parameters. We build on the well-established representation of PhiD-R from [2], offering a more
efficient and practical method tailored to these risk measures. In particular, when applied to CVaR
RL, our algorithm reduces the number of parameters without compromising local optimality.
Compared to policy gradient-based CVaR RL approaches that extend the likelihood-ratio method
for demonstrating local optimality [95,97]], our work estimates gradients directly using the explicit
representation of PhiD-R. While our methodology and objectives differ from those of [95,97], all
algorithms achieve convergence to a locally optimal policy. Furthermore, our approach contrasts
with existing policy gradient research on CVaR [23}83,|104]], which is typically limited to the
constrained RL framework. Our method also diverges from [70], which focuses solely on EVaR.

Chapter Organization: The remainder of this chapter is organized as follows. Section
provides background on risk measures, ¢-divergence and the new risk measure class PhiD-R,
detailing their definition and drawing upon exiting properties from [2]. Section outlines
the notations and problem formulation of this work. In Section [3.4] we introduce the proposed
trajectory-based policy gradient algorithm and establishes its asymptotic convergence towards
local optima, utilizing the multi-time stochastic approximation technique from [[19]]. Section
presents empirical validation through various experimental setups. Finally, Section [3.6] offers

concluding remarks.
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3.2 Preliminaries

Recall that the dual representation theorem links different choices of uncertainty sets U/ to various
risk measures. We extend this framework by constructing risk measures based on ¢-divergence.
For two probability measures () and P within the probability space, the ¢-divergence is defined

as:

Dy(Q.P) =y P(2)¢ (ig) , 3.1

2€Q

where ¢ is a closed and convex function satisfying ¢(1) = 0. The choice of the function ¢ directly
determines the type of divergence, allowing for various risk measures to be modeled. Below, we
present some common choices of ¢ and their corresponding divergences:
1). Total variation distance: ¢(z) = 1|z — 1.
2). KL divergence: ¢(z) = x log x for z > 0.
3). x%-divergence: ¢(x) = (x — 1)%

We now define the ¢-Divergence-Risk, in which the uncertainty sets U/ are constructed based

on ¢-divergence, following the framework described in [2].

Definition 7. (¢-Divergence-Risk) Let ¢ be a closed and convex function with ¢(1) = 0, and
B > 0. The ¢-divergence risk measure with divergence level 3 for a random variable Z € Z is
defined as

PhiD-Ry 5(Z) := sup Eg|[Z],
Qeu

where Y = {Q < P : Dy(Q, P) < 3} with D, being defined in (3.1)).

The definition via dual representation ensures two key outcomes: (1) PhiD-R is a coherent
risk measure, as validated by Theorem 3.2 in [2]]; and (2) building on insights from [22]], solving
PhiD-R RL aligns with robust RL, where uncertainties in transition probabilities are characterized
by ¢-divergence. Furthermore, Theorem 5.1 in [2] provides an explicit representation of PhiD-R,
which plays a crucial role in developing the policy gradient method discussed in the following

sections.
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Theorem 6 (Theorem 5.1 of [2]). Forany Z € Z, the ¢-divergence risk measure has the following

representation:

PhiD-R,5(7) = inf {u [w +Ep <¢* ( % Wt 5))} } , (3.2)

where ¢* is the conjugate of ¢ (the Legendre—Fenchel transform).

It is important to note that the class of ¢-divergence risk measures encompasses widely used

risk measures in risk-sensitive RL, such as CVaR and EVaR, as special cases. For instance, by

selecting ¢(z) = 0 for 0 < z < = and +oo otherwise, we recover CVaR, with ¢*(z) =

—— max{0, z}. Additionally, by setting 3 = 0, we obtain

1
PhiD-Ry,5(Z) = inf {t +

Ep [(Z - t)*}} :

which exactly corresponds to the definition of CVaR as mentioned earlier.
Similarly, by selecting ¢(z) = xlogx for x > 0, we recover EVaR, with ¢*(x) = e*~'. By
setting 5 = — In(1 — «) [2], we derive
PhiD-R, 3(Z) = inf {Vln]Ep (e%> —vin(l — a)} :

v>0

which corresponds to the representation formula for EVaR.

3.3 Problem Statement

Our goal is to solve PhiD-R RL by minimizing the objective function

min  PhiD-R; 5 (J%(x0)) (3.3)
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for a given divergence level 8 > 0. This optimization problem seeks to find the optimal policy
0* that minimizes the risk-sensitive objective. By incorporating the representation (3.2) of the

¢-divergence risk measure, the optimization problem can be reformulated as follows:

0,v,w

i) = [0 (o (2 4 5))] "

While similar formulations have been explored in the literature on risk measures and
optimization, our application of this reformulation to the context of RL is novel. Our main idea to
solve the optimization problem (3.4) is to adopt a gradient descent method, which will be detailed
in the subsequent section. In this chapter, the policy should also satisfies Assumption [3] mentioned

in Section 23]

3.4 Trajectory-Based Policy Gradient Method

In this section, we introduce a trajectory-based policy gradient algorithm that descends in v, i, and
0 based on the gradients of L(v,w, ) with respect to v, w, and 6, respectively.

The approach is similar to that proposed in Section [2.3] In each iteration, the algorithm
generates /N trajectories by executing the current policy 7. These trajectories are then used to
estimate the gradients, and the parameters v, w, and # are updated using stepsizes that satisfy
specific conditions. The cost function J(§) and the probability Py(¢) of generating trajectory £ are
the same as in Section [2.3]and adhere to the same propositions.

We can now proceed to derive the estimated form of these gradients. The derivation details
could be found in Appendix [B.1
Gradient estimate w.r.t v

ToLn.0) =t R0 (T2 —w4.5) - R0

v ou
'3 13

u:$7w+ﬁ
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Gradient estimate w.r.t w

VoL(v,w,0) =v — P )
(r,w,0) =v Vzé: 0(&) ou O
Gradient estimate w.r.t ¢
=~ B [ JE)
VoL(v.w,0) = v ) [ Py(€)VologPy(§)e"  —> —w+ ).

3

However, these estimates are not immediately usable due to the presence of the unknown
transition probability P(xy1|zk, ax) in the expression of Py (). To address this, we use empirical
mean to estimate the sample mean. Moreover, it is important to note that when Py(¢) # 0, the
gradients VPy (&) and VylogPy(&) can be expressed as Py(£)Vylog Py(€), and the latter is only
dependent on 7 without any reliance on the unknown transition probability P(zy.1|xk, ax). By
utilizing these insights and generating /N trajectories per iteration, we obtain the gradient estimates
as:

Gradient estimate w.r.t v

= _ 1, (J() 1 J(£) 0¢*
V,L(v,w,0) = w+z£: Ncb ( ” w+ﬁ) zg: N v oulso ., (3.5)
Gradient estimate w.r.t w
~ 1 0¢*
VoLl(v,w,0) =v—-v) Noul, oy (3.6)
3 v
Gradient estimate w.r.t ¢
= _ 1 . J(E)
VoL(v,w,0) = v; L log Py ()¢ ( ” w+ﬁ) : (3.7)

Based on these gradient estimates and let {;;, denote the j-th trajectory generated at iteration
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k and properly chosen step sizes (;(k), (2(k) and (3(k), we design the following update rules for
parameter v, w, 6 that will be utilized in our algorithm.

v-update
Vk+1
= FN |:Vk - C1<k)%\;[/(]/, w, 0) ‘y—ljk W=Wp, 9_9k:|

N
crccna o () S0

Jj=1

(3.8)

w-update

wi+1 =I'r [Wk — Gk)VuL(v,w, 0)]

V=rg,Ww=Wwg, ezek,}

o (3.9)
=Tx {wk—cz -(Vk—’/kzjvai I +a)}

f-update

Opir = To [ek — GRVoLww,0)],_, HJ

| (3.10)
{ek —G(k (Vk Z —VylogPy(&k) - & <#ﬁk) — Wy + 5))} :

2

The projections introduced in the update rules, i.e., In(v) = argmin, ;v [V — 7[5,

w — @[3, Te(f) = argminy_g||6 — 0]|2, are employed to enforce

I'r(w) = argming ey, Wi
the updated values to remain within specified bounds, thereby ensuring the convergence of the

policy gradient algorithm for PhiD-R. Additionally, we adopt a common assumption regarding the
stepsizes utilized in the update rules (3.8) (3.9) (3.10).

Assumption 5. The stepsizes (1(k), (2(k) and (3(k)satisfy

D Gk =D Gk) =Y (k) = oo, (3.11)
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DGR, G R), D Gk) < oo, (3.12)
Gi(k) = o(Ca(k)), Ca(k) = o(C3(K)). (3.13)

The first two conditions in Assumption [5] are common in RL problems. The third condition
assumes that the stepsizes satisfy the standard requirements of stepsizes in multi-scale stochastic
approximation algorithms. Moreover, from Eq (3.13), we observe that the update frequencies for
v, w, and 0 occur at different timescales, with v updating at the fastest timescale (; (k), w updating
at a second fast timescale (,(k), and 0 updating at the slowest timescale (3(k).

Algorithm outlines the proposed trajectory-based policy gradient method for PhiD-R.
Line [5] details the collection of N trajectories by following the current parameterized policy with
6, and line [5|updates the parameters. Lines [9)to[I3] describe adjustments to the selected ranges for
v and w. If no adjustments are needed, the iteration ceases, resulting in the local optimal 6.

Theorem [7] provides theoretical guarantees for Algorithm establishing its convergence to a

locally optimal policy for the optimization problem (3.4)).

Theorem 7. (Local Optimality) Under Assumptions 3| and [5] as & — oo, the policy sequence

generated by Algorithm [3.1|converges almost surely to a locally optimal policy 6*.

Proof Sketch 1. Our proof is inspired by [22]] and our EVaR-PG method proposed in Section [2.3]
Initially, we treat the updates (v, wg, 0) as a multi-time scale discrete stochastic approximation,
under the condition that the stepsizes satisfy Assumption [5| We prove that the sequences
(Vg, W, Ok ) converge to the solutions of the corresponding continuous-time systems, each with
varying convergence rates. Subsequently, we apply Lyapunov analysis to demonstrate that the
sequences (v, wy, 0 ) further converge to local asymptotically stable points denoted as (v*, w*, 6*).
Finally, we establish that the attained points (v*,w*, 6*) serve as local optimal solutions for the

optimization problem (3.3)). More details can be found in Appendix (B.2
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Algorithm 3.1 PhiD-R RL: A Trajectory-based Policy Gradient Method

1: Given: divergence level 3, parameterized policy 7 (|-, ), tolerance parameters €, €,,.
2: Initialization: choose v = v, w = wy, 6 = O, and initial state x.

3: while TRUE do

4. fork=0,1,2,... do

5: Generate N trajectories {fm}é\’zl by following policy g, starting from the initial state
Zo.
6: Update (v,w, ) b

Vsl = FN{Vk_Cl (wk-FZ ( ) —wk+5>

N
J(€5 k) ):| ’
u:%fwk+6

-3 1 J(&n) 09"
“=J(z’k)wk+5)} ’

N v, Ou
Or1 = F@{Qk—@, <sz ~ VeologPy(&) - Qb*(#ik)_wk"‘ﬁ))}

J=1

10
Wil = FR[wk—Cz '<k—VkZNagi

:  end for
8:  if v lies within the €,-neighborhood of the boundary then
: Extend the boundary for v
10:  else if wy lies within the ¢,-neighborhood of the boundary then

11: Extend the boundary for w

12:  else

13: Return (v, w, ) and terminate
14:  end if

15: end while

3.5 Experiments

In this section, we present numerical examples to demonstrate the practicality and efficiency of
the proposed algorithms. We first validate our approach using an investment problem and the
optimal stopping problem, as utilized in related work [22}/70,95], highlighting comparison over
existing methods. Additionally, we conduct a more comprehensive evaluation using OpenAI’s Gym

environment to further demonstrate the generalizability of our algorithms.
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3.5.1 Investment Problem

We conduct a validation of our method using the same experimental setup as [95]. We examine a
scenario involving a trading agent with options to invest in one of three assets. The returns of the
first two assets, A; and Ay, follow normal distributions: A; is distributed as N'(1,1), and A, as
N (4,6). The third asset, As, exhibits a Pareto distribution characterized by f(z) = —2= forz > 1
with a parameter o = 1.5. This distribution results in a mean return of 3 for A3, but with an infinite
variance, reflecting the heavy-tailed distributions commonly employed in financial modeling [93]].
The agent’s investment decisions are randomized, with the probability of choosing asset A; denoted
as P(A;) ~ exp(6;), where § € R? represents the policy parameters. Here we plot the results of
running 50 iterations, with 10, 000 trajectories to estimate gradients in each iteration.

In the experiment, we choose the Radon-Nikodym derivative and y-divergence as examples.
Figure @ illustrates how the probabilities of choosing A, Ay, and A3 change over iterations. For
Radon-Nikodym derivative, the agent is highly risk-averse at & = 0.95, favoring A; and the agent
is less risk-averse atae = (.05, resulting in shifts in probabilities. For x2, P(A;) also changes with
different 3. Notably, different ¢-divergence reflects different risk preferences as the probability
distribution differs. These results align with our theoretical analysis. Moreover, in comparison to
the experimental results in [95]], our method exhibits enhanced efficiency, achieving convergence

with a small number of iterations, even when applied to more complex forms of risk measures.

Return Distribution o CVaR with alpha = 0.95 and beta =0 Chi2 with beta = 3

07 —

06 _ A2

0.5 Z Fl
: 03 E E

01

00 vl AN

20 -10 o 10 20 30
* Iteration Iteration
(a) Distribution of asset return. (b) PhiD-R with RN derivative (c) PhiD-R with y2-divergence

Figure 3.1: Probability of selecting each asset versus training iterations, for policies generated by
solving PhiD-R RL based on Radon-Nikodym derivative and x2-divergence.
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3.5.2 Optimal Stopping Problem

In this section, we consider a more complex setup similar to the CVaR and EVaR policy gradient
work [22] [[70]. The environment is designed as an optimal stopping problem, where the state at
each time step k is represented by x = [k, ¢ |. Here, ¢, denotes the cost at time k. The cost sequence
{cx}T_, is generated as follows: at each time step, the cost at the next time step either increases by
a constant factor f, > 1 (i.e., cx11 = fyucx) With probability p, or decreases by a constant factor
fa < 1(.e., cgr1 = facr) with probability 1 — p. The agent’s task is to decide whether to accept the
current cost (a; = 1) or wait (a; = 0) at each time step. If the agent chooses to accept the cost or
the time step reaches & = T, the cost is set to min(/, ¢, ), where K represents the cost threshold.
However, if the agent chooses to wait, an additional cost of pj, is incurred. Hence, the discounted
cost can be expressed as J%(z) = >1_ v* (1{ax = 1} min(K, ¢) + 1{a, = 0}px) .

Here we choose x¢ = [1;0], p, = 0.1, T =20, K = 5,7 = 0.95, f, = 2, f4 = 0.5, p = 0.65,
N = 500,000 and © = [-20,20]"*, where the dimension of the basis function is k; = 64.

Furthermore, we use Boltzmann policies

exp(b; 477 (7)) } 7

acA eXp<€£,axf (1‘))

{6 . {ex,a}xeX,aeAa M0<a|‘r) = Z

where z¢(z) is the feature chosen by RBF at state .

We evaluate the effectiveness of our algorithm using various ¢-divergences. First, we employ
the Radon-Nikodym derivative as the ¢-divergence, corresponding to the widely-used CVaR
measure. Next, we consider the KL divergence, corresponding to the EVaR, a relatively recent
risk measure adopted in risk-sensitive RL [[71]]. These first two choices demonstrate our approach’s
efficiency with popular risk measures, offering fresh perspectives on tackling these risk measures
in risk-sensitive RL. Furthermore, we explore the y? divergence, a common divergence in RL,
yet without a designated risk measure defined by this divergence. This experiment highlights our
algorithm’s potential in addressing less clear or undefined risk measures, potentially inspiring

new research on innovative risk measures. Finally, we utilize the squared Hellinger distance to
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underscore our algorithm’s necessity and advantages over other policy gradient methods. The

frequency distribution of costs under PhiD-R with different choices of ¢-divergence is presented

in Figure [3.2]

2000 2000

1000

@a = 0058 =® a = 09,8 = () a = 005 8 = () a = 095 8 =

0, E[Z] = 135 and 0, E[Z] = 1.29 and 3, E[Z] = 1.36 and 0.05, E[Z] 1.25 and

CVaR = 1.42 CVaR = 2.49 EVaR = 1.54 EVaR = 2.67

@©fB = 095EZ = OB =3EZ =127 (g B = 095 with (h)j =3, with E[Z] =

1.31and PRy» 5 = 1.79 and PRy2 5 = 1.83 E[Z] = 146 and 1.29and PRyqp = 1.97
PR3 = 1.54

Figure 3.2: Frequency distribution of costs under PhiD-R defined by: 1). Radon-Nikodym
derivative (CVaR); 2) KL divergence (EVaR); 3) x? divergence and 4) Squared Hellinger Distance
with different choices of parameters.

Radon-Nikodym Derivative (CVaR)

We begin by selecting the ¢-divergence as the Radon-Nikodym derivative, where ¢(z) = 0 for

0<z< ﬁ and -+oo otherwise. In this case, the conjugate function ¢*(x) is

1 1
—_— 0,2} = —(0,2)".
T max{0, z} oz< x)
By setting 8 = 0, the corresponding ¢-divergence risk measure is CVaR and we obtain the

following expressions.

v>0,weR

CVaR,(Z) = inf {l/w+ : ! Ep ((Z - W)+)}.
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Notice that L ¢*(z) = 2-1{z > 0}, where I is the indicator function and j—;qb*(x) =0

T—a

By employing Algorithm 3.1 with CVaR update rules at various confidence levels «, we obtain
the results in Figures and [3.2b] The mean of discounted costs generated by following the
optimal policy at o = (.05 exceeds the mean at o = 0.95, whereas the opposite holds true for the
CVaR value. The observed results align with the theoretical properties of CVaR. Specifically, when
the risk aversion parameter («v) is set to 0.05, the agent exhibits a risk-averse behavior, opting for a
safer strategy that results in higher costs but reduced risk exposure. Conversely, for a = 0.95, the

agent demonstrates risk-seeking tendencies, prioritizing lower costs despite the associated higher

level of risk.

KL Divergence (EVaR)

In this case, we choose the ¢-divergence to be the KL divergence, denoted as ¢(z) = z logx for

x > 0. Consequently, we have

#(@) = e
and § = — In(1 — «) according to [2]]. With this selection, the resulting ¢-divergence risk measure
corresponds to EVaR, given by

EVaR,(Z) = inf {y [w—l—Ep (e%—wwﬂ}.

r>0,weR

By employing Algorithm and incorporating EVaR update rules, we obtained results for two
specific risk parameter settings: o = 0.05 (8 = 3) and o = 0.95 (8 = 0.05). For the case where
a = 0.05, the agent demonstrates a risk-averse preference by selecting higher costs to mitigate
potential high risks. Conversely, for « = 0.95, the agent exhibits a more aggressive behavior,
seeking to minimize costs even in the presence of higher risks. Furthermore, the observation that
EVaR consistently exceeds CVaR under the same distribution of a random variable aligns with the

theoretical facts in [_2]].
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x? Divergence

In this case, we utilize the x? divergence and set ¢(x) = (z — 1)%. Consequently, we obtain

and 5 > 0. Thus, we have

z 2
PRys(Z) = inf {VEP ((_++5) . 5) } .

r>0,weR

Applying Algorithm [3.1| with corresponding update rules for y? divergence, we obtain the
following results. Figure [3.2¢| and illustrate that when 5 = 0.95, the mean of discounted
costs exceeds the mean in the case where 5 = 3, while the risk value is lower. The selection of 3

indeed reflects the decision-maker’s attitude towards risk.

Squared Hellinger Distance

In [70], the authors propose a two-update-rules trajectory-based policy gradient method to solve
EVaR in risk-sensitive RL. However, the two-update-rules algorithm is not applicable to the entire
class of ¢-divergences. Here, we illustrate the necessity and practicality of our Algorithm by
employing the squared Hellinger distance as an example.

We choose ¢(z) = (y/r — 1)? and the conjugate function is

#(r) = —— 1

for z > 0. Hence, this ¢-divergence risk measure is given by

w+EP(1_Ziw_ﬁ_1>”7

where inf’ is taken over the set {v,w : v > 0,w € R, Z —w + > 0}.

PR, 3(Z) = inf {y

60



Applying Algorithm[3.T|for the square Hellinger distance with varying values of /3, we obtained
the results shown in Figures and The figures clearly indicate that when § = 0.95, the
sample mean of the discounted cost is 1.46, which exceeds the mean in the case where = 3, while
the risk is lower. The selection of the parameter 3 directly reflects the risk preference exhibited by
the agent.

We present a summary of numerical results for PhiD-R using various ¢-divergences under
different parameter settings in Table [3.1, wher RN derivative means Radon-Nikodym derivative
and SH distance means squared Hellinger distance. The data shows that all risk values exceed the
mean and vary with parameter choices, validating the algorithm and demonstrating its alignment
with established risk concerns. Additionally, these results offer insights into interpreting new risk
measures, such as PhiD-R with y?-divergence and squared Hellinger distance, especially when
supported by extensive simulations across diverse parameters. This adaptability in parameter
selection highlights the flexibility of our approach, allowing decision-makers to align with their

risk preferences while maintaining local optimality and efficiency.

Table 3.1: Numerical results of different choices of ¢-divergence.

¢-divergence Parameters Mean | PhiD-R
a=0.05,=0 1.35 1.42
a=0.95p3=0 1.29 2.49
a=0.05p3=3 1.36 1.54
a=0.95p3=0.05] 1.25 2.67

Radon-Nikodym derivative

KL-divergence

2_divergence f =095 1.31 1.79
* ¢ f=3 1.27 1.83
- - B =0.95 1.46 1.54

Squared Hellinger distance =3 39 s

3.5.3 Experiments on Gym

In this section, we validate our approach using OpenAl’s Gym [20]. Specifically, we choose the
CartPole-v1l environment, which involves a pole attached to a cart moving along a frictionless

track. The goal is to prevent the pole from falling over by applying force to the cart. The action
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space is discrete, with two possible actions: pushing the cart to the left or to the right. Since we
consider cost in this work, we design the environment such that the agent receives a cost of 0 for
every time step the pole remains upright and a cost of 41 for failing to keep the pole upright. The
goal is to keep the pole balanced for as many time steps as possible, up to a maximum of 7" steps.
The episode terminates if the pole angle exceeds +-15° or the cart moves more than 2.4 units from
the center. We run both risk-neutral RL policy gradient and our approach with different choices of
¢-divergence. For these experiments, we set v = 0.99 and run N = 10, 000 episodes with a time
step of 7" = 1, 000.

As shown in Figure[3.3] the results are plotted with episode length on the y-axis and episodes on
the x-axis. Longer episode lengths indicate better performance, and changes in episode length over
time illustrate the convergence speed of the algorithm. The upper panel presents the episode length
for each individual episode, while the lower panel shows the mean episode length over the past 50
episodes using a sliding window. This results in a smoother blue curve (mean) in the lower panel,
with the yellow shaded area around the blue curve providing a visual indication of the variability
around the moving average. A smaller shaded area suggests more consistent and robust algorithm
performance, while a larger shaded area indicates greater variability and less consistency. This
visualization aids in understanding the stability of the training process over time. Figure|3.3|shows

the result of running policy gradient method for risk-neutral RL.

Episode

[[[[[[[

Figure 3.3: Episode length versus episodes for risk-neutral RL.

We then apply our approach to the same environment using three different choices of

divergence: 1) Radon-Nikodym derivative (Figure[3.4a] [3.4b)), 2) KL divergence (Figure[3.4c| [3.4d),
and 3) y>-divergence (Figure 3.4f). Although the training processes vary with different

divergences and parameters, the overall trends are similar. When the divergence level [ is smaller,
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(a) RN derivative with § = (b) RN derivative with 5 = (c) KL divergence with g = 0.1
0,a =0.95. 0,a=0.1

(d) KL divergence with 3 = 3 (e) x* with 8 = 0.1 ) x? with 3 =3

Figure 3.4: Episode length versus episodes for PhiD-R defined by: 1) Radon-Nikodym derivative
(CVaR); 2) KL divergence (EVaR); 3) x2-divergence with different choices of parameters.

the process converges more quickly since the agent is more risk-seeking and prefers taking more

aggressive actions to balance the cart pole, as shown in Figure|[3.4a [3.4c|[3.4e| These processes are

similar to risk-neutral RL, as all agents were more risk-seeking (risk-neutral implies risk-seeking
behavior). Conversely, with larger 5 values, the agent exhibite more risk-averse behavior, indicated
by a flatter curve during the initial phase, leading to stable episode lengths compared to the smaller

3 case (shown as Figure [3.4b] [3.4d] [3.4f). This behavior also suggests that the agent is more likely

to be trapped in a local optimum.

3.6 Conclusion

In this chapter, we have applied a new class of risk measures named PhiD-R to risk-sensitive RL.
We have proposed a trajectory-based policy gradient method tailored to this class of risk measures,
utilizing an explicit representation that accommodates all forms of ¢-divergence. Our approach has
extended upon previous methods targeting specific risk measures and provided a comprehensive
solution that encompasses the entire range of ¢-divergence. Furthermore, we have demonstrated
the convergence of our algorithms using a multi-time stochastic approximation approach. Through

numerical simulation results, we have validated the efficiency and practicality of our algorithms.
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Chapter 4

Robust Risk-Sensitive Reinforcement

Learning with CVaR

4.1 Introduction

Real-world applications of RL frequently encounter uncertainties in MDP elements, such as
transition probabilities and reward/cost functions, leading to estimation errors in RL algorithms and
subsequent sensitivity to model inaccuracies, thus impairing performance [59,/102,/106]]. In light
of these challenges, RMDPs have been developed to focus on optimal policies that accommodate
worst-case transition probabilities within an ambiguity set [45], with most studies assuming known
and rectangular ambiguity sets due to computational considerations [12,145,46,148, 76,/ 101].

The existing RMDP research has largely focused on risk-neutral objectives that minimize the
expected total discounted costs. Although risk-sensitive RL is widely popular, its robustness within
the RMDP framework is not clear. While Chow et al. (2015) [24]] roughly mention how solving
CVaR can enhance the robustness of risk-neutral RL in certain uncertainty sets, there is a noticeable
gap in understanding how CVaR’s robustness fares against various types of uncertainty sets.

Chapter Contribution: This chapter presents a novel and comprehensive investigation into

the robustness of risk-sensitive RL. within RMDP. The primary goal is to determine an optimal
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policy that minimizes the robust CVaR value. This value is characterized as the highest CVaR
of the total discounted cost across transition probabilities within a defined rectangular ambiguity
set. We initially explore scenarios where the uncertain budget is fixed, and utilize the coherent
properties of CVaR and the dual representation theorem to convert the optimization challenge into
a manageable risk-sensitive RL problem, facilitating the use of existing algorithms. Furthermore,
considering that in many real-world applications, ambiguity sets are often dynamic and influenced
by decision-making processes [77], we delve deep into a more challenging setup about designing
robust CVaR optimization under decision-dependent uncertainty. To tackle this problem, we
introduce a new coherent risk measure NCVaR and propose a crucial decomposition theorem.
We develop value iteration algorithms for NCVaR and validate our methods through simulation
experiments. Based on these results, the emergence of NCVaR not only enhances the robustness
of CVaR RL under decision-dependent uncertainty but also brings insights to risk-sensitive RL.
Adopting NCVaR as the risk measure for risk-sensitive RL provides strong robustness compared
to risk-neutral RL while rationally capturing risk. This makes NCVaR promising for potential
future research and also shed lights on solving decision-dependent uncertainty for RL.

Chapter Organization: The structure of this chapter is as follows. In Section 4.2, we outline
mathematical foundations and problem formulation. Section discusses solutions utilizing
predetermined ambiguity sets and risk-sensitive RL methods. Section[4.4|focuses on undetermined
ambiguity sets and corresponding value iteration algorithms. Section {.5] validates our approaches

through experimental simulations and presents the numerical results. Conclusions are drawn in

Section

4.2 Preliminaries

4.2.1 RMDP and Ambiguity Set

Addressing robustness, the transition probability P is known to belong to a non-empty, compact

set P, with the uncertain transition probability denoted as P € P. The robust policy evaluation
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over non-rectangular ambiguity sets P is known to be NP-hard, even with a fixed policy 7 [102].
Therefore, robust RL research often focuses on rectangular ambiguity sets. In this work, we

examine a specific rectangular ambiguity set:

73:{]5: Zﬁ(m'kﬂ,a):l, D(P,P)SK},

r'eX

where K is the non-negative uncertain budget and the divergence measure D(]5 , P) satisfies

=Y P('|e.a) ( E :z Z;) <K. 4.1)

z'eXxX

In (4.1)), ¢ represents the ¢-divergence measure.

4.3 Robust CVaR RL with Predetermined Ambiguity Set

In this section, the robust CVaR value is defined as the worst-case CVaR value of a policy m when
starting from the initial state x, and traversing through transition probabilities specified in the
ambiguity set. The objective is to minimize this robust CVaR value across all history-dependent

policies, as expressed by the following optimization problem:

min maxCVaR, <lim J”(x0)> . 4.2)
n€lly pecp T—o0

The sets II; and P are both non-empty and compact. Additionally, the objective function is finite
due to v < 1. Thus, the minimum and maximum values can be achieved, as guaranteed by
the Weierstrass theorem in optimization theory [46]. This theorem ensures that the optimization
problem is well-defined and can be effectively solved to obtain the desired policy that minimizes
the robust CVaR value under the given constraints. Contrasting with the robustness analysis of
CVaR in [24]], our approach evaluates the inner CVaR objective in Equation across the entire

set P, instead of limiting the analysis to the true transition probabilities P alone. This broader
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evaluation provides a more comprehensive analysis of the robustness of CVaR in diverse uncertain
environments.
Recalling the coherent nature of CVaR as a risk measure and leveraging the dual representation

theorem, the original optimization problem (4.2)) can be reformulated as follows:

i Eq ( Jim J"(z0)) . 43
A R oS, Pe (i T ) 2

where Uevr = {Q < P : 0 < Q(a'|z,a)/P(2'|z,a) < 1}. Notice that the 'sup’ has been
replaced by ' max’ since Ucvar is convex and compact and the objective function is continuous in
Q.

We first focus on solving problem (4.3) with a predetermined ambiguity set, where the
uncertain budget remains fixed for every state and action. Our approach involves combining two
inner maximization problems by analyzing the divergence D(Q, P). Under the assumption that
the function ¢ in @.I)) is chosen such that D(Q, P) remains bounded, i.e., D(Q,P) < K (a
condition satisfied by the divergence measure used in this study), we show that problem (4.3)) can

be reformulated to:

min maxEg ( lim J’T(mo)) , 4.4)

melly Qe T—oc0

where Q = {Q :D(Q,P) <K } represents the uncertain transition problem set.

This approach effectively addresses robust CVaR across diverse uncertainty sets by combining
the set’s divergence measure with the Radon-Nikodym derivative, forming a new envelope set
for risk-sensitive RL. This strategy not only links the robustness of risk-sensitive RL with its
intrinsic transformation but also provides a universal framework for evaluating CVaR’s robustness.

We further illustrate this approach by analyzing two specific ¢-divergence measures.

4.3.1 Radon-Nikodym Derivative

Firstly, we consider the scenario where ¢-divergence is Radon-Nikodym derivative, subject to a

fixed uncertain budget for all states and actions: DRN(Z5, P) = iéii}izg € [0, K], where K > 0 is
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a predetermined constant.
Consequently, we obtain: Drn(Q, P) € [0,£]. In this context, the original optimization
problem (4.3)) transforms into:

min max Eg < lim J”(a:o)> , 4.5)

welly QEURN T— 00

where Ugy = {Q < P : Drn(Q, P) € [0, £}
Notice that solving problem (4.5)) is equivalent to solving the following CVaR optimization

problem with confidence level o/ = £:

min CVaR,,/ (lim JW(%)) )
T—o00

welly

which can be solve by employing CVaR value iteration algorithms proposed in [24].

4.3.2 KL Divergence

In this scenario, we consider that the uncertain transition probability P is defined in the

neighborhood of the true transition probability P using the KL divergence, given by: DKL(15, P) =

Y owex 15(13’ |z, a)log (ig:}ii;) < K, where K > 0 is a fixed value. Without loss of generality,

we set K = Ink with k > 1. We can combine the two inner maximization problems into one, as
the KL divergence of Q and P satisfies: Dy, (Q, P) < —Ina+1/alnk = — In(a/k= ). Then, the

original optimization problem (4.3)) is transformed into:

min max Eq ( lim J”(:vo)) , (4.6)

TI'EHH QEZ/{KL T—00

where Uy, = {Q < P: Dg(Q,P) < —ln%}.

Notice that solving problem (4.6) is equivalent to solving the following EVaR optimization
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problem with confidence level o/ = v/
min EVaR,, ( lim J”(x0)> .
melly T—o0

The problem could be solved by the approaches we proposed in Chapter [2}

4.4 Robust CVaR RL with Decision-Dependent Uncertainty

In real-world scenarios, ambiguity sets can dynamically change due to decisions made during
optimization, introducing endogenous uncertainty [63]]. This variability means that the uncertain
budget can fluctuate over time, adding complexity to robust CVaR optimization analysis. To tackle
this decision-dependent uncertainty, we focus on the Radon-Nikodym derivative, i.e.,

5 oy Pla'lz,a)

Drn(P, P) = P|e.a) € [0,R(z,a)],¥(x,a) € X x A,

where < := {K(z,a),Vs € S,a € A} is the decision-dependent uncertainty budget vector.

By combining the dual representation theorem of CVaR, we obtain the following expression:

Den(Q, P) = 2T 1T:0) {o, E(Z a)

Pz a) } V(z,a) € X x A

The problem at hand cannot be straightforwardly addressed by treating it as a fixed confidence
level CVaR optimization. To overcome this challenge, we introduce a novel risk measure called
NCVaR, which incorporates both the confidence level o« and an undetermined uncertain budget
vector K. Before delving into its definition, we set forth an assumption to ensure that both NCVaR

and the uncertain budget are meaningful.

Assumption 6. The undetermined uncertain budget satisfies 1 < K(z,a) < Ky, Vo € X and

a € A. Here K, > 11is areal value.

Definition 8. For a random variable Z : () — R with probability mass function (p.m.f.) P, the
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NCVaR at a given confidence level « € (0, 1] with an undetermined uncertain budget 7 is defined
as follows:

NCVaR,, z(Z) = sup Eg|[Z], “4.7)
QeQ

=

where Q = {Q . Den(Q, P) = 42 ¢ [0, %} Vw € Q} .

It’s easy to observe that when P(w) = 0, it implies Q(w) = 0, indicating that @ is
absolutely continuous with respect to P (i.e., ) < P). By leveraging Theorem 3.2 in [2]], we can
demonstrate that NCVaR is a coherent risk measure, which provides a solid theoretical foundation
for employing NCVaR in practical applications and risk-sensitive RL scenarios.

As a consequence of the coherency property, solving problem (4.4) with an undetermined
uncertain budget defined by the Radon-Nikodym derivative is equivalently transformed into:

min NCVaR, » ( lim J“(:co)) . 4.8)
—00

welly

Given the computational challenges associated with directly computing NCVaR, as it requires
knowledge of the entire distribution of the total discounted cost, we present a decomposition
theorem for NCVaR, which is key to simplifying NCVaR computation and the proof is detailed
in Theorem 21 of [[82].

Theorem 8. (NCVaR Decomposition) For any o € (0, 1] and < satisfying Assumption |§], the

NCVaR,, ; has the following decomposition

NCVaR,, z(Z|H;, 77) = max Ep [€s,y, - NCVaR,e z(Z|Hyy, )| Hy, 7]

E€Unevar (a,R(zt,at),P(-|zt,at))

(@'|z,a)

where &(x11) = g(x’|x,a) > 0 is in the set

UNCVaR(CY, E($t,at),P('|xt>at))
Ef(xt,at

= s tlon € |0, 05T glrr) Plaraafena) =1

Tir1E€EX
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This decomposition theorem provides a valuable insight to NCVaR computation, effectively
linking the risk measure between different states, and facilitates a more tractable approach
to handling the complexity of NCVaR evaluation within risk-sensitive RL under the RMDP
framework. In light of the distinct confidence levels on both sides of equation (8)), we introduce an
augmented continuous space ) = (0, 1] to represent the domain of confidence levels.

Accordingly, the value-function V (x, y) for every (x,y) € X x ) is defined as:

V(x,y) = min NCVaR, z (lim J”(m)) .

mwelly T—o0

The Bellman operator T : X x ) — X x ) is defined as:

T[V](z,y) =min | C(x,a) + max Zé“ V(2 y¢(2')) P('|z, a)

£€Unevar (¥:R(2,0) eyt

Lemma [2| introduces some important properties for the NCVaR Bellman operator.

Lemma 2. The Bellman operator T has the following properties: P1) Monotonicity; P2) Tran-
sition Invariance; P3) Contraction; P4) Concavity preserving: Suppose yV (x,y) is concave in
y € Y,V € X. Then the maximization problem in (4.8) is concave and yT[V](z,y) is also

concave in y.

Properties P1-P3 are similar to standard dynamic programming [15], and are key to design a
convergent value iteration method. P4 ensures that value-iteration updates involve concave, and
thus tractable, optimization problems. More details can be found in Appendix

Based on Lemma 2, we are able to propose the following theorem, which demonstrates the

existence of a unique fixed-point solution and outline a method for deriving an optimal policy.

Theorem 9. The unique fixed-point solution V*(x,y) of T[V](z,y) = V(x,y) exists and equals

to the optimal value of optimization problem (@.8)), i.e.,

V*(x,y) = min NCVaR, z <1im J”(:c)) .

welly T—o00
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Proof. Please refer to Appendix [C.2|for details. O

Although the problem is optimized over history-dependent policies, we demonstrate that an
optimal Markov policy exists, from which the optimal history-dependent policy can be derived.
Considering the easier implementation of the Markov policy, we adopt the greedy policy w.r.t
V*(z,y) as the optimal policy.

We introduce Algorithm to effectively solve the NCVaR optimization problem. This
solution is equivalent to addressing the original problem incorporating an undetermined uncertain

budget defined by the Radon-Nikodym derivative.

Algorithm 4.1 Value Iteration for NCVaR

1: Initialization: for each € X’ and y € ), arbitrarily initialize Vj(x, y).

2: fort=0,1,2,... do

3 for re XYandy € Y do

4: Vira(z,y) = T[Vi](z,y)

5 end for

6: end for

7: Set V*(z,y) = lim;_, Vi(, y), then construct 7 as the greedy policy w.r.t V*(z,y)

However, implementing Algorithm[d.T|directly can be challenging due to the continuous nature
of the set ). To address this issue, we employ a sampling approach, where we select multiple
points in Y and subsequently utilize linear interpolation to derive the value function V. However,

to guarantee convergence, we need to satisfy the following assumption for the initial value function

Vo.

Assumption 7. The initial value function Vj(x,y) is continuous and bounded in y € ) for any

x € X. Also, yVo(x,y) is concave iny € Y.

Let N(z) denote the number of sample points, and Y () = y1, ¥, ..., Yn@) € [0, 1]V be
the corresponding confidence level set. Notably, we have y; = 0 and yy(,) = 1. To perform linear

interpolation of yV (x, y), we define the interpolation function Z, V" as follows:

Yir1V (2, Yip1) — yiv(ﬂ%yi)(

Z.\VI(y) = yiV(z,u:) +
Vi) ( ) Yir1r — Y

Y —Yi) (4.9)
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where y; and y; ., are the closest points such that y € [y;,y;.1]. With this, we introduce the

interpolated Bellman operator for NCVaR, denoted as T7V:

S LWV by )| o)

Tz[V](z,y) = min | C(z,a) +v _  max )

£€Unevar (v, P(|,a)) sex

An essential observation is that the interpolated Bellman operator shares the properties of
Lemma 2] which can be shown using a similar proof. Additionally, Algorithm .2 provides a more
practical value iteration method, utilizing the interpolated Bellman operator and linear interpolation

to achieve near-optimal value functions and policies.

Algorithm 4.2 NCVaR Value Iteration with Linear Interpolation

1: Initialization: choose Y (), Vy(z,y) satisfying Assumption [7]

2: fort=0,1,2,... do

3 forx €c XYandy € YV do

4: ‘/t-t,-l(x, y) = TI[‘/t] (ZE, y)

5:  end for

6: end for

7: Set V*(x,y) = limy_, Vi(, y), then construct 7* as the greedy policy w.r.t V*(z,y)

4.5 Experiments

In this section, we use the grid world setup adopted for EVaR-VI in Chapter [2| Here, we omit a
reintroduction of the setup and proceed directly to the results and analysis.

We first validate our approach for a fixed uncertain budget using Radon-Nikodym derivative
and KL divergence. This involves visualizing the optimal value function with color variations (a

bluer color indicates a lower risk while a yellower color indicates a higher risk) and tracing the

optimal path as a red line (Figure |4.1a). In Figure 4.1a} 4.1b| and 4.1c, we select a confidence

level of @ = 0.48 and an uncertain budget of KX = 2 for both RN derivative and KL divergence.
Consequently, we obtain agy,zg = 0.24 and afy,zg = 0.03, which indicates that the new optimal

policy will exhibit a more risk-averse behavior compared to the original one. Accordingly, the
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optimal path becomes longer and is positioned closer to obstacles, aligning with the result that
the value function is larger. We further assess Algorithm [4.2]for decision-dependent cases, setting
the uncertain budget range to [1,2]. As a result, for a fixed current state x, the new confidence
level on the right side of the decomposition theorem significantly deviates from the fixed case.
This increased deviation leads to the agent becoming more risk-averse as shown in Figure 4.1d]
In conclusion, our algorithms effectively induce risk-averse policies, equipping agents to navigate
more cautiously in uncertain environments. The experiments validate our methodology’s efficacy
in guiding agents towards safer decision-making strategies.

alpha = 0.48 without uncertainty alpha = 0.48 with K_RN = 2

(a) a = 0.48, no uncertainty b)a=048, Kgn =2

alpha =048 with K KL= 2 alpha = 0.48 with K_unfix in [1,2]

(©) =048, Kxi. =2 (d) @ = 0.48, Kynsix € [1,2]

Figure 4.1: Optimal value function and path in robust CVaR optimization across various
uncertainty sets.

4.6 Conclusion

In this chapter, we have conducted a comprehensive and novel analysis of robust CVaR-based

risk-sensitive RL within the framework of RMDP. We have successfully addressed robust CVaR
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optimization in the presence of fixed uncertain budgets while adopting a rectangular ambiguity set.
We have introduced a novel risk measure NCVaR and devised NCVaR value iteration algorithms
to solve the challenges associated with state-action dependent uncertainty. Furthermore, we have
demonstrated the convergence of our algorithms through theoretical analysis. We have validated the
proposed approaches through simulation experiments, and the results showcased the effectiveness

and practicality of our methods.
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Chapter 5

Risk-Sensitive Reward-Free Reinforcement

Learning

5.1 Introduction

In RL, agents learn optimal actions by iteratively interacting with the environment and leveraging
feedback from reward signals. A critical part of this learning process is exploration, where agents
navigate through states to effectively gather environment information. Despite exploration being
widely recognized as a vital aspect of RL, simple randomized exploration strategies often fail
due to high sample complexity [60]. While research by [6,26,27,/50] demonstrates that stochastic
exploration can be sample-efficient, applying these algorithms across different reward functions
can lead to inefficiencies. To address this, [51] introduces the concept of reward-free RL, in which
the goal is to approximate the near optimal policy under any reward function after a single phase
of exploration, enhancing the efficiency and adaptability of the learning process. [51]] also derives
upper and lower bounds of the sample complexity of the risk-free approach.

Building on these insights, subsequent studies such as [21,53,67,|68,/100,/107]] have sought
tighter upper bounds and more practical algorithms. The focus of these existing reward-free RL

research has been predominantly on the risk-neutral approach, in which the goal is to maximize
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the average total (discounted) reward.

In risk-sensitive RL, the objective function is shaped by applying risk measures to reward
functions [{8, 28} 32, 58, |84, 90, |104]], thus is also significantly dependent on the exploration
phase. However, efficient exploration, particularly in contexts without a predefined reward
function, remains an under-explored area. Existing studies on sample complexity and algorithm
performance in risk-sensitive RL typically target specific reward functions, potentially limiting
their effectiveness in varied reward settings [7, 30,31} [34,99]]. This situation underscores the
urgency for developing efficient exploration methods in risk-sensitive RL, crucial for its practical
deployment and success in diverse stochastic environments.

In this chapter, we study risk-sensitive RL in the reward-free setting, and aim to answer the
following question:

Is it possible to design provably efficient risk-sensitive reward-free RL algorithm?

In this chapter, we design an algorithm with near-optimal sample complexity to the above
question.

Chapter Contribution: This chapter introduces a CVaR-based risk-sensitive reward-free RL
framework (CVaR-RF RL). For the exploration phase, we propose CVaR-RF-UCRL to efficiently
explore environments with unknown reward functions. The number of trajectories collected in the

exploration phase is upper bounded by O (%{(‘ﬁﬂ, where S is the number of states, A is the

action count,  is the horizon length, € is the targeted accuracy, and « the risk tolerance level

ea

for CVaR. We also prove a lower bound of (2 (SQAH 2) for any CVaR-RF exploration algorithm.
Subsequently, we introduce the CVaR-RF-planning algorithm equipped with CVaR-VI, which is
able to solve CVaR RL for given reward function but without interacting with the environment.
We also propose CVaR-VI-DISC, a discretized version of CVaR-VI for direct implementation in
real-world settings while maintaining an optimization error within ¢ /3. These developments ensure
the efficiency and applicability of our CVaR-RF framework in advancing the field of risk-sensitive
RL.

Challenges: 1). Compared to risk-neutral reward-free RL [51]], CVaR-RF RL focuses only
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on the tail distribution related to the risk tolerance parameter «.. But in a reward-free setup, we
can’t access reward information, including the reward distribution. Therefore, we must adjust our
exploration strategy based on «. To address this, we define an adaptive stopping rule for different
« values during the exploration phase. Moreover, while the optimal policy in risk-neutral RL is
Markovian, the optimal policy for risk-sensitive RL is history-dependent, which makes it more
complex. To simplify this, we propose a planning algorithm with CVaR-VI that can construct a
Markovian policy as the optimal policy for CVaR RL, reducing the added complexity.

2). Compared with CVaR RL [22-24,43,55.(70,/71,95,97], CVaR-RF RL faces challenges due
to the absence of immediate feedback on risks associated with actions during the exploration
phase. In CVaR RL, with rewards given, the agent doesn’t need to explore every state or action,
as it can immediately adjust its strategy based on the reward. However, in CVaR-RF RL, where
rewards are unknown during the exploration, it’s necessary to thoroughly explore the environment
by visiting all possible states and actions. This extensive exploration gathers enough information
for the planning phase, allowing the agent to adjust its strategy effectively. To facilitate this, we
introduce CVaR-RF-UCRL, a method that efficiently explores all states.

Chapter Organization: In Section we introduce the preliminaries essential for the
understanding of CVaR-RF RL. Section presents the formal problem statement of CVaR-RF
RL. In Section [5.4] we present the CVaR-RF-UCRL for exploration and CVaR-RF-planning
algorithms, and present the upper bound for sample complexity. Section [5.5| provides our analysis
of the lower bound of sample complexity specifically for CVaR-RF exploration. Section [5.6|

provides numerical examples. Section |5.7| offer concluding remarks.

5.2 Preliminaries

In this chapter, we use S to denote the state space and let S represent the number of states (to avoid
notation conflicts with the random variable X'). The probability of reaching state s under policy 7

is denoted by P7(s). Unlike the MDP process described in Section[1.1] this process begins with an
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initial state s; selected from an unknown initial distribution P;(-) and ends when the agent reaches
the state sy 1, where H denotes the time horizon length (distinct from the original setup). Here,
we also consider a reward r, which can be interpreted as —C' and we assume (s, a) € [0, 1] for all
(s,a).

Since the reward function is deterministic, its cumulative sum is bounded by [0, H|. Given
this constraint and acknowledging that the optimal b aligns with the VaR (see Lemma [14), and

considering VaR,, € [0, H], we can appropriately restrict the range of b as follows:

CVaR,(X) := sup (b—a 'E[(b— X)T]). (5.1)

be[0,H]

Reward-Free RL: The RF-RL framework, as proposed by [51], is structured into two distinct
phases: exploration and planning. In the exploration phase, the goal is to design algorithms that
can efficiently explore the environment without reward information. Formally, in the exploration
phase, each episode commences with an exploration policy 7, based solely on data from previous
episodes. An episode & captures a sequence of states and actions (s, al, ..., sy, at;), starting at
initial state s|. Actions are chosen as a}, = 7} (s} ), with subsequent states determined as s ~
Py(st_1,al_,). Each trajectory & is added to the dataset D,. Data collection ends at a random
stopping time ¢, resulting in dataset D, . Based on the dataset, we are able to get the empirical
transition kernel P.

In the planning phase, the agent’s exploration strategy is critically assessed. During this phase,
the agent is no longer permitted to interact with the environment. Instead, a specific reward function
r is given, and the primary goal is to derive a near-optimal policy tailored to this r using the
dataset Dy, gathered during the exploration phase. The efficiency of the exploration approach
is quantified based on the number of trajectories needed to consistently reach this objective,
effectively measuring the algorithm’s ability to prepare the agent for diverse reward scenarios
without direct interaction with the MDP.

Our Goal: This chapter focuses on establishing an efficient CVaR based reward-free RL
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framework, including:

1). Develop a CVaR-RF-Exploration algorithm that efficiently explores the environment without
requiring any reward function and is adaptive to different a.

2). Propose a CVaR-RF-Planning algorithm, which computes near-optimal policies based on the
dataset acquired during the exploration phase and a specified reward function, without further
interaction with the environment.

3). Ensure the efficiency and reliability by analyzing the sample complexity of exploration

algorithm and the optimization error of planning algorithm.

5.3 Problem Statement

To address the inner objective of CVaR outlined in (5.1)), which depends on the variable b, we
consider an augmented MDP, in which an augmented state is defined as (s, b) € S := Sx|[0, H].
The initial state for a given by € [0, H] is set to (sy, b1). Then, for each timestep h = 1, ..., H, the
agent selects action a;, based on policy 7, and updates by, to by, — 7.

For any history-dependent policy 7 € 11y, timestep h € [H], state s;, € S, budget b, € [0, H],
and history H, we define the value function as:

o +
Vhﬂ(Sh, b; Hh) =K, (bh - Z Th'(Sh', ah’)) sp, Hy,
h'=h

The CVaR objective following policy m, starting at s, is then expressed as:

CVaR] (s1) = blrg[zg%]{bl —a 'V (s1,01)},
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and the optimal CVaR objective is formulated as:

* _ Ly
CVaR} (s1) = max blrg[%,};ﬂ{b a Vi (s1,01)}

(5.2)

= by — o~ min V{"(s1,b1)}.
pmax {by — o™ min V7(s1, br)}

The work of [8] significantly advances our understanding by establishing the existence of an
optimal policy p* : S — A, which is deterministic and Markovian within the augmented MDP,
denoted by S*¢ = S x [0, H]. With a starting point of b; € [0, H] and initial state (si,b;), the
process unfolds as follows: for each h = 1,2, ..., H, the action ay, is determined as p* (s, b ), the
reward ry, as 7,(sy, an), the next state s, evolves according to P;(sy, as), and the budget by, 41 is
updated to b, — 7. The additional state b, effectively tracks the residual budget from b,, serving
as a comprehensive summary of historical decisions for the CVaR RL problem.

The adoption of deterministic Markovian policies simplifies the decision-making process in
MDPs, directly associating states with actions, thereby facilitating implementation and analytical
processes. Consequently, without loss of optimality, the optimization problem in (5.2)) simplifies
to:

* _ -1 : P
CVaR} (s1) = blrg[%ﬁl]{bl a plenl_}ﬁg Vi (s1,01)}, (5.3)

where I1A% is the class of deterministic Markovian policies.
We now introduce the function definitions and the Bellman equations for the augmented MDP

proposed in [10,99]. For any policy p € I1*, we define:

" +
Vhp(sh, bh> = Ep (bh — Z Th’(sh’, ah/)> Sh, bh y (54)
W =h
and
o +
Q% (sh, b, an) =E, (bh - Z Th’(sh’;ah’)) S, bn,an| . (5.5)
h'=h

81



For notation convenience, we introduce the following definition:

[PrVig1] (8ns b, an) = B, o P(snian) Vi1 (Shg1: b))

These functions adhere to the following Bellman equations:

Vhp<sh7 bh) = Eathh(5hvbh) [QZ(SM bh7 ah)] )

(5.6)
@ (sns b an) = [PoViia] (sn, bis an),
where b1 = b, — ), and Vfj ,(s,b) = b := max(0,b;). Similarly, we define the optimal
conditions as:
Vi (sn:bn) = min Q4 (8n, an, by),
Ph(Sn, bn) = argmin, ¢ 4@} (sn, bn, an)], (5.7)

Q1 (5h,bn, an) = [PuVir] (sn, br, an),

where by, 1 = by, — rp and V3, (s,b) = b = max(0, by).

Here we introduce a key fact shown in [100]], which shows the optimality of IT4v,
Theorem 10. (Optimality) For any by, € [0, 1], Vi*(s1,b1) = V¥ (s1,b1) = infrem, Vi (s1, b1).

Theorem [I0]suggest that we could compute V}* and p* using dynamic programming (DP) if the
true transitions P were known, following the classical Value Iteration procedure in standard RL.
By executing p* starting from (s, by) where b} := arg maxy, eo g{b1 — o 'V;*(s1,b1)}, we can
attain the optimal CVaR value.

Based on these arguments, the goal of our work is to identify a probably approximately correct
(PAC) algorithm for CVaR-RF RL, characterized by specific performance and accuracy parameters

(€,9), which is defined as follows:

Definition 9. (PAC algorithm for CVaR-RF) A CVaR-RF exploration algorithm is (e, §)-PAC with
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a given risk tolerance « if for any reward function r,
P (I['Eslwp1 [CVaRg(sl; r) — CVaRfY(sl;T)} < e) >1-9.

Here, CVaR} (s1;7) is derived by executing optimal policy p* starting from (s, b7) under the
true transition probabilities P and the reward function r with optimal initial budget b7 :=
arg maxy, e, m{b1 — a Vi (s1,b1;7)}. Conversely, CVaR?’ (sy;7) is derived by executing the
output policy in the planning phase p starting from (s, l;l) under the empirical transition
probabilities P and the reward function r with the near optimal initial budget obtained in the

planning phase.

5.4 Main Results

In this section, we first analyze the exploration phase by assuming the optimization error during
the planning phase is bounded. Inspired by [35,53], we propose the CVaR-RF-UCRL, which is
an (¢,0)-PAC algorithm for CVaR-RF exploration, with the sample complexity upper bounded
by O(S?AH*/e%a?). Then, in the planning phase, we propose a CVaR-RF-planning algorithm,
adopting CVaR-VI and CVaR-VI-DISC, which satisfy the optimization error assumption.
Notation: Consider (s}, aj,, s}, ) as the state, action, and next state observed by an algorithm
at step h of episode i. For any step h € [H] and any state-action pair (s,a) € S x A, we define
nt(s,a) = St T{(s},al) = (s,a)} as the count of visits to the state-action pair (s, a) at step h in
the first ¢ episodes, and n, (s, a, s') = Y_i_ I{(s}, @i, si,,) = (s, a, s')}. The empirical transitions

are defined as:

nl (s,a,s")
nf (s,a)

R if nt (s,a) >0

Py(s']s,a) =
1, otherwise

We denote by V,"?(sp,, by; ) and Q% (s, by, ay; ) the value and action-value functions of a policy

7 in the MDP with transition kernels ﬁ’t and reward function 7.
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5.4.1 Exploration Phase

We first present a lemma that will be useful for the study of the objective within the CVaR-RF
exploration context. Prior to delving into this lemma, we make an assumption regarding the

planning phase.

Assumption 8. The optimization error during the planning phase is bounded, i.e.,
@Z (s1;7r) — m'i(sl;r) < ea/3,

where mz (s1;7) is derived by executing the optimal policy p* starting from (s, I;{) under the
empirical transition probabilities P and the reward function r with optimal initial budget l;{ =

arg maxy, cjo,i] {01 — oflf/l*(sl, bi;r)}.

Notice that, Assumption [§|focuses on the optimization error based on same empirical transition
probability P and given r. This assumption is not about the error with respect to the optimal
policy for the true underlying MDP. Theorem |10)| justifies the existence of an optimal policy p*
for MDP specified by P and given reward function (more technical details could be found in
Appendix [D.1.1)). Furthermore, there exist many CVaR RL works capable of generating such a
near-optimal policy p that satisfies this assumption, such as [24}97,99]. We also propose our
algorithms in the planning phase that satisfy this assumption. Therefore, Assumption (8| could be
immediately satisfied based on these facts.

The following lemma is useful for subsequent discussions and analyses related to our primary

objective.

Lemma 3. An algorithm is (€, §)-PAC for CVaR-RF exploration with a given risk tolerance « if

A

for any reward function r and for any by € [0, H], |V (s1,b1;7) — V{(s1,b1;7)| < ea/3.
Proof. Please refer to Appendix for more details. [

For simplifying the exposition of our algorithm, we posit that the initial state distribution Fj is

supported solely on a singular state s;. This assumption incurs no loss of generality [35]. If this is
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not the case, one might contemplate an augmented MDP that includes an additional initial state s,
paired with a unique action a yielding a null reward. Thus, by = b;. In this scenario, the transitions
from s using ag are defined as Py (-|so, ag) = F.

The error upper bounds in the CVaR-RF-UCRL algorithm are derived from an upper bound on
the estimation error for each policy p, each initial budget b € [0, H] and each reward function r. The
complete procedure is outlined in Algorithm Before discussing the details of this algorithm,

we introduce the definitions for the estimation error and its upper confidence bound.

Definition 10. For a given policy p, reward function r, and episode ¢, we define this error for any

(sh,bh,ah) € SA% x Aas

P (5n, bny an; ) = | QW (s by an; ) — QF (s by an; )| -

Definition 11. The upper confidence bound E (s, a,) for the error, recursively defined as follows:

B (s,a) = 0forall (s,a), and for all h € [H], with the convention § = +0o0,

n(s,a

B}, (sh, ap) = min {H, H\/w + Zpﬁ(s’\s, a)max E; (s, a)}, (5.8)

where [3(n,d) is a threshold function, an input to the algorithm, the choice of which will be

discussed later.

It is important to note that the error upper bound only depends on the state s and action a, and
is independent of the policy p, initial budget b; and reward function r. Lemma 4| establishes that

E! (s, a) serves as the upper bound on the error ¢, (s, b, a; ) for any p, b, r with a high probability.

Lemma 4. With the KL divergence between two distributions over S defined as KL(p || ¢) =

Zses p(s)log 2%, consider the event

£ ={\ﬁ € N,Vh € [H],¥(s,a), KL(PL(|s, a), P"(-]s,a)) < 5(7;%((? ?): ) }
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it is established that for any policy p, any reward function r and any b, ¢, (s, b, a;r) < E!(s,a)

holds on event €.
Proof. Please refer to the Appendix for more details. O

We now introduce the proposed CVaR-RF-UCRL algorithm, which operates on the principle of
uniformly reducing the estimation error across all budgets, policies and potential reward functions
by adopting a greedy approach based on the upper bounds E* on these errors. The stopping criterion

for CVaR-RF-UCRL is defined as reaching an error in step 1 that is smaller than e«/3:

 Sampling rule: the exploration policy 7' is the greedy policy with respect to E'(s, a),

such that forall s € S and h € [H]:

7 (s,) = argmax (s, a). (5.9)

* Stopping rule: the algorithm stops at

tsiop = inf{t : Ei(sl,ﬁ“(sl)) < ea/3}.

Algorithm 5.1 CVaR-RF-UCRL
1: Given: risk tolerance a € (0, 1]
2: Initialization: ¢t = 1, Dy = (), initialize E° with (5.8)) and 7} with (53.9)
3: while £} (s, 7 (s1)) > ea/3 do
4:  Observe the initial state s} ~ P,

5: forh=1,...,H—1,Hdo

6: Play a}, ~ 7! (s!)

7: Observe the next state sj, 1

8:  end for

9:  Compute E* according to (5.8) and 7' according to (5.9)
10 Dy=D; 1 U(sh,al,... sk, dly)

1: t=t+1

12: end while
13: Return the dataset Dy,
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Now, we have the following Lemma showing that CVaR-RF-UCRL is an algorithm with
(€,9)-PAC.

Lemma 5. (Correctness) On the event &, given a, for any r, p and b,
Vltswp’p(sh bi;r) — ‘A/ltsmp’p(sla bi;r)| < ea/3,

which implies CVaR* (s1;7) — CVaR? (sy;7) < e.

Proof. By definition of the stopping rule and the sampling rule, we have for all a« € A,

Ei“"p(sl,a) < €/3. Hence, by Lemma @ on the event &, for all p, by, r, and all a,

~tstop P

&r P (sy, by, a;r) < er/3. In particular, for all p, by, and 7, [V, (s1, by; 1) — Vi (sq, by; )| <

ea/3. The conclusion follows from Lemmaby choosing p to be p*. 0

We are now able to state our main results for CVaR-RF-UCRL, which show that with a proper
chosen threshold (n,d), CVaR-RF-UCRL achieves (¢, d)-PAC for CVaR RL. Furthermore, an

upper bound on its sample complexity can be established under these conditions.

Theorem 11. (Upper Bound for Sample Complexity) Using threshold 5(n,d) = log(2SAH/§) +
(S —1)log(e(l+n/(S —1))), the CVaR-RF-UCRL is (¢, §)-PAC for CVaR-RF exploration. The

S2AH4>

number of trajectories collected in the exploration phase is bounded by O < =

Proof. Please refer to Appendix for more details. ]

Compared with the risk-neutral reward-free approaches [51,/53,/67], the denominator of the
bound we obtained is related to the risk tolerance parameter «. This is expected since CVaR is
interpreted as the mean of the tail distribution with an area under the curve equal to «, it requires

more trajectories for smaller o values and fewer trajectories for larger « values.

5.4.2 Planning Phase

In the planning phase, the reward function is provided, and the goal is to find a near-optimal

policy based on the given reward function and the dataset generated during the exploration phase.
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Following a similar approach to [51]], we now introduce our planning algorithm, as outlined in

Algorithm[5.2]

Algorithm 5.2 CVaR-RF-Planning

1: Input: a dataset of transition Dy, , reward function r, accuracy e, risk tolerance .
2: forall (s,a,s’,h) € S x Ax S x [H] do

3 Ni(s,a,8") < 3o, ansniyen Lsh = 8, an = a, spp1 = 5]

4: Np(s,a) < > . Np(s,a,s).

50 Py(s|s,a) = Nu(s,a,s')/Nu(s,a).

6: end for

7. b < APPROXIMATE-CVaR-SOLVER(P, 1, ¢, o).

8: return policy p, and initial budget b.

In Algorithm , we first compute the empirical transition matrix P based on the collected
dataset Dy . Then, for each reward function r, we find a near-optimal policy by employing
a APPROXIMATE-CVaR-SOLVER that utilizes transitions 15, the given reward function r, an
accuracy parameter € and the given risk tolerance «. It’s worth noting that the solver can be any
algorithm designed to find an €/3-suboptimal policy p for CVaR RL when both the transition
matrix and the reward are known. One straightforward approach to achieve this is by using the
Value Iteration algorithm, which iteratively solves the Bellman optimality equation (5.6) in a
dynamic programming manner. The greedy policy induced by the resulting ()* yields the optimal
optimal policy without errors. We present Algorithm[5.3] which generates an optimal policy exactly
according to Theorem |10 [99]. This algorithm satisfies our Assumption (8| about the optimization

€Iror.

Discretization

Algorithm faces computational challenges due to the dynamic programming step, which
requires optimization over all b € [0, H], involving the maximization of a non-concave
function [99]. Following the approach proposed in [7,99]], we introduce a discretization of rewards,
which allows the mentioned steps to be performed over a finite grid. This offers computational

efficiency while preserving the same statistical guarantees.
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Algorithm 5.3 CVaR-VI

1: Input: transition matrix P, reward function r, risk tolerance «
2: foralls € S,b € [0, H] do

3 Set Vigi1(s,b) = b

4. forh=H, H—-1,...,1do

5 Qh(sh, bh, CLh) = [thh-i-l] (8h, bh, CLh), where bh-i—l = bh —Th
6 pZ(Sh, bh) = argminth(sh, bh, ah)

7 V;;(Sh, bh) = min, Qh(Sh, bh, CLh)

8:  end for

9: end for
10: Calculate b* = argmax,, ¢ ;{0 — a~'Vi(s1,0)}
11: return policy p* and b*

We fix a precision 7 € (0, 1) and define ¢(r) = n[r/n] A 1. This rounding function maps
r € [0,1] to an n-net of the interval [0, 1], commonly referred as the grid. The discretized MDP
dis(M) is an exact replica of the true MDP M with one exception: its rewards are post-processed
using ¢, i.e., 7(s, a; disc(M)) = ¢(r(s, a; M)). We now introduce the CVaR value iteration with

discretization algorithm.

Algorithm 5.4 CVaR-VI-DISC

1: Input: transition matrix P, reward function r, precision parameter 7, risk tolerance c.
2: Discretize the reward funtion r by

P=o(r)=nlr/n A1

3: forall s € S,Z;A:n;n,n:O,l,..A. do

4: Set Viyi1(s,b) = bt := max(0,b)

5: forh=H H—-1,...,1do

6: Qn(sn, by, ap) = [PthH] (S, by, an), where by 1 = b, — 7,
7 F?Z(Sm i{h) = afgminth(3@7 i)m an)

8: Vi (sn, bp) = ming Qn(sn, by, an)

9: end for

10: end for

11: Calculate b* = argmax;, {3 — a1V (s, 5)}

12: return policy p* and b*
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Computational Complexity

In disc(M), the a-th quantile of the returns distribution (the argmax of the CVaR objective) will
be a multiple of 7. Therefore, it suffices to compute V;(s1, b;) and maximize line 9 over the grid.
Since b, transitions by subtracting rewards, which are multiples of 7, b, will always stay on the
grid. Hence, the entire dynamic programming procedure only needs to occur on the grid. This

approach demonstrates that CVaR value iteration via discretization is computationally tractable.

Theorem 12. The CVaR-VI-DISC has a run time of O(S2AH7~?) in the discretized MDP. Setting

n = ea/3H, as suggested in Theorem the run time is O(Sz;‘;ﬁ).

Proof. Please refer to Appendix for more details. [

Discretization Error

Next, we evaluate the impact of errors resulting from the discretization step. Following a similar
method as previous works [99], we can relate the errors within disc(M) to equivalent errors within
M using a coupling argument. This leads us to introduce the CVaR-VI-DISC algorithm, which is
tailored for practical applications.

The following theorem guarantees that the optimization error assumption is met when when

Algorithm 5.4]is employed.

Theorem 13. By selecting n < ea/3H, we ensure that
|CVaR?, (s1;7) — CVaR2 (s1;7)| < €/3, (5.10)

where p* represents the policy generated by Algorithm and p is the output of Algorithm [5.4

Consequently, the optimization error is bounded by ¢/3, which satisfies Assumption

Proof. Please refer to the Appendix for more details. [
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5.4.3 Adaptability to Varying Risk Tolerances

We further introduce an important proposition that underscores the adaptability of our exploration

process to different levels of risk tolerance a:

Proposition 3. For any o/ > «, the exploration dataset obtained through Algorithm at risk
tolerance o contains the requisite information for conducting CVaR-RF RL with any higher risk

tolerance o’. Consequently, the planning phase is also compatible with any given o > «.

Proof. Utilizing Lemma we observe that as ear/3 < ea//3, the CVaR-RF exploration algorithm
configured with a risk tolerance of « also satisfies the (¢, 0)-PAC criterion for CVaR-RF RL when
operating under a higher risk tolerance o/ > «. Furthermore, invoking Theorem we have that
the stipulated optimization error condition is met since 77 < 7’. This implies that the planning phase

remains efficacious under these adjusted parameters. [

5.5 Lower Bound

In this section, we develop a lower bound of the sample complexity for CVaR-RF exploration. We
present a theorem that delineates this lower bound, applicable to any algorithm operating within

the CVaR-RF exploration framework.

Theorem 14. Consider a universal constant C' > 0. For a given risk tolerance o € (0, 1], if the
number of actions A > 2, the number of states S > C'log, A + 2, the horizon H > C'log, S + 1,
and the accuracy parameter ¢ < min{1/4a, H/48a}, then any CVaR-RF exploration algorithm
that can output e-optimal policies for an arbitrary number of adaptively chosen reward functions

with a success probability § = 1/2 must collect at least (S? AH? /«e?) trajectories in expectation.

Proof Sketch 2. Here we highlight the main idea of our lower bound proof, while the detailed proof
can be found in the Appendix. Our proof is inspired by the lower bound construction in for the
reward-free RL [51]]. The key idea is that any reward-free risk neutral problem can be transformed

into a CVaR-RF RL problem. If a CVaR-RF exploration algorithm that can output e-optimal
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policies in the transformed CVaR-RF RL problem, it can also solve the original reward-free risk
neutral problem. Specifically, for a MDP M with initial state s;, we consider a new MDP M’
with an initial state so. For any action a, P(s1|sg,a) = «, P(s'|sg,a) = 1 — a, P(s'|s';a) = 1,
and r(s’,a) = 1. For any adaptively chosen reward function for M and a policy 7, the CVaR
with tolerance « following policy in the new MDP M’ is equal to the cumulative rewards in the
original MDP M. [51] shows that any reward-free exploration algorithm that output e-optimal
policy from initial state s; must collect at least Q(S?AH?/ae?) trajectories in expectation. Thus,
from the initial state s, the CVaR-RF exploration algorithm must collect at least Q(S?AH?/ae?)

trajectories in expectation. U

This theorem illustrates that, compared with the lower bound, the upper bound established
in Theorem |1 1| has by an additional factor of H? and 1/, while being tight with respect to the
parameters S, A, e. If v is a constant, our result is nearly minimax-optimal with an additional factor
on H?. An interesting direction of the future work is utilizing the empirical Bernstein inequality to
further improve the sample complexity. The H factor can potentially be optimized by adopting an
approach similar to [67]] by introducing an empirical Bernstein inequality derived from a control
of the transition probability. As shown in [99]], the Bernstein inequality could also potentially
improve the dependence on « under a continuity assumption. Furthermore, compared with the
risk-neutral reward-free RL, our derived lower bound for any CVaR-RF exploration algorithm
includes an additional « in the denominator. This is because CVaR focuses on the o worst
outcomes. Additionally, the CVaR setting poses challenges due to non-Markovianity, requiring

more efforts in achieving a minimax optimal sample complexity bound.

5.6 Experiments

In this section, we provide numerical examples to evaluate the proposed CVaR-RF RL framework.
In these examples, we use similar experimental setup as in [53]. Our environment is configured

as a grid-world consisting of 21 x 21 states, where each state offers four possible actions (up,
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down, left, right), and actions leading to the boundary result in remaining in the current state.
The agent will move to the correct state with a probability of 0.95. However, there is an equal
probability of % for the agent to move in any one of the other three directions. Initially, the
exploration algorithm CVaR-RF-UCRL runs without reward information, collecting n = 30, 000
transitions. The empirical transition probability P is then estimated. We use the 3 (n,d) threshold
from Theorem with 0 = 0.1 and set a time horizon H of 20. Using the obtained dataset and P,
the planning algorithm derives near-optimal policies, employing CVaR-VI-DISC as the solver.
Reward Setup 1: The first one is similar with , where the agent starts at position (10, 10).
The reward structure is primarily set at 0 for most states, except at (16, 16) where it is 1.0. Here we
choose € = (0.1. Then we executing the output policy of CVaR-VI-DISC in the same grid-world for
K = 10,000 trajectories and plot the number of state visits following the policy. For comparison,
we also generate the optimal policy using true transition probability. Figures [5.1a] displays the
number of visits to each state following the policy generated from P, while Figure [5.1b] shows
for P. Additionally, Table presents the CVaR values under both true and empirical transition

probabilities.
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(a) Optimal policy (b) CVaR-VI-DISC

Figure 5.1: Number of state visits following policies generated under P and P in reward setup 1
with risk tolerance o = 0.05.

These visitation patterns, shown in Figures [5.1a and [5.1b] are notably similar, indicating that

the agent tends to favor states with higher rewards. This behavior is consistent with the objective of
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¢, | CVaRp | CVaR} | Error

0.1,0.05 | 4.308 4.258 | 0.05
0.1,0.95 | 4.960 | 4.954 | 0.006

Table 5.1: CVaR values under reward setup 1 with different a.

maximizing CVaR. The similarity in patterns under both true and empirical transition probabilities
underscores the reliability of the data collected during the exploration phase. Moreover, with € =
0.1 and o = 0.05, the difference between true and empirical CVaR is 0.05, which is below the
anticipated error threshold of ¢ = 0.1. Similarly, with ¢ = 0.1 and o« = 0.95, the error is only
0.006, again less than the threshold of 0.1. These results align with our theoretical analysis.
Reward Setup 2: We consider a more complex case as the reward structure is primarily set

at 0.5 for most states, except at (16, 16) where it is 1.0, and a zero-reward zone marked "x’ from

(12,10) to (12, 16).
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(a) Optimal policy (b) CVaR-VI-DISC

Figure 5.2: Number of state visits following policies generated under P and P in reward setup 2
with risk tolerance o = 0.05.

e, | CVaRp | CVaR; | Error
0.1,0.05 | 1.852 | 1.829 | 0.023

0.1,0.95 | 1.993 1.990 | 0.003

Table 5.2: CVaR values under reward setup 2 with different a.

Figure [5.2] and Table [5.2]illustrate that CVaR-RF RL effectively avoids traversing zero-reward
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regions, and the observed errors remain within the pre-defined thresholds. These outcomes are also

consistent with the CVaR’s property as the agent is more risk-averse compared to risk-neutral case.

5.7 Conclusion

In this chapter, we have introduced a novel risk-sensitive reward-free RL framework based
on CVaR, which is able to solve CVaR RL for given any reward function after a singular
reward-free exploration phase. We have proposed CVaR-RF-UCRL as the exploration algorithm
and established upper and lower bounds for the sample complexity. We have developed
a CVaR-RF-planning algorithm, equipped with CVaR-VI and CVaR-VI-DISC to generate
near-optimal Markov policies solely based on the exploration dataset and given reward function.
Through our numerical experiments, we have validated the effectiveness and practicality of this

CVaR-RF-RF framework.
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Chapter 6

Conclusion

This thesis presents advancements in risk-sensitive RL, addressing critical challenges in managing
uncertainty, optimizing for risk-sensitive criteria, and enhancing decision-making robustness.
By leveraging novel risk measures, developing generalized frameworks, ensuring robustness in
uncertain environments, and designing efficient exploration methods, this work contributes new
approaches to foundational problems in risk-sensitive RL.

In Chapter @], we introduced EVaR as a coherent, interpretable risk measure that offers
computational advantages over traditional measures such as CVaR. We developed two
algorithms—EVaR-VI and EVaR-PG—to solve the EVaR optimization problem, establishing the
practical and theoretical viability of EVaR for RL applications. This approach enables RL agents
to minimize risks using a measure that is both coherent and naturally interpretable through its dual
KL-divergence representation.

Chapter [3|extended risk-sensitive RL by proposing a novel framework based on PhiD-R, a class
of coherent risk measures that encompasses widely used risk measures, including CVaR and EVaR.
By introducing a trajectory-based policy gradient method, we demonstrated how PhiD-R can be
used to efficiently solve RL problems while providing flexibility in risk measure selection. This
approach ensures that decision-makers can customize risk preferences to suit specific applications

without sacrificing computational efficiency.
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In Chapter we focused on the robustness of risk-sensitive RL within the RMDP framework,
examining CVaR’s robustness under uncertainty. We developed algorithms to optimize for the
worst-case CVaR within a predefined ambiguity set of transition probabilities and introduced
NCVaR to handle decision-dependent uncertainty. These contributions reinforce the robustness
of risk-sensitive RL under dynamic uncertainty conditions, making it a more effective tool for
applications where model parameters are not fully known or are subject to change.

Finally, in Chapter [5| we addressed the problem of efficient exploration in risk-sensitive
RL without a predefined reward function, developing a CVaR-based reward-free framework.
By proposing the CVaR-RF-UCRL algorithm, which achieves near-optimal sample complexity,
and additional planning algorithms tailored for CVaR RL, we demonstrated how risk-sensitive
exploration can be conducted effectively in diverse, unknown environments. This contribution
is particularly valuable for safety-critical applications, where efficient and safe exploration is

essential.
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Appendix A

Technical Results in Chapter 2

A.1 Proof of Lemma 1

The monotonicity and constant shift properties can be directly obtained from the definition of
EVaR Bellman operator since ), &(2')P(2'|x,a) = 1 holds for any { € Ugvar(y, P(|x,a))
and &(2') P(2'|x, a) is non-negative.

For the contraction property, by the definition of sup norm, for any z € X,y € )/, we have
—[IVi = Vallee < Vi(2,9) — Va(z,y) < |[Vi = V3l
Using the monotonicity and constant shift property, we obtain
Vi = Vallee < TVA](2,y) = TVa](z,y) < 7|V = Val|e-
This further implies that
ITVA](, y) = T[Va] (2, y)] <A[[Vi = Vallo

and the contraction property holds.
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It remains to prove the concavity preserving property. Assume that yV'(x,y) is concave in

y € Y. Letyy,ys € Yand A € [0, 1] and define y, = (1 — \)y; + Ayo. Then,

(1 =N TV](z, 1) + MpTV](2,y2)

= (1 =Ny, min [C(x,a;) + ma, 2V (', 2))P(2' |z, a
(1= [Cm) £y S 6OV )P o)

+ Ay min (C(z, as) + max g )V (', 2))P(2'|z,a
Y2 aQEA[ ( 2) 7£2EUEVaR(y27P("$,a2)) x’€X§2( ) ( y2§( )) ( ‘ 2)}
(1
< min [?JAC(% a) + max E P(a'|z, a)((l = Ny&a @)V (2, y1&1(2'))
acA €1 €URVaR (¥1,P(:|z,a))
o €UpviR (2, P(|,a)) T/ €X

+ Ayo&o(2")V (2, ?/252(95/)))]

—
N2

. / B / ,
min [y2C(z,a) + o X Z P(2'|z,a) (1 = Nyr&r(2') + Ayaba(2'))
€9 €URVR (y2,P(|z,a)) T'€X

Vi(z, (1= Ny&(2') + )\?/252(95/))]-

(A.1)

The inequality (1) is by the concavity of min and (2) is by the assumption of concavity of yV'(z, y).

Now define

(1= Nyi&i + A (1= Ny + Ayzfz‘

¢ = Y (1= Ny + M

To prove the the concavity preserving property, it remains to show that £ € Ugvir (ya, P(+|z, a)).
Note that & € Ugvar (Y1, P(+|z,a)) and & € Ugvar (Y2, P(+|x, a)), we obtain

1-) A
Yower E@)P(@ | a) = ey (ujy/{;g—ibi&}’(xﬂx,a) =1.

It remains to show that

Z (") P2z, a)logé(x") < —Iny;.

r'eX

Recall that £ is the ratio of two PMFs, then we have

(1= XN1p1Q1 + Ay2Q2
(1 =Ny + Ao

Q=¢pP=
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where ()1 = & P and Q; = & P.

Then it is equivalent to show

Drr(Q [l P) < —Inyy.

Since KL divergence is convex when P is fixed, we have

Drr(Q || P) = DKL((1 — NyQ + A9:Qs | P)

(1 - )‘)yl + Ayo

(1 - /\)yl /\yz )

=D + P
f“(u—»m+ww T s vl

1—AX
—uwawJ”“@”m+ 1:Di1(Q: | P).

(1 =Ny + Ao

Since Dk (Q1 || P) < —Iny; and Dk (Qs || P) < — Inys, we obtain

(1= Ny1 + My2) Drp(Q || P) < —((1 = Ny Inys + AyaIngp).

We will also use the fact that y In y is convex, i.e,

((1 — Ny Iny; + Aya In 92) > ((1 — Ny + Ayz) In((1 = AN)y1 + Aya).

Combining these two inequalities, we can get

(1= Ny1 + Ay2) Dr(Q || P) < —((1 = Ny + Ay2) In((1 — Ny1 + Aya),

1.e,

Dir(Q || P) < —In((1 = ANy1 + Ay2) = —Inyy.

Thus, we have shown that £ also belongs to Ugvar(yx, P(-|x,a)). Then, combining this fact
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with (C.1]), we obtain

(1 =Ny T[V](z,y1) + Ay T[V](x, y2)

<mip IOty mox 3 P ane)V @)

E€Uevar (Y2, P(-|z,a))

= TV](z, 4n)-

We have shown that yT[V](x,y) is concave in y under the assumption that yV'(x,y) is concave.
Finally, to show that the inner maximization problem in (2.4) is concave, we need to show the

following function:

2V (2, 2)P(2'|z,a)/y if y#0
Gayalz) =

0 otherwise

is concave in z € R for any given x € X,y € Y and a € A. Suppose zV (z, z) is a concave
function in z, then for y = 0, the function is concave in z. For y € Y\{0}, since P(z'|z,a) > 0,

we also have that G, ,(2) is concave in z. This further implies

> L@V ys (@) Pz, a) = Y Grya(yé(a')

r'eX r’ex

is concave in £. Combining this result with the fact that the envelope set of £ is a polytope, we can

prove the Property 4.

A.2 Proof of Theorem

The proof of Theorem [2|follows the idea in the proof of Theorem 4 in [24].
Let Cor = ZtT:O Y'C(xy, ay) denotes the total discounted cost from time 0 up to time 7'. For

any (x,y) € X x Y, Vo(x,y) is the bounded arbitrarily selected initial value. We divide the proof
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into three parts and the first part is to show that for any (z,y) € X x ),

V(@) := T"[Vol(z, y) A2
= min EVaR,(Co, +7"Vo(2n, Yn) |20 = ,7), '

wellys
where 2o = x, yo = y and a; = 7(xy, y¢).
By induction hypothesis, firstly we need to verify (C.2) holds when n = 1. For n = 1, let
(x1,y1) denotes (2, y&(2")), from definition we have

Vi(z,y) = T[Vo|(z,y) = min [C(zg, a0) + YEVaR,(C(z1, a1) + Vo(z1,11)|w0 = 2, 7)]

wellps

Note that when n = 1, a; only depends on x; and ¥y, therefore, 7 is a Markovian policy, i.e.,
7 € 11, Hence, we obtain Vi (z,y) = mingen,, EVaR, (Co1 + Vo(21,31)|w0 = z,7).
Next, we assume that (C.2) holds at n = k.

Then forn =k + 1,

Vi (2,y) = T V] (2, y) = T[Vil(z, y)

W mi} {C(x,a) + max Z E(@Vi(2', y&(2")) P(2' |z, a)

ac eUevin(y,P(17.0)) =

2 ggtl {C(x, @)+ fy&euﬁv;r(lyal}:’( (-|z,a)) ,ng (@'|z.a) mln EvaRy£ =) (Coi +7 VO’xo = W)}

) ineiil[C’(x, a) + vgeuwdi?ya]:;c o) /Z)({ (2|2, a) ﬂrgﬁrjb EVaR,, (Cox +7Y"Volzo = 71, 7))
= [C(x DR - T Zf (@l ) s, BVaRy (1€os 447" Vol = xl’ﬂ)}

4 .
= min |C(z,a) + max E¢p| min EVaR,, (C + YV |2,
Cloa)+ , mux Bep it BVaRy, (€ + 7 Vol )|

min EVaR,(Co 1 + 7" Volrg = ’/T)}

welly

= min EVaR,(Co 41 + 7 Voo = 2, ),

WEH}M

(A.3)
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where zp = x and yy = y. The equality (1) is by the definition of T, (2) is by plugging in
the induction that (C.2) holds at n = k, (3) is by denoting (2/, y&(2")) = (x1,41), (4) is by the

definition of Cy 4, i.e,

'YCO,k’xO =T, T

=~C (1, a1) +7*C(9,a9) + - + ’kaC’(:ckH, Agi1)

k+1

= Z V' C(w, ar)
t=1

= Cl,k+17

and (5) is by the EVaR decomposition theorem. Thus, (A.3)) is proved by induction.

The second part of the proof is to show that

V*(z0,Y0) = min EVaR,, (hm C07n|x0,7r> ) (A4)
n—o0o

wellyy

Recall the contraction property of T and the boundedness of Vj, for any (z,y) € X x ), we can

get the result that

Vie,y) = TV](z,y)

= lim T"[Vy|(z,y) = lim V,(x,y).
n—oo

n—0o0

The first equality is by the definition of VV*. The second equality can be obtained by Proposition
2.2 in [15]). The third equation is derived from the definition of V,,. Combining the above results,

we have

V*(x0,y0) = lim V,(z0,y0)

n—oo
— min EVaRyO( 1i_>m (Con + 7" Vo(Tn, yn))|xo, 7r).

WEHA{

The second equality is due to the boundedness of both state-wise cost and V[. Recall the
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subadditivity property of EVaR, we obtain

V*(z0,70) < min [EVaRyO( hm C0n|x0, )+7}LI£10’V7L Il Vo ||oo]

mellys

< min EVaRyO( hm C0n|x0, )+ lim 4" || Vb |leo
n—o0

welly

wellpy

< min EVaRyO( hm C0n|x0, ™)+ | lim 4" || Vo [l |
n—oo

which implies

— hm Y Vo [lo< V¥ (20, o) — min EVaR,, (hm Co,n|x0,7r> < lim " || Vo [|eo -
wellps n— o0 n—o0

Since v € (0, 1], the term lim,, o 7" || Vo |[co— 0 when n — oo . Thus, we obtain that

V*(z0,Y0) = min EVaR,, (lim Co.n| o, 7r>
n—o0

wellps

holds for any (zg,y9) € X x V.

So far, we have established the optimal value over Markovian policies, the third part is to get
the optimal value over all historic-dependent policies, i.e., for the initial conditions (xg, yo), we
have that

V*(xo,yo) = min EVaRyO( hm C0n|x0, ).

welly
For each (z;,y;) € X x ), we first define the " tail-subproblem as follow:

V(z¢,y:) = min EVaRyt( hm Ctn|xt, )

welly

where the tail policy sequence is equal to m = {m;, m11, ... } and the action is given by a; = 7;(h;)
for j > t.

For any history depend policy @ € Ily, we also define the 7-induced value function as
EVaR,, (lim,, o0 Ct |2, T) Where T = {7y, Tyy1, . .. } and a; = 7;(h;) for j > t.

Let 7* denote the optimal policy of the t*"-subproblem mentioned above, then the policy 7 =

104



{7} 1, 7o, ... } is a feasible policy for the (¢+ 1)"-subproblem for any state z;; and confidence
level ;. 1:

min EVaR,,  (lim Ciyyp|Te1, ).
welly n—00

Combining all the above results, for any (z;,y;) € X x Y with a; = 7 (x;), we can write

V(z¢,y:) = min EVaR,, ( lim C, |z, 7)
n—oo

melly

=EVaR,,(lim C; |z, 7")
n—oo

= C(%&y Gt) + 7EVaR,, (Y}l_)rgo Ct+1,n‘xt+17 7~T>

) . .
= Oy, a) + max E|&(x -EVaR Iim Cipqp|@igr, 7
(¢, ay) fyfeuEVaR(yhP(“xt,at)) [5( t41) yt+l(n_>oo t+1,0] Vet )}

©) _
= C(wy, a) + max Ee (VT (2441, e+ 1)) |z, yp, a
( ! t> PyﬁEMEVaR(ytvP(-‘xt,at)) E[ ( e ytg( K ))‘ s Yt t]

®3)
> C(xy,ap) + max Ee [ V(xiaq, T+ 1) |z, ys, a
= ( t t) W&MEWR(%’P(.W%)) g[ ( t+1 ytf( t ))| t) Yt t}

@
> T[V](ze, y)
where (1) is by the decomposition theorem, (2) is by defining V7 (z;, v;) = EVaR,, (limy, 00 Cy |24, T),
(3)is by V7 (z,y) > V(z,y) for any (z,y) € X x Y and (4) is by the definition of T.
On the other hand, for any state x,, and confidence level y 1, let 7* = {7}, |, 7/, 5,... } € Iy
be an optimal policy for the (# + 1) tail subproblem. Given (x;,9;) € X x ), we can construct
policy @ = {7, 741,...} € Iy for the t** subproblem from 7* by 7;(x;) = u*(xs, ;) and

ﬁj(hj) = W;(hj), where

u* (2, y;) € arg min [C(fﬁu a) +y max Eg[v(l’tﬂ, Ye&Toy1) |2, Ye, @H,
acA §€levar (y1,P(+|wt,0))

with 7, is the given confidence level to the ¢* tail-subproblem and the transition from g, to v, is

given by y;11 = y:&*(441) where

§" € arg et B ) ]E[g(xt'f'l)EvaRytg(xt-&-l)(1111)1110 Costn|Tet1m, 7))
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Notice that 7* is an optimal and hence is a feasible policy for the tail subproblem from time
t + 1. Then the policy @ € Ily is a feasible policy for the tail subproblem from time t:

min,er, EVaR,, (lim,,_,o Ci+1,,|2¢, 7). Hence,
V(Zﬂta yt) < C(th, 7~Tt(37t)) +vEVaR,, (7}1_{20 Ct+1,n|$t> 7~T)-

Recall the definition of 7*, we can immediately get

V(%a yt)
S C<xt7 U*(xta yt))

max E|&(x - EVaR lm Cirpqp|@iss, T)|xe, ye, u* (24,
€€l (e, P Je s (z0,0)) [5( t+1) ytf(xm)(n_m t+1, | t+1 )| ts Yt ( t yt)}

< Clag, u” (xy, + max Ee|V(ziy, x Ty, Yp, u (T,
< Clwg, u* (24, y1)) P)/geuEVaR(ytvp("$t7u*($t7yt))) 5[ (o1, Ye&(we1)) |20, Yo, w* (4 yt)}

= T[V](z¢, y1).

> T[V](xy,y:) and V(xy, y) < T[V](x,y:), we show that V is

Combining the result V(x¢, y;)
a fixed-point solution of V(x;,y,) = T[V](x,y,) for any (z,y) € X x Y. Since the fixed-point

solution is unique, we can obtain V*(x,y) = V(z,y) for any (z,y) € X x ). Therefore, we have

V*(z,y) = V(z,y) = min EVaR,( lim Cy,|x¢ =z, 7).
n—00

WGHH

Equipped with the results from the above three parts, this claim is proved.

A.3 Proof of Theorem

The proof follows the similar idea with the proof of Theorem 5 in [24].

Firstly, for any u € Il 5, we define the policy induced Bellman operator T, as follows:

T.[V](z,y) = Cla,u(z,y)) + 7 max Z& V(@' y&(«) Pz, u(z, y)).

Eelpvar (y,P(+|z,u(z,y)) vex
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Following the arguments in the proof of Theorem |2, we can show that the unique fixed-point
solution to T,,[V](x,y) = V (z, y) exists. Therefore, we need to show that the stationary Markovian

policy u* is optimal if and only if for any (z,y) in X x )

where V*(z, y) is the unique fixed-point solution of T[V](z,y) = V (z, ).
The first step is to show that, if u* € II, 5 is optimal, equation (A.5) holds. From Theorem [2]
we know that

V*(z,y) = 7{211[111{ EVaR, (Th_ISO Corlro =z, 7r> :

Let V- be the fixed-point solution to T,«[V|(z,y) = V(z,y) for any (z,y) and combine the

definition of u* as described in Theorem [3} we can obtain V*(z,y) = V,«(z,y). Then, we have

The second step is to assume that equation (A.5) holds, we need to show u* € Il g is optimal.
Recall that T[V*|(x,y) = V*(x,y) holds for any (z,y), we obtain V*(z,y) = Ty« (z,y). Due to

the uniqueness of fixed-point solution and the result from Theorem [2] we have

TV*(x,y) = V*(z,y) = Vi (z,y) = min EVaR,( lim Cy |z =z, 7).
welly T— 00

A.4 Proof of Theorem 4

The proof is inspired by the idea of the proof of Theorem 7 in [24].
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‘We can rewrite the (2.11]) as

Qk+1($ay>a) = (1 - Ck($ay>a))Qk(x>yva) + Ck’(xvy’a)'

(7 max Z Lo/ [Vk](yg(x/))P(xﬂx, a) +yMy(x,y,a) + C(x, a)),

geuEVaR(yzp('lzva)) I/GX y

where the noise term is given by

Mk(Q?,y,CL)
Ny .
1 TV, i T [V /
_ A Iy Vil(y&(=™)) A 3 [ k](yg(x))P(x’]a;,a)
§€Uvar (y, Py, (12:0)) N <= y E€Uevar (y, P(|2:0)) =, y

for which M (x,y,a) — 0 almost surely as N, — oo (consistency property of SAA shown in

Chapter 5 of [88]) and for any k£ € N, let

Ni :
1 ZL..i|V; h
Ty = C(x,a) + max — v Vi (e (@ )),
E€Uevar (y, Py (‘1,0)) Ny, 4= y
T [Val(yé (&
Ty =C(x,a) + max Vi (ye( ))P(:E'|:IJ, a).
E€URVR (y,P(-|x,a)) sex Y

We can rewrite the noise term as
My (z,y,a) =Ty — Ty < |1y — Ty|.
Then
Mi(wy,a) < [Ty = T < [T + | < 2max Qi(z,y, ).

Then the assumptions in Proposition 4.5 in [[15] on the noise term My (x,y, a) are verified.
Now, we need to show that the operator F7 is contraction. Firstly, we prove the monotonicity

property. Based on the definition of I,[V](y), if Vi(z,y) > Va(z,y),Vo € X,y € ), we have that
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fory € L1 ()

](y) _ yi+1vl($a yi+1)<y - yi) + Z/iV1(IU, yi)(yi+1 - y).

I.[Vi
Yi+1 — Yi

Since y;, yi+1 € Y and (yi11 — v), (y — y;) > 0, we can easily see that I,[Vi]|(y) > L.[Va](y). As
y € Yand £(-)P(-|z,a) > 0 for any £ € Upvar(y, P(:|z,a)), this further implies Fz[V1](x,y) >
F1[Va](z, y).

Next we prove the constant shift property. From the definition of I,[V](y) that for a constant

K, we have that

V2, yir1) + K) — yi(V(2, 4:) + K)

LIV + K|(y) = vi(V(z,y:) + K) + Yt (y —ui)
Yi+1 — Yi
YirV (2, yip1) — iV (2, ys
= yK + iV (2, y) + =5 ( yfll)_ " ( )(y — Yi)
1+ )

=yK + Z,[V](y).

Therefore, by definition of F;[V]|(x, y), the constant shift property:

Tz[V + K|(v,y) = Tz[V](z,y) +vyK,Vx € X,y € Y

follows directly from the above arguments. Based on these two properties, we can prove the
contraction of F7 directly follow steps in Lemma [I] which means, for any two state-action value
function Q1(z,y,a) and Qo(z,y,a) such that Vi(x,y) = mingeq @Q1(x,y,a) and Vo(x,y) =
minge 4 Qo(x, y, @), we have that |[Fz[Q1] — Fz[Qa]l| < 7/|Q1 — Qs [

By combining these arguments, all assumptions in Proposition 4.5 in [15] are justified. This in
turns implies the convergence of {Qy(x,y, a) }ren to Q*(z, y, a) component-wise, where Q* is the

unique fixed-point solution of Fz[Q](x,y,a) = Q(z,y, a).

109



A.5 Proof of Theorem 3§

Here we follow the same idea used in the proof of Theorem 7 in [23]]. First, we can regard these
updates as a multi-time scale discrete stochastic approximation and show the sequences {v;}
and {60} converge to the solution of the corresponding continuous time systems with different
speed by [19], which further converge to the local asymptotically stable point (v*, 6*) by applying
Lyapunov analysis in Chapter 4 of [56].

Step 1. Show v-update converges.

Following Chapter 6 in Borkar’s book [19]], since v converges faster, when analyzing the

convergence of v-update, we can view 6 as constant, then the v-update rule can be rewritten as

—1
N(l — a) * Yk ZN J(&j, 1)V

j=1¢

NI k)vk N J(€: ) el Gik)vr
> e > e
Vg1 = Iy {Vk — Go(k) < — VI;Z m&=sl =1 (&) )} .

Considering the following dynamic system
v=",[-V,L(v,0)] (A.6)

where

oK) — i D)~ D),

0<n—0 n
Now consider the following equation,
ZN—l et (k)i ZN—l J(éj k)eJ(fj,k)Vk
T -2 1 J= _ 1 e=0= ’
Viy1 = Ly [I/k + G2 (k) (Vk n TNI—a) vy, Zjvzl T + 5,,“1)}

where

N oV N e
5 (e T i (e
Vk41 k N(l — a) k Zjvzl eJ(fjﬂk)yk

_ Z Pg(f)ej(-f)uk B Z ]}De(g)J(g)eJ({)uk
+ (Vk 211] 3 & — Vg 1 €z£ ]P)e(é')eJ(E)Vk )
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In order to show that the update rule converges to the solution of (A.6)), we need to verify several
conditions to satisfy the assumptions of Theorem 2 in Chapter 2 of Borkar’s book[19]:

(1) V, L(v, ) is Lipschitz in v.

Proof. Recall that

1 e Po()e O”+ 1 2 Po(€)J (§)e” "

V., L(v,0) = o > By(€)e O

and denote this function as f(v). Since v € [V, Vinax] and V,L(v,0) is continuous and

differentiable, we have

() = 93 > Po(§)e’ O _QZgﬂ”e(f)J(f e’©
fllv)y=2v""1 (

1—a ZE Py(&)el©v
_125P9( ) 2( ) Hew . (ZgPO(
> ¢ Po(§)e’©r

§)J(€)e’® )
2 Po(§e’@r )

By applying the subadditivity property of absolute value, we have

oy, ZePol€)e’”

l—«

+’ Ly 2e Po(€)J (§)e” "

W< AT

+ l/_l Zg P@(ﬁ)‘]z(f)e‘]@)y + V_1(25 ]P)G( )‘](6)6 i 2
> Py(§)e’ O 2 Py(§)e’®
Dinax Dinax Dinax \* Dinax \*
<273 (—V —In(1 — oz)) o2 T ( ) + V_l( )
L=y 1—vy 1—vy 1—vy
Dinax Dinax )
<4V 2 + 2V —2V-31n(1 — a).
inq _ i 1 — v i
By the mean value theorem, V, L(v, #) is Lipschitz in v. O
(2). Stepsize (o(k) satisfies Y, (2(k) = oo and Y, (3 (k) < .
Proof. Refer to Assumption [5 [
(3). {0y.,,} is a Martingale difference sequence (MDS), i.e., E[d,,, [F, ] = 0 and

B[00, ., 121 For] < K (14 [|vg][?) where F,, i = 0(V, 6, m < k) is the filtration of v, generated
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by different independent trajectories.

Proof. (i). E[6,,,,|F. k] = O since the trajectories are generated based on the sampling probability

mass function and all these trajectories are independent.

(i1). Recall that

Nil—a) v Z;V I

(S S

(mZPg )e(© )

(X (&kz) S 57 Py(€) I (€)e”
o (B S )|

o |—‘_<-21n2lee“§j’k>uk S T (Gae e )
Vg1l —

J 16
S 2 2Z)ma)( Vk‘i‘l/k_l '2Dmax
-7
< 4V 1Dma".
Inlnl rY

Thus, E[||0,,,,,|[*|Fox] < (4Vga T22)*. Combining (i) and (ii), we show that d,,,,, isaMDS. [
4). supy, |||ve]|* < .
Proof. By Assumption [2and note that the projection ensures v, is in [Vinin, Vinax- [

Based on these conditions, we can invoke Theorem 2 in Ch2 of Borkar’s book to show that
the sequence of {1} converges almost surely to the solution of the o.d.e for v. To show the
convergence of v-update, it remains to show that the solution of the o.d.e converges to a fixed
point.

For any given 6, define the following Lyapunov function

Ly(v) = L(v,0) — L(v*,0)

where v* is a minimum point since L(v,6) is convex in v. Then Ly(v) is a positive definite
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function, i.e., Ly(v) > 0. In order to use the Lyapunov theory for asymptotically stable system
from Chapter 4 of Khalil and Grizzle [56], we need to show %E(;(y) < 0 and it’s non-zero if

1T [= V. L(v,0)][| # 0.

Now define
%L(y, 0) = VL1, 0)T, [V L(v, 0)].
then
Do) = L00.0) — LLw,0))sr = LL(1.0) = V, L(v,6)Y, [V, L(,6)]
a0\ = g\ g\ = = g B 0= Ve B O LT Ve AR B

It remains to show £L(v,6) < 0 and it’s non-zero whenever ||Y,[-V,L(v,0)]|| # 0 by
considering three cases.
Case 1: When v € (Viuin, Vinax)-

3 a sufficiently small 179 > 0 such that v — 1oV, L(v, 0) € [Vinin, Vinax| and

Ca(v —noV,L(v,0)) —v =—nV,L(v,0).

Recall that Y, [V, L(v, 0)] = limg<,—0 FN(WW”%”’Q))*FN(V) , we have

d
EL(y, 0) = —||V,L(v,0)|]* <0

and 4 L(v, ) is non-zero if V, L(v,0) # 0, i.e.,

T [=V,L(v, 0)]|| # 0.

Case 2: When v € {Viin, Vinax }» for any n € (0,1] and some 7y > 0, (v — oV, L(v,0)) €
[Vinins Vinax]-

Since (v —nV, L(v,0)) € [Vinin, Vinax), We have

Y, [-V,L(v,0)] = =V,L(v,0)
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and this further implies
d

EL(V7 9) = _||VVL(V7 ‘9)“2 <0

and 4 L(v, ) is non-zero if V,, L(v,0) # 0, i.e.,

Case 3: When v € {Vjyin, Vinax }» there exists some 1 € (0, 1] for any g > 0, (v — nV,L(v,0)) ¢

[Vinin, Vinax]-

Define v, := v — nV,L(v, ) for any n > 0. In this condition, considering the strong convex
function f(v) = 3(v — v,)% invoking the first order optimality condition, one obtains for all
v € [Vinin, Vinax)»

VI =) = (v — v —17) > 0.

n n

Note that v, is the projection of v, and it’s unique due to the strong convexity of f (v). Then, we

can have

L L, 0) = Vo L(v, 0) Yo=Y, L(v, 0)

dt
vi—v
=V, L(v, 0)( lim - )
0<n—0 n
— — vi—v
:( lim —(Vn V))( lim -~ )
0<n—0 n 0<n—0 n
—|lv* —v|]? vi—v) (v —v

= lim —||”2 Py ”)2 ! )_0.

0<n—0 n 0<n—0 n

Based on these arguments, we have shown that %EQ(V) < 0 and it’s non-zero whenever
|1, [—V,L(v,0)]|| # 0. Then by applying the Lyapunov theory in the reference, we know that
for any initial condition v(0), v(t) converges to v*, i.e., L(v*,0) < L(v(t),0) < L(v(0),0) for
any t > 0. Furthermore, v* is a stationary point since 1,,[—V, L(v, 0)]|,=,~ = 0.

Therefore, the sequence {v;} generated by converges to the solution of (A.6), which

converges almost surely to v*.

Step 2. Show f-update converges.

Since v converges on a faster timescale than 6, the f#-update can be rewritten using the

114



converged v*(#), i.e.,

1 Z;V:l Vo log Py (&) 1) o=, 71" 08)
Z;,VZI e (&)™ (0k) '

Or41 =To |0k — Cl(k)y*<9k)
Considering the following dynamic system
0 = Yo[~VoL(,0)],rs)] (A.7)

where

0<n—0 n
Note that ||, — v*(0x|| — 0 almost surely and by the continuity of VyL(v, 6), we know that

Vo L(v,0)|0=0,,v=rn. — VoL(V,0)|0=0,,v=v=@01)|| = 0

a.s.. Then, we can rewrite the #-update as

S Po(€) Vo log Po(€)|o—p, e ¥ )
_ N 12 .
9k+1 = F@ |:6k + Cl(k) < -V <9k) Z& P@ (5)’9:0,66‘](6)”*(6]“) + 59k+1>:|

where

2 Po(8) o=, €7 ()" (k)

00 Valog (&) p—g,e” G @)

S el &Ry

Z;\Ll Vo log Py(&; ) lg—, e’ Cn)" k)
Z;V:l e’ (&x)v*(0r)

ot (Z;'V:l Vo log Py (&) o=, e’ @+ 0 57T Vylog Pe(ﬁj,k)|e=0ke‘](&’kw)

K Zjvzl PRACTAILAMCTY Zjvzl eJ &)k

Ogrr = V" (0)

— v (0k)

+ () =)

Similarly, to prove (A.7) is well-posed, we need to check:
(1). VyL(v,0) is Lipschitz in 6.
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Proof. Recall that
-1 Zg Py(£) Vg log Pe(f‘)g’(é)v
e Po(&)e’ @

For convenience, Let f(6) denote the above function, we can obtain

VQL(V, 9) =

76y =v!

V(3¢ Po(§) Vo log Py(&)e’ @) o (Zg Py(&) Vg log ]P’g(f)e‘](f)") 2
Zf ]P)g(g)en](f) Zg Pe(é“)eJ(g)

By applying the subadditivity of absolute value, we have

L Vo(3o: Po(§) Vi log Po(€)e” ")
> ¢ Po(£)e’®

4 ’,/1<pr6( )V log Py(€)e J(£>u>2

|f(0)] < ’V nge( £)el v

(i). For the first term, combining Proposition |5|and the fact that 3 . Pg(£ )e v > 1 (since J(€) €

[0, D‘“a"]) we have

\Y Py(£) Vg log Py (&)e” O
I/_l G(Zg 9() 6 108 0(5) ) _VmH}Kl(E)
e Po(&)e’ @
(ii). For the second term, by Proposition [ we have
V—l(zfﬂbe( )VG 10gP6(§) J(g)l/>2 <V- 1K2(5)
ARG = i

Based on these arguments, we have

[F(0)] < Viin K1 (8) + Vi K2(6).

min min

Therefore, by the mean value theorem, VyL(v, 0) is Lipschitz in 6. N

(2). Stepsize (; (k) satisfies Y, ¢1(k) = oo and Y, (F(k) < oo
Proof. Refer to Assumption [5 N

(3). {d,,,} is a Martingale difference sequence (MDS), i.e., E[y,  |For] = 0 and

116



E[||00,.. ||*|Fox] < K (14 ||vg||?) where Fy . = 0(0pn, 6, m < k) is the filtration of 6, generated

by different independent trajectories.

Proof. (i). E[dy,,,|Fox] = O since the trajectories are generated based on the sampling probability
mass function and all these trajectories are independent.

(ii). First we consider the last two components of dg, ,,. Since ||v*(0x) — vx|| — 0 almost surely
and Vg log Py(&; ;) is Lipschitz in 6, 6 lies in a compact set ©, both J(¢; ;) and 7, are bounded,
and v, v*(6;) lie in a compact set /, we can concludes that as k& — oo, the last two components

converges to 0 almost surely. Then,

1 2 Po(§) Vi log Py ()] g—g, e @7 (O%)
22 Po(€) o=, €7 ()" (Ok)
-1 Zjvzl VologPo(& k) |9:0k6J(£j’k)V*(9k)
Z;V:l e (&5,1)v* (Ox)

1060 ] < |7 (k)

+ V*(Qk)

< VoI (&) + Vi Ka(€) = 2Vt Ks(€).

min min min

Therefore, we can show that

E[[|dg,..,|[*|Fon] < 2V K2(€))”

min

(4). supy, |]|0x]]? < oc.

Proof. Refer to the assumption that § € © and the projection in the update rule ensures every

0, € ©. O

Based on these conditions, we can invoke Theorem 2 in Ch2 of Borkar’s book to show that the
sequence of {6} converges almost surely to the solution of the o.d.e for 6. In addition, we need to
show that v*() is an asymptotically stable equilibrium point for the sequence {1} }. Besides the

convergence analysis of the v-update, we need to check that V, L(v, ) is Lipschitz in 6.
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Proposition 4. V, L(v, 6) is Lipschitz in 6.

Proof. Recall that

L ZePo(e”@” L1122 P9 (€ ) e

VoL, 6) = = RO
let f(6) denote this function and we have
£(0) = — 2 Po(§)VglogPy(E)e’ + e Po(€) Vg log Py(€)J (€)e” @
B S Bol€)e . S Po()e®

1 25 Py(&)J(&)e J(Ev Z 0(6)Vy log]P’g(g)eJ(f)"
(ZgPO( )el (©v)2 '

Then, we obtain

]f’(@)] < V72 PG( )Ve log ]P)G(g) Pg( )VG log Pe(g)J(g)eJ(g)y ‘
< > e Po(&)e ) > Py(£)e? "
Py (&) J( | e Po(§) Vo log Py(¢)e” "
> Po(8) @J@)y > Po(€)el©7
Dmdx
< ler?KQ(S) + 2Vrr;n 1— ’YKQ(S)
Therefore, by the mean value theorem, V,, L(v, 6) is Lipschitz in 6. ]

To show the convergence of f-update, it remains to show that the solution of the o.d.e converges
to a fixed point #*. Now we apply the Lyapunov analysis for #-update. Define the following
Lyapunov function

L(0) = L(v"(0),0) — L(v"(67),6),

where 6* is a local minimum point. Then £(f) is a local positive definite function, i.e.,
L(0) > 0. In order to use the Lyapunov theory for asymptotically stable system from Chapter

4 of Khalil and Grizzle (2002), we need to verify to show ££(v) < 0 and it’s non-zero if
T [=VoL(v, 0) =]l # 0.
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Now define

d
%L(V 0)|1/ v*(0) — <v9L(V7 9)|V:V*(0))TT9[_V9L(V7 9)|V=V*(0)]a
then
d d d d
L) = L0 (6).6) = LW 0).0) oo = S Lw.0)] -

It remains to show <4 L (v, 0)|,—,+(g) < 0 and it’s non-zero whenever || Ty[— VoL (), 6)]|g—o-

£

0 by considering three cases. For convenience, let ©° = ©\00O denote the interior of the set O.
Case 1: When 6 € ©°.
Recall that © is a convex compact set, then there exists a sufficiently small 70 > 0 such that

0 —noVoL(v,0)|,=0p) € © and

Le(0 —noVoL(v,0)]y=p@) — v =—10VoL(V,0)|,=1 )

Recall that Yo[— K (0)] = limg<,—0 F@(”"Kff))*r@(e), we have

d
LW O 0) = =V L1, )l < 0

and 4 L(v,0)|,—,-(g) is non-zero if || Vo L(v, 0)|,=0)|| # 0. ie., |[To[—VoL(v,0)|,=y]| # 0.
Case 2: When 6 € 00, for any ) € (0,7,] and some 19 > 0, (0 — nVyL(v,0)|,=1-9)) € ©.
Since (0 — nVoL(v,0)|,=+@)) € O, we have

Yo[—VoL(v,0)|p=r-0)] = =VoL(V,0)|=0=(0)
and this further implies
d

%L(V ) |v=v@) = —[IVoL(v, 9)|l/=l/*(9)||2 <0
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and 4 L(v,6)|,—,-(g) is non-zero if || Vo L(v, 0)|,—,0)|| # 0, i.e.,

T@[_VQL(V, 0)|V:V*(9)]|| 7§ 0.
Case 3: When 6 € 00, for some 1) € (0,17,] and any 79 > 0, (0 — Vo L(v,8)|,=-(9)) ¢ O.
Define 0, := 0 —nVyL(v,0)|,—,~@) for any n > 0. In this condition, considering the strong convex

function f(6) = %(0 —6,)?, invoking the first order optimality condition, one obtains for all § € ©,
Vf(@;)T(é’ —0") = (0" —0,)(0 —0;) > 0.

Note that ) is the projection of v, and it’s unique due to the strong convexity of f(¢). Then, we

can have

d T
_L<V7 9) ’u:y*(@) = (VQL(V7 0) |l/:l/* (0)) T@[-V@L(V, 9) ’1/:1/*(9)]

dt
0F — ¢
_ (VgL(u,9)|,,:,,*(9))T( lim -2 )

0<n—0 n

—(6, — 0 —6
= < lim M) < lim 2~ )
0<n—=0 n 0<n—0 n
_ * 2 * *

= lim
0<n—0 7]2 0<n—=0 772

Based on these arguments, we know that %lj(u) < 0 and it’s non-zero whenever
| To[=VoL(v,0)|,=0@)]|| # 0. Then by applying the Lyapunov theory in the reference, we know
that for any initial condition 6(0), 0(t) converges to 6, i.e., L(v*(0*),0*) < L(v*(6(t)),0(t)) <
L(v*(0(0)),6(0)) for any t > 0. Therefore, the sequence {0} generated by following the #-update

converges almost surely to 6*.

Step 3. Local Minimum

We have shown that {vy, 6, } converges to (v*,0*) = (v*(0*), 6*). Moreover, by the Lyapunov
analysis, we know with any initial condition v(0),6(0), the state trajectories v(t) and 6(t)
of and converges to (v*,0*) and L(v*,0%) < L(v*(0(t)),0) < L(r*(0(0)),0(0)) <
L(v(t),6(0)) < L(r(0),6(0)) for any t > 0.

By contradiction, suppose that (v*,6*) is not a local minimum. Then there exists (7,6) €
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[Vinin, Vinax] X © N By« 9+ (1) such that

L(v,0) = min L(v, ).
(v,0) € [Vinin, Vinax| x ©ONB, 0% (r)

By setting §(0) = 0, the above equation implies that
L(v,0) = min L(v,0) < L(v*,0") < L(v,0(0))

(Vﬂ)e[vminvvmax] XONB, * 0% (r)

which is a contradiction. Therefore, (v*, 6*) is a local minimum.
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Appendix B

Technical Results in Chapter 3

B.1 Computation of Gradient Estimates

In this section, we provide the details of the gradient estimate computations. From the definition

of L(v,w, 0), we obtain the following:

V,L(v,w,0) =w+Ep [gzs* (@ —w+5)} +vV,Ep [qb* (@ —w+5)} ;

(B.1)

VoL(v,w,0) =v+vV,Ep {qﬁ* (@ —w+ 5)] , (B.2)
0

VoL(v,w,0) = vVyEp [gb* (@ —w+ 5)] ) (B.3)

1.V, L(v,w,0): by expanding the expectation, we have

Lv,w,0) =v w+2§:1@9(5) <¢* (%5) —w+5))
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By taking the gradient w.r.t. v, we have

VoL(,w,0) = w + D P(€)¢" <@ —w +6> +v Y Py(§)V, [¢* <@ —w +/3>}
¢ ¢
=w+ Zﬁ:l%(ﬁ)ﬁb* <$ —w +B> - VZI%(&) Jig) %gi*
—w+ LR (L - s) - C 26) 9
13

u:$7w+ﬁ

u=28 w4

2. V,L(v,w,0): by taking the gradient w.r.t. w, we have

6;[/(1/,(,&), 0)=v+rvV,

S By()o" (%@ w +5)

3

— y+uZP9(5)Vw {qﬁ* (@ _w+ﬁ)]
¢

_I/—I/ZPQ 3¢*

3. VyL(v,w,0): by taking the gradient w.r.t. 6, we have

Sorue (2 -+ 5)
3
=v ) VoPy(£)¢® (%5) —w+ 5)
3
— v SR Valos 90 (1 w4 5).
3

ﬁL(y,w,H) =vVy

where the last equality is due to VyPy(&) = Py (&) Vg log Py (€).

B.2 Proof of Theorem

In this section, we provide the detailed proof that was outlined in the proof sketch in the main

content. We will begin by analyzing the multi-time scale discrete stochastic approximation and
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proceed through the convergence of the sequences (v, wg, 0x) to the local optimal solutions.

B.2.1 Convergence of v-update

Since v converges a faster time scale than w and 0, we can regard w and 6 as fixed in the v-update,

1.e.,

_ gj k) _ - i J(gj’k) %
Vi1 = T [Vk Gu(k (w T Z N ( Vg o B) = N v Oul, 2w .5/
= l/k

Consider the continuous time dynamics of v defined using differential inclusion

veT, [—VAVL(;/,M, 9)} , (B.4)

where

T,[G(v)] .= lim P4 nGv)) - FN(V).

0<n—0 n

Here Y, [G(v)] is the left directional derivative of the function I'y(v) in the direction of G(v).
Using the left directional derivative T, [G(v)] in the sub-gradient descent algorithm for v ensures
that the gradient points in the descent direction along the boundary of v whenever the v-update
hits its boundary.

Now consider the following equation,

£ J(§) 997
O 3 e R W L e P |

where

N N
WRESINZR 1 I 9
Oran = (OJ * Z N¢ ( Vg wth Z N v Ou u=C0k) 1 g

_ (w+z§:p>9(g)¢*(@ _w+6) — ;Pe(f)@aw uﬁg_wﬂg)'

14% ou
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In order to show that the update rule converges to the solution of the o.d.e, we need to verify several
conditions. Before going through this process, we firstly make the following assumptions, which

will be used to guarantee the convergence of our algorithm.
Assumption 9. The parameters v and w are bounded, i.e., v € [Vinin, Vinax] and w € [Winin, Winax]-

Assumption 10. Let Uy, and U,,.x denote the bound for v = @ —w+ (. The function ¢ satisfies:

1. The first derivative of the conjugate function ¢* is bounded in [Upin, Unax]-

2. The second derivative of the conjugate function ¢* is bounded in [Upin, Unax]-

In Lemma@in Appendix we show that ﬁ,L(l/, w, #) is Lipschitz continuous in v. Given
that the step size (; satisfies Assumption |5 we have >, (;(k) = oo and >, (F(k) < oc.

Furthermore, in Lemma in Appendix we show that the sequence {0, ., } forms a martingale

Vg1
difference sequence. In addition, under Assumption 9] we have sup, ||vx|| < oc. With these
conditions, we can invoke Corollary 4 in Chapter 5 of [[19] to show that the update rule in our
algorithm converges almost surely to the set [Vinin, Vinax]-

To complete the proof of convergence for the r-update, we must show that the sequence
converges to a fixed point of the o.d.e. (B.4). To establish this, we apply a Lyapunov stability

analysis.

For any given w and 6, define the following Lyapunov function
L,o(v)=L(v,w,0) — L(v*,w,0),

where v* is a minimum point.

To utilize the Lyapunov theory for asymptotically stable differential inclusions (Theorem 3.10
and Corollary 3.11 in [14]), we need to verify that the Lyapunov function defined above satisfies
both Hypothesis 3.1 and Hypothesis 3.9 from [14].

We begin by verifying that the Lyapunov function satisfies Hypothesis 3.9, which requires

showing that %ﬁw,e(v) < 0and VL, ¢(v) is non-zero if

‘FN[—ﬂL(y, w,0)] H # 0. Considering
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the continuous-time dynamics for v, we have

@ L(0,0,0) = VoLl .00 Ty [-FoLv,0,6)]

Therefore, we obtain

d _— _ _ _—
Loa) = VoL, 0)T, [~VoLvw.0)] = VLvw. O, [~V Lw,0)| |,
= 6\VL(Va W, Q)TV |:_€VL(V7 W, 9)]
d —
= EVZ,L(V,W,G).

We need to demonstrate that %Ewyg(y) < 0 and that this quantity is non-zero whenever

TN =V L(v,w,0)]|| 0.

Case 1: v € (Viuin, Vinax)-

There exists a sufficiently small 79 > 0 such that v — noﬁ,L(y, w,0) € [Vinin, Viax] and
1—‘N [V - 7706\1/[/(”7 W, 6)] = _7706\1/1/(% w, 9)

Recalling the definition of T [—ﬁ[j(u, w, 9)] , we obtain

d _
EL(V,@, A) =— HV,,L(V,wﬁ)H <0

and 2 L(v,0,\) < 0if V, L(v,w,6) # 0.
Case 2: v € {Vinin, Vinax }-

Notice that there are two cases, which depend on whether the set

Fv) = {ﬁ,L(V,w,H)’Vno > 0,3n € [0,10] such that v — nﬁ,L(u,w,@) ¢ [Vinin, Vmax]}
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is empty or not.
Case 2-1: F(v) is empty.

Since v € {Viin, Vinax } and v — nﬁ,L(y, w,0) € [Vinins Vinax)» we know
T, —VAVL(V,W,Q)] — V. L(v,w,0),

which implies that

3000 = - [ ToLw.0)| <0

and £ L(v,0,\) < 0 if ﬁL(V,UJ, 0) # 0.
Case 2-2: F(v) is not empty.

For any n > 0, define v,, := v — nﬁ,L(y,w, ). When 0 < n — 0, I'y[v,] is the projection
of v, to the tangent space of [Vinin, Vinax]- For any 2 € [Viyin, Vinax), since the set {v € [Viyin, Vinax]
llv — vyll2 <[]0 — vy]|2} is compact, then the project of v, on [Viin, Vinax] exists. Furthermore,
since g(v) = 3(v — 1,)? is a strongly convex function and V,g(v) = v — v,. By the first order
optimal condition, we obtains Vv € [Viuin, Vinax)»

V() —v;) = (v; = )w — ;) > 0,

where v} is the unique projection of v;,. Due to the uniqueness, we know only if v = v, the above

equality holds. Therefore, for any v € [Viyn, Vinax] and n > 0,

- _ — Vi —v
V.,L(v,w,0)Y, —VZ,L(I/,w,Q)] =V,L(v,w,0) lim
0<n—0 n
— v —v
= lim i lim —
0<n—0 n 0<n—0 n
li il H2+ lim (V*—V)V*_V<0
~0<n—0 n? 0<n—0 72

Note that for any ﬁL(u,w, O NFw)e,v— nﬁL(y, w,0) € [Vinin, Vinax) for any n € [0, 1] and

some 79 > 0. Thus, this follows the statement in the empty case.
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Combining all these arguments, we conclude that %L(y, w,d) < 0, and this inequality holds
strictly whenever T, [—ﬁ,L(y, w,0)| # 0. As aresult, %Ew,g(y) < (0 and remains non-zero under
the same condition.

Having shown that £, »(v) satisfies Hypotheses 3.1 and 3.9, we can now apply the results

from [[14]. This ensures that the v-update converges almost surely to the solution of the o.d.e. (B.4),

which, in turn, converges to * € [Viuin, Vinax)-

B.2.2 Convergence of w-update

After establishing the convergence of the v-update, we proceed to demonstrate the convergence of
the w-update. Given that v converges on a faster timescale than w, and ¢ operates on the slowest
timescale, the w-update can be expressed using the converged value v*(w) while treating ¢ as an

invariant quantity, i.e.,

N1 0
wir1 =I'r [wk — Ga(k) (V* (wr) = V(@) Y~ )] :
j:1 N au u:%{;:i—wk‘i‘ﬁ
Considering the continuous time dynamic of w,
oeT. [—VAWL(V,W, 9)} , (B.5)

where
T,[G(w)] := lim Cr(w +nGw)) = FR((JJ).

0<n—0 n

The w-update can be rewritten as a stochastic approximation, i.e.,

w1 = I'r [wk — Go(k) <V*<wk> — v (w) ZPg(f)%f
3

J(&) > * 5‘%“} ’
u= T (wg) —wi+08
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where

b = =700 = v ) R

'3
. e
+ <1/ (wg) — v (wk);Nau

u= J(€) —Wg +ﬁ)

v (wg)

J(£j,k)_Wk+ﬁ>.

u= v (wg)

To demonstrate that the update rule converges to the solution of the o.d.e., we need to verify
conditions similar to those established previously. In particular, in Lemma [§] of Appendix we
show that ﬁL(y, w, 6) is Lipschitz continuous in w. The step size (»(k) satisfies D, (2(k) = o0
and Y, (3(k) < oo, as stated in Assumption [5| Moreover, Assumption[9ensures that sup;, ||wy|| <
00.

Next, we focus on the Lyapunov analysis for the w-update. For any fixed 6, we define the
Lyapunov function as:

Ly(w) =L (w),w,0) — L(v*(w),w",0),

where w* is a local minimum point. Analogous to the approach used for the v-update, we can

exXpress:

d d— .
%EQ(U)) = ava(l/ (W), w, ).

Following a method similar to the Lyapunov analysis for the r-update, we can show that
%Eg(w) < 0 and that this quantity is strictly non-zero whenever HFR[—ﬁL(u, W, Oly=p(w))] H +#
0. Consequently, we demonstrate that the w-update converges almost surely to the solution of the

o.d.e. (B.4), which, in turn, converges to w* € [Wiin, Winax]-

B.2.3 Local minimum

In this section, we aim to establish the convergence of the sequence {vy,wy} towards a local

minimum of the objective function L(v, w, #), while keeping 6 fixed. Building upon the arguments
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presented in the previous sections, we show that, for any given initial states (0) and w(0), the
sequences v(t) and w(t) converge to their respective optimal stationary points, v* and w*. This

further implies

We demonstrate the existence of a local minimum through contraction.
Suppose that (v*,w*) is not a local minimum, then there exits a point (7,w) € [Viuin, Vinax] X
[Wmina Wmax] N B(u*,w*) (7’) such that

L(v,w,0) = L(v,w,0).

min
(¥,w) €[Vinin, Vinax] X [Wmimeax]mB(y* Jw*) (r)

The minimum is attained by the Weierstrass extreme value theorem. By setting w(0) = w, we have

L(v,w,0) = min L(v,w,0)
(V7W)€[Vmimv;nax} X [Wmin,Wmax]mB(y* 7[,\;*)(T’)
< L(v*,w*,0)
< L(p,w,0),

which is a contraction.

Therefore, (v*,w*) is a local minimum for L (v, w, #) for any fixed 6.
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B.2.4 Convergence of -update

Given that 6 converges on the slowest timescale, we can express the §-update as:

=0 (03 Avnearic)- o (251 0-5))|

We now consider the following o.d.e. for 6:
6e T, [—@L(V,M,Q)} ,

where

GO T T+ 1C0) ~Te(®)

0<n—0 n

The 6-update can be rewritten as a stochastic approximation, i.e.,

Hk—i-l = F@ |:‘9k - C3(k) ' (@L(Va W, 0) ‘V:V*(ei),w:wkﬂ:% + 59k+1):| 5

where

J(©)
v (6)

0)S Vo log Be) - (‘] S +/3> .
3

s = —(0) S Bo(€) Vi og By (€) - ¢ ( (B + ﬁ)
3

v*(0)

(B.6)

To demonstrate that the update rule converges to the solution of the o.d.e., we need to verify

several conditions. First, in Lemma |10 in Appendix we show that %L(V, w, 0) is Lipschitz

continuous in ¢. Second, the step size (3(k) satisfies Y, (3(k) = oo and ), (§(k) < oo, which

follows from Assumption [5| Additionally, in Lemma [11] of Appendix we show that {4, , }

forms a martingale difference sequence. Finally,  is in a compact and closed set ©, which ensures

that sup,, ||0x|| < oo.

It remains to check the Lyapunov analysis for §-update. The general idea here is same with the
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Lyapunov analysis above, but the difference here is that # is vector other than a scalar. We first

define the Lyapunov function
L(0) = L(v*(0),w"(0),0) — L(v*(67),w"(07),07),

where 6" is a local minimum point. Consider the continuous time dynamics for ¢, we have

d d = * *
d_tﬁ(e) = d—tVQL(V (9),0‘) (9)’0)

It remains to show that %?gL(V* (0),w*(9),0) < 0 and the equality holds if and only if

Ty —VA(;L(V,W,H)‘V: 0.

v (0)w=w*(0) |
There are three cases we have to consider.

Case 1: 6 is in the interior of © (not on the boundary).
Since O is a compact closed set, there exists a sufficient small 7, > 0 such that

0 — 7706\9[’(”7 W, 0) }u:V*(O)wJ:w*(e) €0

and

I'e ((9 — noﬂL(V,w, 9)‘ — 0= —noﬁL(V,w, 9)‘

v=v* (9),w:w*(6‘)> v=v*(0),w=w*(6)"

Recall the definition of Yy, we have

d
—L(v,w, 0)

N 2
dt - H%L(v,w,9)|u:u*<9>7w:w*<9>H =0

v=v*(0),w=w*(0)

Furthermore, the equality only holds when %L(y, W, 0)|y=p+ () w=w+(8) = 0.

Case 2: 6 is on the boundary of © and 6 — U@L(V, W, 0)]y=v+(0) w=ur(0) € © for any n € (0,0
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and some 79 > 0.

In this case, we have

T@ [_ﬁL(V>w79)‘ = —ﬂL(l/,W,Q)‘

v=v*(0),w=w* (9)] v=v*(0),w=w*(6)"

Therefore, we obtain

2
<0.

GL00) =~ [Forrw.0)

dt v=v*(0),w=w*(6)

v=v*(0),w=w*(0)

Moreover, the equality only holds when ﬁL(V, W, 0)]y=v+ () w=ur(0) = 0.
Case 3: 6 is on the boundary of © but  — U@L(u, W, 0)|y=v () w=w=(0) ¢ © for some 1 € (0,7
and any 7y > 0.

For any n > 0, we define
0, =60 —nVoeL(v,w,0)|— () wew=(0)-

In this case, when 0 < n — 0, I'g[#,] is the projection of 6, to the tangent space of ©. For any

6 € ©,since {# € O : |0 -0, <

‘é -0, H } is a compact set, the project of 6, exists. Define
2

9(0) = 3|6 — 6,||3, since g(0) is a strong convex function and Vyg(§) = 6 — 6,,, we obtain

Vg0, (0 —0y) = (6, — 0,)" (0 — 07) > 0,

n

for any 6 € ©, where 0 is the projection of ¢,. Due to the uniqueness of this projection, the
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equality holds if and only if 6 = 6;. Therefore, for any 6 € © and > 0,
— T —
<VHL(V7W79>|y:y*(9)7w:w*(9)> M TV [_VVL(V,W, 0)‘
= T .. 0,—0
= <V9L(1/, w, 0) ’V:V*(@),oJ:u)*(@)) lim

0<n—0 n
0—6,\" 0 — 0
= ( lim n) lim
0<n—0 n 0<n—0 n

|16 — o1I*

v=v*(0),w=w*(6)

+ lim (9*—9n)T9 0

0<n—0 n? 0<n—0 2

<0.
Combining all these arguments, we have £ L(v*(6),w*(#),8) < 0 and it is non-zero whenever

Ty —%L(V,w,é’)‘ 0.

v=v*(0),w=w* (9)} 7£

Therefore, we know that 4 £(6) < 0 and it is non-zero whenever T [—ﬁL(z/, w, ) ‘V:V* () e 9)] +

0. Now, we can establish the almost sure convergence of the #-update to the solution of the o.d.e
given by equation (B.6), which in turn converges to 6* € O.
Combining with the fact that (v*,w*) are local minimum for L(v,w, #), we further conclude

that 6* is a local optimal policy for the ¢-divergence optimization problem.

B.3 Technical Lemmas

In this section, we present the technical lemmas that are used in the convergence analysis in
the proof of Theorem [/} We begin by introducing the following propositions, derived from the
definition of Py, which are crucial for demonstrating that the gradient estimates in Algorithm
are Lipschitz continuous. These results further aid in establishing the technical lemmas that will

be discussed later.
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Proposition 5. By the definition of Py(£) and Vg logPy(&), we have

Py(&) Vg log Py (&)
T-1 T-1 \V a ’Q}
P T QK| Tk,
0(o) HW(CLM%, P(@pi|r, ax) z% (an|zn, )
T-1T-1
= Po(z0) > [ Vor(arlze, 0)m(ar|zx, 0) Plaps |2x, ar).
k=0 i#k

Combining Assumption [3|and the fact that the sum of products of Lipschitz function is Lipschitz,
Py(§)VologPy(€) and . Pe(§) Ve log Pe(€) are Lipschitz in §. Furthermore, since the gradient

of Lipschitz function is bounded, we have

VG(Z Py(&)ValogPs(€))| < Ki(§).
13

Also,

E[VylogPy()] = Y Py(£)VylogPy(€) = 0.
3

Proposition 6. By Assumption [3| Vjlog Ps() is bounded, i.e., |Vjlog Pa(£)| < K (€).
Lemma 6. V, L(v,w, ) is Lipschitz in v.

Proof. Recall that

ﬁ,L(V,w,Q):w%—Z]P’e(QW (@ ) ZPO U 6u
13

u:@—w—l—ﬁ
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Let f(v) denote ﬁ,L(u, w, 0), we have

F) = SR (o (2w v 5)) - Smiew, (&W

u=‘f§>—w+ﬁ)

5 - v Ou
— gm(&) Jy(f) %(i* ) s

-Sro(-20%) | -Dow) )
Z<>“—Z<>(“ SO

§) 0¢*
B Z Po y3 ou?

u:@—w—&—ﬂ

Notice that J(¢) is bounded by [— ffa;, Cfax], v is bounded by [Viin, Vinax] and w is bounded by

[Winin, Winax)- By Assumption |10, we know that f’(v) is bounded. Thus, VVL(V, w, 0) is Lipschitz

in v. L]

Lemma 7. {J,, ., } is a martingale difference sequence.

Vi1

Proof. Due to the fact that the trajectories are generated based on the sampling p.m.f and all these

For] = 0 where F, ;. = 0(Vpm, 0y,,,m < k) is the

trajectories are independent, we have E[J,, ., |

filtration of v, generated by different independent trajectories.

We need to prove that E[||d,, ,, ||*|F,] is bounded. Consider

N
_ Z Lo JGn) _ 1) 00"
l/k+1 - ( — N ( n W 6) — N v, Ou u="2C0k) _ g
= Yk

( ( Vf) —w+5) —Zws)%)%f e wﬁ)

3

2&:1@9 ( 5>—w+6)+§:%¢*(@—w+ﬂ)

k

N 1 (¢
-5 ,,jf

J=1

+ ZM(Q S 8gb*

Uk Ou

u= #}f)fuﬂrﬁ
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Notice that ¢* is a convex function and i) 4 3 is bounded. Then, gb*(%ﬁ’“) —w+ ) is

Vi

. . J(&;
bounded. For convenience, we denote it as qb*(% —w+ B) € [c1,ca), where ¢1,c2 € R. By
Assumption we have % € [c3, c4], where c3, ¢4 € R. Then, we have
u:ﬁfoﬂrﬁ
Yk

Cmax

) et
(1 - V)Vmin

V41 S 02 - Cl + (C4 - Cg).

Let ¢5 € R denote the real value on the right side, we further have, ||d,, ., ||* < (¢5)?, which implies

{04, } is a martingale difference sequence. [
Lemma 8. ﬁL(V, w, 0) is Lipschitz in w.

Proof. Recall that

Vo L(v,w,0) = v — P .
(v,w,0) =v y; 0(&) 0|1
For convenience, denote VAWL(I/, w,0) as f(w). We have
0o*
! = P .
f'(w) 1/; 2|, .,

Recall that the second derivative of ¢* is bounded in a closed set and v is also bounded. We know

f'(w) is bounded, thus, @\ML(V, w, #) is Lipschitz in w. O
Lemma 9. {,, ,} is a martingale difference sequence.

Proof. Note that the trajectories are generated based on the sampling p.m.f and all these trajectories
are independent, we have E[d,, ,,|F, 1] = 0 where F,,, = 0(wm, du,,,,m < k) is the filtration of

wy, generated by different independent trajectories.
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We now demonstrate that E[|d,, . ,||*|F..x] is bounded. Consider

k+1

d

We+1
d¢* N1 o
= — (V) — v () S B(E) )+ (e - 5
( 3 Ou u=u;]((f,zc)fo%+ﬁ j=1 N Ou |, iiii;};;*warﬁ
d¢* N1 9
= v (wi) ) _Po(§) — V(W) )+ :
T WP D ) 7 NI

Since the first derivative of ¢* is bounded in a closed set, for convenience, denote its bound as

[ce, c7], where cg, ¢; € R, we have

4

Wh+1 S Vmax|c7 - CG|-

Thus, 9., || is bounded, which further implies {4, . , } is a martingale difference sequence. [

el -

Lemma 10. %L(V, w, 0) is Lipschitz in 6.

Proof. Recall that

TuLv..0) = S POV ou Fa()s () — w4 5).
3

By Assumption [3|and |10}, we know that V,Py(&) and Vg logPy(&) are Lipschitz in 6. By the fact

that the sum of Lipschitz functions is Lipschitz, we know that @L(V, w, ) is Lipschitz in 6. [
Lemma 11. {J,, ,} is a martingale difference sequence.

Proof. Since the trajectories are generated based on the sampling p.m.f and all these trajectories
are independent, we have E[dy, . ,|F,x] = 0 where Fy ), = 0(0,,, g,,, m < k) is the filtration of 0,

generated by different independent trajectories.
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It remains to show E[||dy, ., ||*|.F, 4] is bounded. Consider

O = V" (0) > _Py(&)VologPy(S) - ¢° (1;]*(—(%0)) —w*(Ok) + ﬁ)
3
)Y VologPal) o (o~ w(6h) + 5)
3

S VmaX(Kl(g) + KQ(S)) maX{|Umin|a |Umax|} .

Thus, [|dg,,,||> < (cs)?, where cs = (Vinax K1 (€) + K2(€)) max {|Unin, [Umax|} € R, which further

implies that {dg, ,, } is a martingale difference sequence. [
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Appendix C

Technical Results in Chapter 4

C.1 Proof of Lemma 2

Note that Y, (2') P(2'|z,a) = 1 and £(2) > 0, then by Definition[8} we have P1 and P2. For

P3, applying the definition of sup norm, we have
—[IVi = Vallee < Va(z,y) = Va(z,y) < [Vi = Vallw.
Applying P1 and P2, we have
—IVi = Valloe < TVA](2,y) — TV2](z,y) <[V = Val|e,

which implies

ITVA](z,y) = TVl (2, y)| < Vi = Valloo-
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Now, we prove P4. Suppose yV (x,y) is concave in y € ). Let y;, y> be two elements in ) and

define y) = (1 — )y + Aya, where X € [0, 1]. By Definition|[8] for every z € X, we have

(1 =N TV](@, 1) + Ay TV](x, y2)

= (1= Ny min |C(x,a;) + max V(z, 2P (2 |z, a ]

( )yl a1€A |: ( 1) ,yfleuNCVaR(yl R(x,a1),P(-|z,a1)) Z 51 ylg( )) ( | 1)
+ A\yo min |C(x, as) + max V(', )P (2 |z, a }
wnin [Cla)+a a5 6V )P a)

z'eX

< mi C P / 1— / /
- Iarél.fll |:y)\ (x7a> +’Y§1€MNCV.AR<£1’§(IC" ), P(-|z,a)) Z |I CL (( )ylfl( ) (.l’ ,y1§1($ ))

&2 €UNCVaR (¥2:R(2,0), P(+|z,a)) ' €X

+ Ao (' )V (2 y2§2(55/)))}

<y > P (-6 )+l
< I{'lﬂelﬁl {y,\C(x, a)+ v 51euchaR(g%m’P("I’a)) P2 |z, a)((l Nyi&(2)) + Mypa(2))
£9€UNCVIR (V2,R(2,a), P(-|z,a)) ©'€X

-V@xl—Mm&uﬂ+Am@@w}

(C.1)

The first inequality is by the concavity of min and the second inequality is due to concavity of

yV (z,y). Now, we need to show

(1 = Nyi&i + Ao
Yx

&=

€ Uncvar (Y, K(, a), P(-|z, a)),

where &; € Uncvar (Y1, R(x, a), P(-|z,a)) and & € Uncvar (Y2, R(z, a), P(+|z,a)). By the definition

of &1, & and &, , we obtain

Zz’e){ 5,\(:70’)P(x’|x,a) =1,

and

(L= Ny + M _ Rl(x,a)
= < .
Yx Y

141



Thus, ) is in the set Uncvar (Y, £(2, a), P(-|x, a)). Applying this result to (C.IJ), we obtain

(1 =N T[V(z, 1) + ApT[V](z, ys)

< min |yC(z,a) +7 max > P |z, a)yné(a)V (2, ypé ()

EUnev: K(z,a),P( |z,
E€UNCVaR (Yn R (7,a),P(-|z,a)) eX

= nT[V](z,y»)-

Thus, we show yT[V](z, y) is concave in y given yV (z, y) is concave.
It remains to show that the maximization problem in (4.4)) is concave. Here, we consider the

function

V(' 2)P(d|x,a))y  if y#0
Gayal2) =
0 otherwise.

Suppose 2V (z, ) is concave in z. When y = 0, the function is concave in z. Otherwise, G, (2)

is concave in z due to the fact that P(z’|z, a) > 0. This result further implies

D@V ye(2) Pz, a) = Y Gaya(yé(a')

r'eX r'eX

is concave in £. Combining all these results, P4 holds.

C.2 Proof of Theorem

The proof of Theorem E] follows the idea in the proof of Theorem 4 in [24].
For convenience, denote the total discounted cost from time O up to time 7" as Cop =
ST 7'C(x, a;) and the initial value as V;(x, y). In the first place, we want to show the following

equation holds for any (z,y) € X x ) by induction hypothesis.

Vo(z,y) == T"[Vy](z,y) = min NCVaR, z (Con, + 7" Vo(Tn, Yn)|xo = 2, 7), (C.2)

wellys

where zo = x, yo = y and a; = 7(xy, y4).
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Here, we first verify equation (C.2)) hold when n = 1. Let (21, y;) denote (2, y&(x')), then by

definition we have

‘/1(37, y) = T[Vb] (.T y) = min [C($0, aO) + ’YNCV&R%,—{ (C(xlv al) + %(xla yl)’$0 =7, W)] .

melly

When n = 1, a; only depends on x; and y;, therefore, 7 is a Markovian policy, i.e., 7 € II;.

Hence, by moving constant terms inside, we have

Vi(z,y) = min NCVaR, ; (Co1 + 7Vo(x1, y1)|x0 = 2, 7).

w€llys

Secondly, assume equation (C.2)) hold when n = k, then forn = k+1 with o = x and yy = v,

we obtain

Vi (2,y) = T W] (2, y) = T[Vi](2, y)

= min |C(z,a) + max VWi (2! P2 |z, a
min |C(e,a)+y - omax o Ze;é w(@' () P(a'|z, a)
=min |C(x,a) + max z,a) min NCVaR,, (Cos + Y*Vo|zg = 21, 7
ey ( ) WgeuchaRynxa P(lz.0)) %5 | )WGHM y1, ( 0k T 7 0| 0 1 )]
= min [C(z,a) + max E¢p | min NCVaR,, (C + Wz,
acA | R - ST [wenM n(Crre 77 Vol )H
— i k+1 _
= 1325‘1 WIgﬁl}I NCVaR, (CO k1 + YT Volzg = 7T>:|

= min NCVaR, (C(] k1 Y Vo |lzg = 2 7r)

w€llys

Thus, (C.2) is proved by induction.

In the second place, we need to show
V*(xo,y0) = min NCVaR,, » (hm Cogn|a:0,7r> )
— 00

mellpg

By the definition of V*, Proposition 2.2 in [15]] and definition of V,,, for any (z,y) € X x ), we
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have
Vi(@,y) = TV (z,y) = lim T*[Vol(z, y) = lim Va(z,y).
Combining the above results, we have

V*(xo,y0) = lim V,(xo,yo) = min NCVaR,, z ( lim (Co,,, + V"V()(xn,yn)ﬂx()ﬂr)

w€lly

since the state-wise cost is bounded and V/, is also bounded. By applying the coherent property of

NCVaR, we obtain

V*(x0,40) < min [NCVaRyOﬁ (lim co,nyxo,w> + Tim 4" || Vy ||Oo}
w€llys n—00 n—00

< min NCVaR,, ( lim Com\:coﬂr) + ‘ lim " || Vo [l }
n—oo n—oo

melly

which implies
— lim 7" || Vb |lo < V™ (0, y0) — min NCVaR,, z ( lim Co,n|x0,7r>
n— o0 wellys n— o0

< Tim A" [ Vo [l -
n—oo
Since v € (0, 1], the term lim,, oo 7" || Vo ||oo— 0 as n — oo. Thus,

V*(xo,y0) = min NCVaR,, = (hm Co,n]:vo,w>
n—oo

mellps

holds for any (zg,yo) € X X Y.
Lastly, we want to get the optimal value over all history-dependent policies, which means given

(20, Yo), we have

V*(x0,y0) = min NCVaR,, z ( lim Co7n|x0,7r> .
n—oo

TK'EHH
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For each (z;,y;) € X x Y with ¢t > 0, the tth tail-subproblem is defined as follow:

V(z¢,y:) = min NCVaR,, z ( lim Ct7n|a:t,7r>
n—o0

mwelly

where the tail policy sequence is 7 = {m;, 41, ... }.

For any history depend policy @ € Ily, we also define the 7-induced value function as
NCVaR,, z(lim,, o Ci |2, ©) Where @ = {7y, Tyq1,... } and a; = 7;(h;) for j > t. Let 7*
denote the optimal policy of the #**-subproblem, then for any state ., and confidence level 7,1,
the policy 7 = {7}, 1,7} ,o, ... } is a feasible policy for the (¢ + 1)"-subproblem:

min NCVaR,, ., » ( lim Coo | Tes, 7r) .
mwelly n—»00

Based on all these results, for any (2, y;) € X x Y with a; = 7} (x;), we have

V(xe,5:) = NCVaR,, z ( lim Cy |, w*)
n—oo
= C(x1,a;) + YNCVaR,, z ( lim Cpat p|Tess, ﬁ)
n—o0

— Oz, a1) + a E[ - NCVaR ,;(1' Cr1n )}
(00 4 o B Pty (71 wenk (I Covnnlen T

=C(xy,a¢) + max Ee [V (211, e+ 1)|z, yi, a
( ! t) ’YfeuNCVaR(yt7’$7P('|xt,at)) 5[ ( i yté( ! >>| e t}

> Cxy,a¢) + max Ee [V(zy1, e+ 1)) |z, yp, a
> C(xy, ay) ’yfeuchaR(yt7E7P(“1‘t,at)) 5[ (11, e (2 DN, Ve, ]

> T[V](2s, yr)-

For the equality, the third one is by the decomposition theorem and the forth one is by defining
V(x4 y:) = NCVaRy, z (lim,, e Cpn|@y, 7). Moreover, the first inequality is by V7 (z,y) >
V(z,y) for any (z,y) € X x Y and the last inequality is by the definition of T.

For any state 2,1 and confidence level y,1, let 7* = {n/ ,,7},,,...} € Iy be an optimal
policy for the (¢ + 1) tail subproblem. Then we can construct policy 7 = {7y, Tri1,... } € g

for the t** subproblem from 7* when given (x;,y;) € X x ) is given. For the policy 7, we choose
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Ti(xy) = u*(ze, y) and 7j(h;) = T;(hj), where

u* (‘Th yt) carg min C(xh (l) + Y ma}‘i ]Ef [V(:Et—}—h ytgxt-‘rl) |xt7 Yts CL] )
acA £€Unevar (Y17, P(-|z1,a))

with the given confidence level y; of the ¢ tail-subproblem and the connection between v, and

Yir1 18 Yer1 = Y€ (0441) with

§" € arg max E [£(2i11)NCVaRy,¢(z,, 1.7 <nh_)nolo Ct+1,n|xt+1,n7ﬁ-)i| :

E€UnCvar (Yt R (,a),P(-|xt,0*))

Since 7* is an optimal policy, it is a feasible policy for the tail subproblem from time
t + 1. Then the policy m € Ily is a feasible policy for the tail subproblem from time t:

min,er,, NCVaRy, (lim,, o0 Ci11.n|7:, 7). Hence,
V(e ) < C (@, 7)) + INCVaRy, & (lim Cpo ol 7).
By the definition of 7*, we obtain

Vi(ag, yp) < Clag, u*(xy, + max
(we, ) < Clag, u™ (2, 1)) 7EEMEVaR(ytﬁ(x,a)yp('|$t7U*(Z't,yt)))

E f(l'tﬂ) : NCV&Rytg(xtH),z <nh_>1’folo Ct+1,n‘xt+177~r> |llfta yt>U*<xt7yt):|

< Clwyg, u*(xy, + max Ee¢ [V(ziyq, x Ty, Y, u (24,
o ( ¢ ( ¢ yt)) 7EEMNCVaR(ytv’_{aP("xt”M*(xtvyt))) E[ ( i ytg( t+1))| 6yt ( ! yt)]

T[V] (w6, 1)

Recall the result V(x;, y;) > T[V](xy, y:) and V(xy, y:) < T[V](zy, y:) hold for all £ > 0, we can
show that V is a fixed-point solution of V(xz;,y;) = T[V](x,y;) for any (z,y) € X x ). Due to
the fact that the fixed-point solution is unique, we have V*(x,y) = V(z,y) for any (z,y) € X x ),
1.e.,

V*(z,y) = V(z,y) = min NCVaR, 7 <

lim Cy,|zo = :E,7r> .
nelly ’

n—o0
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The proof is complete by combining all those results.
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Appendix D

Technical Results in Chapter

D.1 Proof of Exploration Phase

D.1.1 Proof of Lemma

Recall the definition of value function V' for various policy types:

" +
€y : Vi (sn, bn; Hy) = Er (bh — Zﬁ) Shybp, Hy |
—h

H +
pE HAug . Vhp<8h, bh) = [E* <bh — ZT}) Sh, bh
t=h

Notice that executing p, b in the augmented MDP is equivalent to executing policy 7#* in the
original MDP, where WZ’b(Sh, Hy) = pn(sn,b—r1 — ... — rp_1). Consequently, their V' functions

should be equivalent.
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Therefore, by Lemma we have

CVaR? (s1;7) — CVaR” (s1;7)

= CVaR™ . (s1;71) — CValep’b1 (s1;7)
p* % P i S
=CVaRy  (s1;r) —CVaR,  (s;;7)+CVaR,  (s;;7) —CVaR,  (si;7)
Evaluati‘(;l error | <0 by Egﬁnition
/\Wﬁ*»i’f by S X ) b1
+CVaR,  (s1;7) —CVaR, (s1;r) +CVaR, (s1;7) — CVaRT™ (s157).
optimization error gt/ 3 by Assumption|g] Evaluati?):l error II
By the triangle inequality, we have
|CVaR}(s1;7) — CVaR”" (s1;7)
- L S -
< 'CVaRZp " (s1;7) —CVaR,  (s1;7)| + |[CVaR,  (s1;7) — CVaRT " (s1;7)].

For the evaluation errors, by the definition of CVaR, we have

'CVaRZp*’bI (s1;7) — CVaR (s1;7)

o I * . S U .
by —a V] (s1,b7;7) — max by —a V] (s1,b1;7)

b1€[0,H]

* L *. * _1(rmP bl *
< bl_a Vi (Slvbhr)_ bl_a Vl (51,51,7”)
* gk * gk
-1 P b1 X NP b1 X
<t |V G i) = 07 s,

and similarly,

/\ﬂ'ﬁ’gl 5.b
CVaR, (sy;7) — CVaRgp'b1 (s1;7)

S a_l ‘/'17”3751 (51’ 61’ r) — ‘A/lﬂ-ﬁ’gl (817 81? T) :

Therefore, if an exploration algorithm that satisfies

’Vl’)(sl,bl;r) — \A/lp(sl,bl;r)‘ <ea/3,Vp € I Vb, € [0, H],
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or equivalently,
‘QT(Slv bla p(Sh bl); T’) - Q?(Sl, blv p(31, bl); T)‘ < 604/3,\le < HAug’ Vb, € [07 HL

it further ensures |CVaR?(s;7) — CVaR”" (sy; r)| < e, which completes the proof.

D.1.2 Proof of Lemmad

We first consider the case where the initial budget b; is fixed and for convenience, we omit the
index h + 1 by using (s, ). Referring to the Bellman equations in both the empirical augmented

MDP and the true augmented MDP,
Q3 (s bny ans ) = Y Bi(s']s, ) Q1 (8,0, pls', V)i ),

and QY (sp, b, ap;1) = Z Py(s'|s,a)Qp (s, 0, p(s',b');7),

we have

sz(sha b, an; 1) — Q) (Sh, bp, an;r)

=Y B s, )@ (80 p(s,0)im) = Y Pals']s, @)@y (51,6, pls' 0); )
= Z (P}f(s’|5, a) — Py(s'|s, a)) Qh (8,0, p(s",0);r)

30 i s, a) (@R 0, W):) = Q5 0ol H);m) )
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Thus, for n},(s,a) > 0, we obtain

ézp(sha bh7 Qp; T) = |sz(8ha bha Qp,; T) - QI}OL(SfH bh7 Qp,; T)|

(1) .
§Z‘P,f(s'|s,a)—Ph(s’|s,a)‘ CRNTCALRS
—l—ZPt ‘Is,a ‘QhH s, p(s' 0);r) — Qi (80, p(s',b'); )

< bil| B (s, @) = PalCls, @)l + ) Pi(sls, )&, (5,0, d's )

2
2 \/5( +ZPh (5']s, a)eps, (', 0 a'sr),

where (1) is due to the Pinsker’s inequality; (2) is due to the fact that Q} (sp, by, an;7) < by
(@4 (Shybpyan;r) < (bp)*t < by as by = by — 1) for all s,a,b,r and the definition of L;
norm; (3) is due to the fact that TV(P, Q) = 3||P(-) — Q(-)|l1 < y/sKL(P, Q) and the definition
of £.

Notice that €, (sp,, by, an; ) < by, then for all nf (s, a) > 0, we have

2
é]ftz’p(sha Qp, bh7 r) S min {b17 bl\/ 5<

+ ZPt ‘s, a eh’il(s’,a’,b’;r)}.

Notice that b; € [0, H], in order to find the upper bound of the estimation error over all the initial

budgets, we extend the inequality to

2
En (sny an, by; 1) < pmax {min{bblh\/ Ao (s, a + ZPh ‘Is,a eﬁil(s’,a’,b’;r)}}

28(nt (s, a),9)
< min{H,H\/ ﬁ(nh 5a), —|—ZPh s'|s,a ehﬂ(s’,a’,b’;r)}.

nk (s, a)

Now we prove Lemma ] by induction. For H + 1, since

éthH(s, a,b;r) = |@§f+1(3, a,b;r) — QY y1(s,a,b;7)| = max{0,b;} — max{0,b;} =0
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and E}; 4(s,a) = 0 for all (s,a), the result is true. Assume the result holds for h + 1, i.e.,

&y’ (s a,b;r) < Ef (s, a;by) for all (s, a), we have

t
éZ’p(S,a,b;T)Smin{H,H\/zﬁ(nh((s’a;’a —i—ZP |s,a)én? (s, b; )}
s

t A
< min {H, H\/M - Z Pi(s']s,a) maﬁthH(s’, a)} = Ej(s,a)
ac

S/

holds for A, which complete the proof.

D.1.3 Proof of Theorem 11l

Notice that in the exploration phase, we follow the exploration policy 7 rather than p. We begin by
introducing some notations. Let P[ (s, a) represent the probability that the state-action pair (s, a)
is reached at the h-th step of a trajectory under the exploraion policy 7. We use the shorthand
pi(s,a) = p? (s,a) for simplicity. The pseudo-counts 71}, (s, a) are defined as >_;_, Pj(s,a), and

we define the event
1
g = {Vt € N*\Vh € [H],V(s,a) € S x A :nj(s,a) > 577& (s a) — ﬁcm(é)} :

where S (0) = log(2SAH/J). Recalling the event £ defined in Lemma 4] we let F = £ N &
and introduce the following lemma.

By Lemma 16| and the principle of inclusion-exclusion, we have P(F) = P(E N &™) =
P(E)+ P(&E™) — P(EUE™) > P(E) + P(E™) — 1 = 1 — 4. From Lemma 3] on the event 7,
it is shown that CVaR? (sy;7) — CVaR?’ (s;7) < ¢ for all reward functions 7, thereby proving that
CVaR-RF-UCRL is (¢, §)-PAC.

We now proceed to upper bound the sample complexity of CVaR-RF-UCRL on the event F.

The first step involves introducing an average upper bound on the error at step / under policy 7t*?
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defined as
L= Pit(s,a)E}(s,a).
(s,a)

By Lemma [[3] the average errors can be related as follows:

Q< SHZP,’;“(S,CL) [ Bni(s, @), 9) A 1]

o n (s, a)

+Z Z Pt (s,a)Py(8'|s,a)l(a' = 7" 1(s) B} 1 (8, d)

(s,a) (s',a’)

<3HY  Pi*l(s,a) [ Bl (,0).0)

t + @Z—&—l‘
(s,a)

n, (s, a)

For h = 1, observe that P{*!(sy,a)Et(s1,a) = Ef(sy, 7™ (51))I(7i!(s1) = a), as the policy is
deterministic. Now, if ¢ < tyop, Et(s1,m 7 (s1)) > €/3 by definition of the stopping rule, hence

Qf =X, Pt (s1,a)El(s1,a) > (ea/3) Y e Lmi™ (s1) = a) = ea/3. Thus, we have

% <3 ZHPt+1 s,a [ Bnils, ). ) A 1]

h=1 (s,a)

for t < tyop. Summing these inequalities for ¢t € {0,...,T'} where T' < ty, gives:

(T+1) ea<9ZHZZPt“ s, a)

h=1 (satO

Blni(s,0).0) 1] |

ni(s,a)

The next step involves relating the counts to the pseudo-counts, taking into account that the event
£ holds.

Using Lemmal |17} it can be stated that, on the event F', for T" < iy, the inequality

(T + 1)ea < 182H22pt+1 5,0) B(ni(s,a),0)

o= nj(s,a) V1

<1 ATTLE S By Y ) —ni(sa)

h=1  (sa) t=0 ny(s,a) V1
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is derived, where the relation P/™'(s,a) = ni''(s,a) — n(s,a), as per the definition of
pseudo-counts, is used.

Applying Lemma [[§]to bound the sum over ¢, we get:

(T + 1)ea < 18(1 +V2)\/3 T+152HZ nI+y(

h=1 (s,a)

< 18(1+V2)\/B T+162H\/_ ZnTH a).

Given that ) __, ni *1(s,a) = T + 1, the inequality simplifies to:
VT + Tea < 18(1 4+ V2)VSAH?\/B(T + 1,9).

For sufficiently large 7', this inequality cannot hold, as the left-hand side grows with /7', while
the right-hand side is logarithmic. Therefore, ¢, 1s finite and satisfies (applying the inequality to

T = tstop — 1)

€202

H*S%A
stop < O (i)

The conclusion follows from Lemma[19]

D.2 Proof of Planning Phase

D.2.1 Proof of Theorem 12

The utilization of discretization in the algorithm significantly impacts its computational tractability,
and it is applied in two main areas:

1. In the dynamic programming step at each timestep h, the algorithm exclusively computes
Qn(sn, b, ap) for all s, aj, and by, within the grid. This leads to a total runtime of O(SAH 7 Tyep),
where Ty, represents the time required for each step. The time complexity here arises from

discretization and is a function of the state space size, action space size, and the horizon length.
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2. When computing b, the algorithm searches over the grid to find the solution. Since the returns
distribution is supported on the grid, the a-quantile of the return distribution (the optimal solution)
exists on the grid. This computation has a time complexity of O(n~!), which is considered a
lower-order term compared to the first part.

It’s important to note that the most time-consuming part of the algorithm is the computation of

expectations, specifically the term:

[thh-i-l} (Shv bh7 ah) = ES;LHNP('\S;H%)[Vi:(—&—l(sh-i-lv bh-H)]-

In the discretized MDP, this expectation can be computed using only grid elements, implying
Twep = O(Sn~1). As a result, the overall time complexity of this algorithm is approximately

O(SAHN Tyep) = O(S2AH ™).

D.2.2 Proof of Theorem

The proof draws inspiration from [[7,99]. To facilitate the discussion, we introduce the following
notation. Let Z, r( represent the returns from executing p in the MDP M. For random variables
X,Y, we say Y stochastically dominates X, which is denoted X < Y. This dominance implies
that for any real value ¢, the probability that Y is less than or equal to ¢ is greater than or equal to
the probability of X being less than or equal to ¢, i.e., Vi € R: Pr(Y <t) < Pr(X <t).
1) From disc(M) to M:

Consider any policy p € I1*" and b € [0, 1] (which we use in disc(M)). Define an adapted

policy for use in M as follows:

adapted(p, by)n(sn, T1.n—1) = pr(Sp, b1 — &(r1) — -+ - — P(ry, — 1)).

The adapted policy simulates the evolution of b in disc(M) by using the history. Let Z,, j gisc(a)

be the returns from running p,b in disc(M). Let Zyopiea(pp),m be the returns from running
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adopted(p, b) in M. According to Lemma H.1 in [99], we almost surely have

Zppdiss M) — HN 2 Zadopted(p,p) M = Zp b disc(M)-
Thus, for any = € R, it follows that

Fpdisem) (%) < Fadapted(p,0),M (7)) < Fppgise(m) (2 4 Hn)

where Fp,b,disc(./\/l) is the CDF of Zp,b,disc(./\/l) and Fadapted(p,b),disc(./\/l) is the CDF of Zadapted(p,b),/\/l'

Based on these arguments and Theorem H.3 in [99], we conclude:

CVaR,, (adapted(p, b); M) > CVaR,(p, b; disc(M)) — o' Hn. (D.1)

2) From M to disc(M): Let’s introduce the memory-MDP model as defined in [99] first. The
memory-MDP mode augments a standard MDP with a memory generator M}, which produces
memory items my ~ My(sy,an,mh, Hy) at each timestep. These memories are stored into
the history Hy = (8¢, as, e, My)icp—1]- The process of executing 7 in this memory-MDP is
as follows: for any h € [H], ap ~ mu(sn, Hp), She1 ~ P(:|sn,an), rn = r(sp,ap) and
mpy, ~ Mp(sp,an, rh, Hy). As a result of this process, the augmented MDP with memory has a
history H ,? " = (54, by, a1, mt)te[h,”. This memory-MDP model allows us to capture and model
dependencies on past experiences through the memory items.

Building on the framework presented in [99], consider a scenario where we have a policy
p € T1*"¢ and an initial budget b € [0, 1], which we intend to use in the original MDP M. To
adapt this policy to run in disc(M), we introduce a discretized policy, which is history-dependent
and incorporates memory. This policy operates in the discretized MDP disc(M ) and is defined as

follows:

disc(p, b)n(Sh, min—1) = pr(Sp, b —mqy — -+ — my_1).
Indeed, this definition of the discretized policy disc(p,b) is designed to ensure that, despite
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receiving discrete rewards 77, in the discretized MDP disc(M ), the memory element my, is carefully
generated to imitate the reward that would have been received in the true MDP M.
By applying Lemma H.2 in [99], we almost surely have
Z

pbM = Ldise(p,b) disc(M)-

Consequently, if we define Fj,; o as the CDF of Z,, v and Fiise(p,p) gisc(m) as the CDF of

Zgisc(p,b) disc(M)» WE can establish that,

Ve € R: Fiise(pp),discm) < Fppm-

Based on these observations and utilizing Theorem H.4 in [99]], we obtain

CVaR] (disc(M)) > CVaR}, (M). (D.2)

Combining Eq. (D.I)) and Eq. (D.2)), we have

|CVaR? (s1;7) — CVaR® (s1;7)| < o ' Hn. (D.3)

We can satisfy the assumption about the optimization error by selecting n < e« /3H to ensure

|CVaR? (s1;7) — CVaR® (s1;7)| < ¢/3.

D.3 Proof of Lower Bound

In this section, we prove our lower bound presented in Theorem First, we develop the

connection between the reward-free problem and the CVaR-reward-free RL problem.

Lemma 12. For any MDP M = (S, A, H, P, r) with initial state s; and any policy 7, there exists
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another MDP M’ = (§', A, H + 1, P', ') with initial state sy, we have

H

Z T (Sw, an)

h/=1

CVaR™ (s0) = E,

51, M] : (D.4)

Proof. We set horizon h starting at 0 in M’. We can build such a M’ = (S', A, H + 1, P', '),
where &' = S U s, ', P'(+|s,a) = P(:|s,a) forany s € S and a € A, P'(s1|s9,a) = « for any
a€ A, P(ssg,a) =1 —aforanya € A, P'(s'|s',a) = 1forany a € A, r'(s,a) = r(s,a) for
any s € Sand a € A, r(sg,a) = 0 forany a € A, and r(s1,a) = 1 for any a € A.

For any policy T, 25:1 T (Sw, ap) equals to H with probability at least 1 — «. Thus, the

a-VaR following by any policy 7 in the transferred MDP M’ is H. We have

CVaR™ (s0) = max {by — oz_IVOW’M,(SO,bO)}

bo€[0,H]
H
=H — Oé_lEﬂ— (H — Z r}z,(sh/,ah/)) So,M/]
h'=0
H
=H — o 'aE, (H — ng,(sh/,ah/)> 51,./\/1']
h'=1
— oz_l(l — a)EW <H — Z T;L/(Sh/, ah/)> Sl, M/] (DS)
h'=1
-0
[ H
:Eﬂ. Z T;L/(Sh/, ah/) S1, M/]
Lh/=1
[ H
:EW Z Th/(8h17 ah/)|81, M] .
Lh/=1
0

Now we can prove our lower bound, Theorem Here, we restated Theorem 4.1 in [51]], which
shows that any reward-free exploration algorithm that output e-optimal policy must collect at least

Q(S2AH?/ae?) trajectories in expectation.

Theorem 15. (Theorem 4.1 in [51]]) Consider a universal constant C' > 0. For a given risk tolerance
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a € (0, 1], if the number of actions A > 2, the number of states S > C'log, A, the horizon H >
C'log, S, and the accuracy parameter ¢ < min{1/4a, H/48a}, then any reward-free exploration
algorithm that can output e-optimal policies for an arbitrary number of adaptively chosen reward
functions with a success probability § = 1/2 must collect at least Q(S*AH?/ae?) trajectories in

expectation.

Thus, any CVaR-RF exploration algorithm must collect at least (S? AH? /€?) trajectories from
the state s;, in expectation, and then collect at least Q(S*AH?/ae?) trajectories from the initial

state sg.

D.4 Technical Lemmas

D.4.1 An Essential Lemma for Upper Bound

The following crucial lemma establishes a relationship between the errors at step ~ and those at

step h + 1.

Lemma 13. On the event &, forall h € [H] and (s,a) € S X A,

Slpls.).0)
nk(s,a

E!(s,a) < 3H + Y Pu(s']s,a)Epga (s, o ().

s'eS

Proof. By the definition of E} (s, a) and the greedy policy p'*!, if n! (s,a) > 0,

El(s,a) < H\/M + Z Py(s'|s,a) Engr (s, pHH(s))).

nz;l(57a) s'eS
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By the definition of £ and Pinsker’s inequality, we further have

> bS5, ) B (8, 0 (s)

s'eS
<3 P, ) Bl (50 () + D (Bulsls.a) = Pis'1s,0)) By (s (1)
s'eS s'eS
<3 Pu(s'ls. ) Bl (s, 9N ()) + (Pal-ls,a) — PL(Js a)l| - H
s'eS
28(nt (s, a),d
< Y Pl ) Bl (5 s ””’\/M’
= n(s,a)

where we use the fact that £}, (s, p'T1(s') < H. Therefore, plugging in this inequality and using

2v/2 < 3, we have

3l (s.0).0)

Ej(s,a) <Y Pu(s']s,a) By (s p () + 3H (o)
h )

s'eS

~
—~

Notice that

El(s,a) < H <3H <3H + Z Py(s'|s,a)Ef 1 (s, p (),

s'eS

and this is also true for n! (s,a) = 0 with 1/0 = +o00, which leads to the conclusion. O

D.4.2 Auxiliary Lemmas

Lemma 14. VaR, = b* := arg maxycr (b — o 'E[(b — X)T)).

Proof. Recall the definitions of CVaR and VaR, we have CVaR, (X)) = sup, {b — 2E[(b — X)*]},
VaR,(X) = inf{z € R: P(X < z) > «}. By Theorem 6.2 in [1], we have

CVaR,(X) = E[X|X > VaR,(X)].
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Firstly, we define f(b) = b — ZE[(b — X)T], thus the derivative of f(b) with respect to b is:

Fib)y=1- ép(x > ).

By setting the derivative equal to zero, we have P(X < b) = 1 — a. According to the definition
of VaR, b is the a-th quantile of the distribution of X, which means b = VaR,,(X). Therefore, the

critical point b* that maximizes f(b) is equal to VaR,(X). Now we prove f(b*) = CVaR,(X).

f(b") = VaR,(X) — é]E[(VaRa(X) - X)7]

~ VaR,(X) — é / Y CaRL (X)) F ()

— 00

1 o
= —/ zdF(z) = E[X|X > VaR,(X)] = CVaR,(X).
& Jvar, (X)

Lemma 15. (Lemma F.1 in [99]) Given any p € 1", h € [H], augmented state (s, by), and
history Hj, we have V) (sp,,by) = Vh“p’b(sh, by; Hy) for b = b, + 11 + ... + r,_;. Particularly,
VE(s1,7) = Vi (s1, ).

Lemma 16. (Lemma 10 in [53]) Given 3(n,d) = log(2SAH/6) + (S — 1)log (e (1 + g%5)), it

holds that P(£) > 1 — g. Furthermore, P(E™) > 1 — g.

Lemma 17. (Lemma 7 in [53]) On the event £, for all h € [H] and (s,a) € S X A,

B (s, a), )

Vt € N*, Al<4 :
n, (s, a) - nl(s,a)Vv1
Lemma 18. (Lemma 19 in [5]) For any sequence of numbers 21, ..., 2z, with0 < 2, < Z;, | =
e {154 5
n 2
< (1+V2)VZ,.
2 V7 ( )
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Lemma 19. (Lemma 15 in [53].) Letn > 1 and a,b, ¢,d > 0. If nA? < a + blog(c + dn) then

n < é [a+blog (c+ %(a+b(\/6+ \/8))2)] .
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